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§1. Marpunsl. leiictBusg ¢ marpunammu.

Mampuuetd pasmepa m X n Ha3blBaeTCd TaOIUIA TUCEJI, COJepXKallas 1m

CTPOK U N CTOJI6I_[OB. OTHU YUCJIa HA3LIBAIOT IAEMEHIMAMU MaTpPHUIIBI.

ai;r a1 ... Qip
a1 Q9292 ... QA9y

(1.1)
am1 Am2 --- 0mn

MaTpunpl UTparoT BaxKHYIO POJb B MaTeMaTHKe W ee npuyiokeHusx. C
MOMOIIBIO MATPUIL 3aMMUCHIBAIOTCA MHOTHE MaTeMaTHIeCKUe COOTHOIEHU, B
TOM 4YuCJie, cucreMbl ajirebpandeckux u JinddeperiaibHbIX ypaBHEHUH U
ux permenus. MaTpudHbIil 361K NPUMEHSIOT MPU BHITOJHEHUN PA3JIMTHBIX
npeobpasoBanuii. B skoHOMUKE B BHjie MaTPUIL yJI00HO 3aUCHIBATH MHOI'ME

zaBucuMocTu. Hanpumep, Tabiuia pacipejiesieHusi pecypcoB 110 OTPaCJIsiM

SKOHOMUKH
Pecypchr OTpacu SKOHOMUKHI
MTPOMBITTIJIEHOCTh CEJILCKOE XO3SIMCTBO
DJIEKTPOIHEPT U 9,3 4,1
TpysioBbIE pecypchbi 2,8 2,1
Bojiabie pecypcbl 4.8 5,1
MO>KeT OBITh 3aliCaHa B BUJE MAaTPHUIIBI PACIIPEIE/IEHNsT PECYPCOB 110 OTPac-
JISIM
5,3 4,1
A= 2,8 2,1
4,8 5,1

Matpuny paszmepa 1 X n Ha3BIBAIOT Mampuyed-cmpokotl, a MATPHUILy Pas-
Mepa m X 1 — mampuueti-cmoaby,om.

MaTpuity, Bce 31eMeHTBI KOTOPO#l paBHBI HYJIIO, HA3BIBAIOT HY.A4€601 MaT-
purieit. Marpuity pa3zmepa n X n Ha3bIBAIOT k6adpamtot MaTPUIEH IO IKa
n. Jnaronajb MaTpUIlbl, UJYIIAS OT DJIEMEHTa (11 K JIEMEHTY @, Ha3bIBa-
ercst 2446107 Jua20Hanb10, BTOPas JUaroHaJb Ha3bIBaeTCs nobounot. KBa-

paTHas MaTpHUIla, BCe 3JEMEHTbl KOTOPOi, He CTOodAIlUe Ha IJIaBHON Jguaro-



HaJIA, PABHBI HYJIIO, HA3BIBAETCS JuazonaavHotl. [naronasbHas MaTpuia, y
KOTOPOW BCE DJIEMEHTBHI TJIABHOW JIMATOHAJN 11, 492, - - - , (ypy PABHBI €JIMHU-
11e, Ha3bIBaeTcsa edunuunoti. KBajaparHas MaTpuia, BCe 3JeMEHTbl KOTOPOIi,
crosiiiue HuKe (BbIIIE) JIMATOHAJIN, DABHBI HYJIIO, HA3BIBACTCS MPeYy20abHo.
Kpajparnas marpuna A naseiBaercsd cummempuunol, eciu a;; = aj;, TO
€CTb DJIEMEHTbI MATPHUIbl CUMMETPUYHbBIE OTHOCUTEJILHO IJIABHON JIUATrOHAJIH
paBabI. [iist i000i MmaTpuiibl A pazmepa m X n MOYXKHO TTOCTPOUTH MATPHUILY
AT 3aMenuB crpokn Marpuisl crosibrnamu, a crosbipl — crpokamu. Marpuna
AT mazpiBaercs mpancnonuposannoti 1yig Marpuibl A. TpaHcnoHnpoBaHHAA
MaTPHUIA UMEET pas3Mep 1 X m.

Haji MmaTpuiiaMmu MOXKHO HPOU3BOJIUTH PA3JIMIHBIE ONEPAIIH.

[Ipexxjie Bcero BBejieM IOHATHE paBeHCTBA MaTpull. JIBe MaTpuIlbl Ha3bI-
BalOTCS PAGHBLMU, €CJIM OHU UMEIOT OJINHAKOBBIN pa3Mep W UX COOTBETCTBY-
forpe sjeMenTbl pasubl. Janet gse marpuust A = (a;;) u B = (b;j) pasmepa
m x n. Torna A = B, ecmu a;; =b;; (V i=1,m,V j=1,n).

Marpunbl 0lHOTO pasmepa MOXKHO CKJIabiBaTh. Cymmoti IBYX MaTpPWHIL
HA3bIBAETCsl MATPHUIA TONO 2KE pa3Mepa, 3JIEMEHTbl KOTOPOW paBHbI CyMMe
COOTBETCTBYIOIIUX 3JIEMEHTOB MaTpHI| cjaraeMbix. Ilycrs A = (a;5), B =
(bij) — marpuipt pasmepa m x n. Torna C' = A + B, ecin ¢;j = a;; + bij
(i=1,m, j=1n).

Marpuiry Mo>KHO yMHOXKATh Ha 9rcj0. [Ipoussedernuem Mampuyo, Ha 4uc-
/0 HA3BIBAETCST MATPHUILA, KOTOPAST MOy TaeTCsT TPU YMHOXKEHUU BCEX JIEMEH-
TOB UCXOJHOI MaTPHIILI HA 3TO UKUCJIO.

Oj1HaKO TJyiaBHBIE IIPUMEHEHHUSI MATPUI] CBSI3aHbl C Olepaliieil UX yMHOXKe-
HUsl. DTa Olepalis JIEXKUT B OCHOBE I1EJIOr0 pa3/lesia JUHEHHON aJiredphl —
aJIreOpbl MaTPHIL.

ITycrs manbr ase marpuisl A — pasmepa m X n u B — pasmepa n X k.
[Tpuuem umcio cronbiuoB marpuibl A paBHO umciy cTpok Mmarpunbl B. B
9TOM CJIydae MOXKHO ONpeJIeuTh npoussenenne marput, A u B. Marpuna C'
pasmepa m X k Has3bIBaeTcst npouseederuem Mmatpuil A u B, ecan 10000t v1e-
MEHT C;j 9TO¥ MaTPUIIbI PABEH CyMMe IPOU3BEJICHUI 3JIEMEHTOB i-TOI CTPOKK

MATPHUILI A Ha COOTBETCTBYIONINI 9JIEMEHT J-TOTO CTOJIOIA MaTpPUILl B, TO



€CThb
n

Cij = Qi1 - bij + aig - boj + ...+ Qi - by = E QisDs;- (1.1)
s=1
OTmerumM, 4To Yucyo crpok MaTpuipl C' DABHO YUCITY CTPOK MaTpPUIbl A,

1 9UCI0 ¢TO010B Marpuilbl C' paBHO YUCIY CTOJIOIOB MaTpuibl B.

2 3
3 5 -1
IIpumep 1.1. [Iyctp A = ( 5 3 4 ) ., B=1| =7 2 . Torna
3 =5

AB — 3:-245-(=7)+(-1)-3 3:-3+5-24+(—1)-(-5) B
o\ (=2)-24(=3) - (=T)+4-3 (=2)-3+(=3)-2+4-(=5) ]

—32 24
(29 -32 )’
2:34+3-(-2) 2:54+3-(-3) 2-(—-1)+3-4
BA =1 (-7)-34+2-(=2) (-7)-5+4+2-(=3) (-7)-(-1)+2-4 | =
3:-34+(=5)-(-2) 3-5+(=5)-(=3) 3-(-1)+(-5)-4
0o 1 10
=] —-25 —41 15
19 30 -23

IIpumep 1.2. [Iyctp A = ( L -2 ) , B = ( —2 8 > . Torna
3 1 4 1 2
g (1-(—2)—2-4 1-3-2-1 1-1-2-2) _ <—1o 1 —3>'
3-(-2)+1-4 3-34+41-1 3-1+1-2 -2 10 5

[Tpowseenenne BA He cymiecTByer, Tak Kak 9nuCI0 CTPOK Marpuiihl A He
PaBHO YHUCJIy CTOJIOLOB MaTpulibl .

Omneparuy HaJT MATPHUIIAMEI ODJIAIAI0T CJIEYIONUMA CBONCTBAMHE:

1) A+ B = B+ A — cioxenne marpui; Kommyrarusio. Ho AB # BA —
YyMHOXKeHKe Marpuil He KommyTarusao (npumep 1.4). Bosiee Toro, He Beerja
cymecTBytoT oba mpoussejierust (npumep 1.5).

2) ( A+ B)+C = A+ (B+C) u (AB)C = A(BC) — cioxenue u

YMHOXKCHUE MaTPHUIL YJIOBJICTBOPAIOT 3aKOHY ACCOIMATUBHOCTU.



3) (A+ B)C = AC+ BC u C(A+ B) = CA+ CB, ecau sty 1pous-
BEJIEHNST CYIIECTBYIOT. DTO CBONCTBO HA3LIBAIOT 3aKOHOM JIUCTPUOYTHBHOCTH
YMHOXKEHHUST OTHOCUTEIBLHO CJIOXKEHHUSI.

4) M(A+ B) = AMA + A\B.

5) (o + B)A = aA + BA.

6) A(AB) = (AM)B = A(AB).

VA-E=F-A=A, rne A — kBagparnas, F — eJuHUTHAS MATPHI[bI
HOPSIJIKA M.

8) (A+ B)T = AT + BT,

9) (AB)T = BT . AT,

[Tokaskem Ha prMepax, OYeMy YMHOYKEHNE MAaTPUIL BBOIUTCS 10 TAKOMY,

Ha [EePBbIi B31Vis/l, CJOKHOMY IIpABUJILY.

IIpumep 1.3. [Ipeanpuarue BoinmyckaeT 4 Buga nponykiuun P, Py, P3, Py,
HCIIOJIb3Yd 3 BHJA CbIpbA S1, S2, 3. CocraBum marpuny A, rae a;; Konude-

CTBO CBHIPbs \S;, PACXOJlyeMOe Ha BBIITYCK eJAMHUIBI TPOJyKunu P

5 3 09
A= 2 11 7 4
10 6 3 7

[TocraBum 3a/Jla1y OlIpeae/INTb 3aTPaThbl CbIPbs, H€O6XO(ZLI/IMOFO JJIA ITPOU3-

BOJICTBA, CJIEJIYIOIIEro KoyndecTBa npoayknun C = < 150 120 100 130 >T
(¢; — kosmuecTBO npojyKiwu Pj):

3aTpaThbl ChIPbsl COCTABJISIIOT
S1=5-1504+3-120+0-100 + 9 - 130 = 2280,
Sy =2-150+11-120+7-100 + 4 - 130 = 2840,
S3=10-150+6-120+ 3100 4+ 7 - 130 = 3430.

Vcnonb3yst mpousBeieHne MaTpHUIl, BEKTOP 3aTpaTr S MOXKHO 3alllCATh CJIe-

JIYIOIIKUM 00pa3oM:

150
5 3 09 2280

120
S=A-C= 2 11 7 4 |- 100 = | 2840
10 6 3 7 3430

130

Ecin KpoMe TOro MHu3BE€CTHbI CTOMMOCTH €JMHHUIBLI Ka2KJIOI'0 CbhIPbA



P = ( 29 41 33 ), TO CTOMMOCTHL 3aTPAadeHHOTO ChIPbsS MOXKHO IOJICUH-
taTh 110 popmysie  Q = 292280 + 41 - 2840 + 33 - 3430 = 295750 wim B
MaTpudHoM Bujie Q=P -S=P-A-C.

ITpumep 1.4. Hekas ¢upma 3anuMaeTcs peajusaliyeil n BUIOB TOBapOB B
m peruonax. lanubie 00 ypoBHE TpojiaXk 00pa3yoT MaTpPUILy YPOBHS MPO-
aax A = (a;;), vae a;j 0003HaUAET KOJHUIECTBO j-IO TOBApPA, HPOJAHHOIO B
i-oM peruone (i = 1,m, j = 1,n). Takum 06pa3oM, CTPOKH MATPHUIBI COOT-
BETCTBYIOT PErMOHAM, & CTOJIOIBI — BUIaM TOBapa. IIycTh M3BECTHBI TaK»Ke
IIeHbl Ha peajsyeMble Topapbl. depes ¢ obozHaueHa 1ieHa j-ro ToBapa B k-
om xBaprase (j = 1,n; k =1,4). Oru nennt obpasyior marpury C = (cjp).

Yrobbl HAliTH cyMMapHBIil 06beM Mpojiak (B pybJIsix) TOBAPOB B i-OM pe-
I'MoHe 3a k-bIil KBapTaJi, Hy>KHO BbIYUCJIUTH CYMMY  Pik = Q;1C1k + Q2Cok +
e Ak

[Tosryanan marpuiy cymmaphbix npojgaxk P = (pg) = A - C.

ITpumep 1.5. k npejnpusituii orpacjivi IPpOU3BOJAT 7. BUJIOB TOBAPOB, MC-
moJIL3yst M BUJOB pecypcos. Jaubl Marpuiiel A = (a;s), B KOTOPOil G;5 —
HOpMa 3aTpaT pPeCcypCoB -0 BHJa Ha MPOU3BOJICTBO €IMHUIILI MPOIYKIAN
s-ro Bujia, u X = (Zg;), UJe Tgj — KOJMUYECTBO NPOJAYKINH S-I'0 BUJA, 11PO-
M3BEJICHHOe 33 MecAll j-bIM mpejmpuatueM. (i = 1,m, s = 1,n, j = 1, k).
n
Torna marpuna 3arpar 3a Mecan C = (¢;) = AX = | D] agwyj | nmeer
pasMep m X k, 1 ¢;;  3aTpaTbl PECypcoB i-I'0 BUJIA 3a Mte_Cl?{LL J-bIM TIpeJI-

MNpuATHUEM.

IIycts £ € N — nmarypajbHoe 4uciio. k-oti cmenenvto xKeadpammot mam-

puus A HasbBaercst Marpuna  AF = A-A-.. - A

k pas
IIpumep 1.6. 3aBoj npousBoAUT aBTOMOOWIN. Karkblii aBTOMOOHIL MO-
YKeT HAXOJUTCS B OJHOM M3 JIBYX COCTOsTHWIA: 1) paboTaeT xoporro; 2) Tpedyer
peryanpoBku. CTaTUCTUIECKHIE UCCJIEI0BAHNS TOKA3AIM, YTO U3 TEX aBTOMO-
Guiieit, KOToOpbIe cerojns paboraloT xopomlo, depes mecan 70% rakxke OyyT

paborars xopomio, a 30% TpedyroT peryimpoBKu, a U3 TexX aBTOMOOUIICH, KO-



TOpbIE Cerojiis TpebyoT peryiaupoBku, depes mecsi 60% 6yayr paborarsb

xopomo, a 40% norpebytoT perynmmpoku. B MOMEHT n3rorosienust Bce aBTo-

MOOMJIM paboTaan XopoIno. KakoBa 0t MalllnH, KOTOpbe OYAYT paboTaTh

XOPOIIIO UJIK HOTPEOYIOT PEryJupOBKH depe3 2 Mecslla, dyepe3 3 Mecsra’
Brejiem BekTop Ty = (T14; Tot) COCTOSIHUI B MOMEHT t | TJIe Tj — JIOJIsl aB-

TOMOOMJIEl, KOTOPBIE B MOMEHT ¢ HaXO/ISITCsI B COCTOSIHUM ¢ ¥ BBEJIEM MaTPHILY

A= ( - ) rjie a;; — JI0Jisi aBTOMODOUJIEH, KOTOPhIE B HACTOSIINI MO-

) 1] )

a1 Q22
MEHT HaXOJISITCsI B COCTOSTHUU ¢, & Uepe3 MeCsI] OYIyT HaXOJUTCs B COCTOSIHUN

j. Kpagparnyio marpuiy A OymeMm Ha3bIBaTh Mampuyet neperoda, eciam Bee

€€ 3JIEMEHTbI 11OJIOKUTEJIbHBL U CyMMa 3JIEMEHTOB KaxKJI0i CTpoKu paBHa 1.
0,7 0,3

Coryacro yemosusim 3aga4au To = (1; 0) m A = .
! 0 =1 0) 0,6 0,4

OuesBnjiHo, 90 A — MaTpuIla nepexoja.

Yepes Mecdrr 10711 MAIlIH, pabOTAIONIUX XOPOIIOo, OYIeT paBHa,
1-:0,740-0,3 = 0,7, a goss marmH, TpeOYIOIINX PETryJIANPOBKHU, Oy1eT paBHa,
1-0,34+0-0,7=0,3.

Takum obpaszom BekTop cocrosiaust 1 = (0,7; 0,3).

Herpynno nokasath, 9To Ty = T - Al

Torna Ty = Ty - A%, Ty =T - A>.

Boruncnnm marpuist A2 u A3
a2 0,7 0,3 0,7 0,3\ (0,67 0,33
0,6 0,4 0,6 0,4 0,66 0,34 )
4 0,67 0,33 0,7 0,3\ (0,667 0,333
0,66 0,34 0,6 0,4 0,666 0,334 |
Haiijiem BekTOpBI To 1 T3

0,67 0,33
Ty =(1;0) - ( 0’66 0.34 ) = (0,67; 0,33),

(1) (0007 0,333
73 = (1;0) -
i 0,666 0,334

> — (0,667; 0,333).



B sKoHOMMYECKUX TTPUJIOKEHUSIX BAXKHYIO POJIb UTIPAET CBOMCTBO KBapaT-
HbIX MaTPHI], HA3bIBAEMOE HEPA3JI0KUMOCTHIO. [losicHuM ero cMmbIcI.

Coznacosannoti nepecmanoskotll pados KBaaparHoil marpuinbl A HasbiBa-
eTcs TaKasl WX MepecTaHOBKa, MPU KOTOPOH OJJHOBPEMEHHO C TepecTaHOBKON
1-Off U J-Oft CTPOKU MEHSIIOTCS MECTaMU -bIil U J-bIil CTOJIOIbI.

KBajiparaas marpuria A Ha3LIBACTCS pasaoHcumotl, €CIU COTJIACOBAHHBIMU

nepecranHoBkKaMm CTPOK M CTO.H6I_[OB €€ MOXKHO IIPUBECTU K BHUJY

A B
0 A

e A1 u Ay — KBaJpaTHbIE MATPHUIBI HE 00sI3aTEIbHO OJHOIO U TOIO Ke
nopsijika; 0 — HyseBas MaTpuiia. B npoTuBHOM cilydae MaTpHUIla HA3bIBACTCS
HEePA3NOHCUMO.

Eciau B = 0 v upu pajbheiinem pazioxenunu Marpuil A; u As u ux gacreii,

CTOAIINX HA JIMaroHaJsu, OyJeT MoJIyueHa MaTpuIla BUIa,

A 0 ... 0
0 Ay ... 0
Y
0 0 .. A
rne Ay, Ao, ..., Aj — KBaJpaTHble HEPA3JIOKUMbIE MATPUIILI HE 003aTEILHO

OJTHOT'O M TOI'O 2K€ IIOpPsIJKa, TO MaTpHuIla A nasniBaercs 6noare pCLSJLOOfCUMOﬂ.

IIpumep 1.7. Paccmorpum n orpacseit mpombinuieHHOCTH U @y (i =
1,2, .,mn; 7 =1,2, ..n) — j0Js NPOJYKIMU i-0ff OTpPAC/H, IPUMEHSIEMO
J-0i1 oTpacybio B Iporecce npoussojacTsa. [Ipuiuem a;; = 0, eciu npoykius
i-0it OTpaciiu He MpuMeHsieTcs j-oit orpacibio. Ecin marpuna A = (a;;) no-
psJiKa 1 X N Pa3jioKKMMa, 9TO O3HAYAET, YTO CYIIECTBYET I'DYIIIa OTpacei,
He TIOCTABJISIONIUX CBOIO MTPOAYKITMY PAJLY JIPYTUX OTpacyeil, HoO MOXKeT ObITh
noTPeOIISTIONINX X POJYKIHIO. Briosite pazioxkumoctsb Marpunbsl A = (a;;)
HOpsiJIKA M X 7 O3HA4YaeT, 4TO B BbIOPAHHBIX HAMU OTPAC/ISIX CYIIECTBYET
HECKOJTBKO CAMOCTOSATEbHBIX TPYII OTpacyeil, MexK 1y KOTOPBIMU HeT oOMe-

Ha MIPOJYKIAEH.



Bamanue 1.1. Haiigure nponssenennst marpun, AB nw BA, eciu
-2 11 3 =7
B =

3 4 2 9
Baganme 1.2. Haiinnre npousseenus marpun AB n BA, ecin
3 8 —2 4 10 -3
A= 45 -2 |,B=| -2 5 9
1 8 3 2 -8 3
Baganme 1.3. Haiinure npounsseenns marpun, AB n BA, ecan
3 5 —1 i3
A= , B=1| -5 7
-7 3 —4
2 9
§2. IlepectaHoBKMH.
JlaHo MHOXKeCTBO 1€pBbIX N HarypasibHbix unces N = {1,2,...,n}. dro

MHOYKECTBO MOXKHO YIIOPAJ0YUTEL Pa3JInIHbIMU criocobaMu. Beskoe paciolio-
xkenue (iq,142,...,%,) ducesn 1,2, ..., n B HEKOTOPOM OIPEJICIEHHOM MOPsIJIKe

Ha3bIBa€TCA nepecma%oe%oﬁ U3 1 4uceJI .

IIpennoxkenue 2.1. Yucio pasauunvis nepecmanosor us m 4uces pacHo
nl=1-2-3.-...-n.

oxasameavcmeo. 1lepBolit 971eMEeHT 47 MOXKHO BLIOpaTh 1 CIIOCODAMM, dJie-
MEHT JIJIsT BBIOOpA 3JIEMEHTa 19 OCTaJach 1 — 1 BO3MOYKHOCTH U TaK Jajee,
JIEMEHT 1,1 MOXKHO BbIOpaTb BCEro 2 crocobamu, HAKOHEI OepeM IOCJIe/l-
Huii ajeMent i,. Beero momyumiaocs n- (n —1)-...-2 -1 = n! pazmuanpix

nepecTaHoBOK. []

Ecyin B HEKOTOPOII TIepecTaHOBKE IOMEHSITH MECTAMU JIBa UMCJIA, 8 OCTAJIb-
HbIe OCTABUTDL Ha MECTe, TO MOJIYUYHM HOBYIO IepecTaHoBKY. Takoe mnpeobpa-
30BaHUE IEePEeCTAaHOBKH Ha3bIBACTCA mparncnoduyuet. [oBOpAT, ITO B JaHHOI
IIEPECTAHOBKE 4UCJIa ¢ U J 00pa3yloT uHMGepculo, €cjiu ¢ > j, HO 1 CTOUT B
9TOI IepecTaHOBKe paHbIle yeM j. IlepecTaHoBKa Ha3bIBAETCA “emotl, eCIn

OHa UMeeT 4eTHOE YUCJIO HHBepCHﬁ, U HewemHot B I[IPOTUBHOM CJIy4dae.
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Teopema 2.2. Bceaxas mpancnodutyus MERAET YEMHOCTD NEPECMAHOBKU.

Joxasamesvcmeo. lana nepecranoBka (iq,14s, . . ., 1iy).

a) [Tomensiem MecTaMu JiBa COCEJHUX SJIEMEHTA i W i41. B 9TOM cirydae
YUCI0 MHBEPCUT U3MEHUTCs Ha, 1, U, 3BHAYNUT, U3MEHUTCS U YeTHOCTD I1ePeCTa-
HOBKU.

6) YToObl MOMEHSITH MECTaMU SJEMEHTHI if W iji, HYXKHO 2m — 1 pa3s
[IEPECTABUTEL COCEHUE DJIEMEHTBI. [109TOMy 4MC/I0 MHBEPCHIT U3MEHUTCS Ha

HeYeTHOEe YHUCJIO, W, 3HAUUT, IePECTAaHOBKA CMEHUT YETHOCTD. ]

§3. Omnpenenurenn.

[Tonsitue omnpejenuress (JeTepMUHAHTA) BO3HUKIIO B CBSI3H C HEOOXOIUMO-
CTBIO PeNeHunst CUCTEMbBI 1, JIMHEHHBIX ypaBHeHwii ¢ n HensBecTHbIMU. Omipe-
Jequresb marpuilbl A obosnavaercs |A|, detA nom A.

Eciu A = (a11) — MaTpuia nepBoro mopsijika, TO 0npedeiumenem nepeozo
nopAdKa HA3LIBAETCS YNCIO a11: A = ag.

Onpedesumenem 6mopo2o nopaAdka HA3BIBAETCS IUCI0, KOTOPOE BbITHCIISI-

ercs 1o GpopMmyJie

a1l a2
AQ = = ai1 - a2 — Q12 - A921. (31)

21 G22

Onpedesumenem mpemuvezo nopAdka Ha3LIBACTCS TUCTIO, KOTOPOE BBITUC-

JisieTcst 1o popmyJie

ailr aiz2 a13
11022033 + 412023031 + A13021032—
|A‘ = | 21 Q22 Q23 | — (3-2)
—Qa13A22031 — A11A23032 — 112021033
asr azz2 ass

D10 BBIparkeHune — ajrebpandeckasi cymma 6 ciaraembix. B kaxjoe cia-
raeMoe BXOJIUT TI0 OJJHOMY SJIEMEHTY M3 KayKJO# CTPOKM ¥ KaxKJIOTO CTOJIO-
118 MaTPUIbl. SHAKU, ¢ KOTOPBIME UJIEHBI OIIPEJICTUTENST BXOJAT B (DOpMYITy
(3.2), J1erKO 3alIOMHUTH, TOJIL3YsICh CXEMOM, KOTOPasi HA3bIBACTCH NPAGUAOM
36e3douru. llepBasi 3Be3/109Ka — 9TO cjaaraeMble, BXOJAIIIE B ONPEICTUTENb

€O 3HAKOM IIJIIOC, & BTOpas — CO 3HAKOM MHHYC.
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4 -1 3

IIpumep 3.1. Boranciure onpenenuresp A = | -5 3 —2
-6 1 3
4 -1 3
Pemenne . -5 3 -2|=4-3-34+(-5):3-14+(—=2)-(—1)-(—6) —
-6 1 3

—3:3-(=6)—3-(=5)-(=1)—4-(—2)-1=36—15—124+54— 15+8 = 56.

ITycts manma xkBajgpartnas maTpuiia A mopsiaka n

ap aip ... QAip

as1 A2 ... Q9p
A=

ap1 Ap2 ... App

PaccMOTpUM  BCEBO3MOMKHBIC HPOU3BEJCHUS 7 SJIEMEHTOB MAaTPHILDI,
B3SATBHIX 110 OJHOMY M3 KaXKJOH CTPOKM M KaxKJIOro Crojibra MarTpu-
Bl Gy Qigjy - - - Qi g, (%). OOO3HAUMM 4HCIO WHBEPCHH B IEpECTAHOBKE
(1,172, ...,1y) 9€pPE3 S, & UUCJIO UHBEPCHI B TIEPECTAHOBKE (1, jo,. . ., Jn) Ue-
pes t. Eciiu B epectaHoBKe (k) MOMEHATH MECTAMHE JIBA COMHOXKHUTEJIST U TIO]T-
CYNTATH YUCJIO MHBEPCHUIl B HOBBIX IIEPECTAHOBKAX, TO CyMMa S + t1 Oyier
MMETh Ty K€ YeTHOCTb, 4TO U cymMa s + t (reopema 2.2). Ilosromy umc-
70 (—1)%*" ne zaBucur or nopgaaka comnoxkureseil. He napymas obmmocT,
MOXKHO HPOU3BEJICHUE (*) 3allUCBIBATL B BUJIE G1j,G2j, - - - Unj, -

Yucsio pasiunanbix npousseienuii Buja (x) pasHo n! (mperoxenue 2.1).

Omnpenenenue 3.1. Onpedesumenem MOpsaKa 1 KBaJpaTHOR MaTpuilbl A
HOPSIJIKA 7 HA3BIBAETCSI YKMCJI0, paBHOE ajrebpandeckoil cymme n! Bcex BO3-
MOXKHBIX Pa3JINYHBIX IIPOU3BEJCHUN N 9JIEMEHTOB MaTPHIIbI, B3ATHIX IO OJI-

HOMY M3 KaxKJI0il CTPOKH U KaxKJIoro cTosibna, yMHOKeHHbIX Ha (—1)%t e
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S — YMCJIO MHBEPCUIl B IepecTaHOBKe MEePBbIX, a ¢ — YNUCJ0 WHBEPCUI B nepe-

CTaHOBKE BTOPbLIX MHJICKCOB IIEPEMHO2KACMbIX 9JIEMCHTOB MaTPHUIIbI.

ai;p aiz ... Qain
asy a9 ... @
detA = |A] =] 7 S - —)a; ai . .oa; . (3.3
17171272 nJn

ap1 Ap2 ... App

Kpagparnas marpuia A Ha3bIBAETCs HEBLPOIHCIeHHOT, €CIIN ee OIPE eI~
Tesb detA # 0.

CnoiicTBa onpemeanTeei.

1. Onpejiesiuresib TPAHCIIOHUPOBAHHONW MATPHUIIBI PABEH OIPEJICJIUTEIO Car
Moit Marpunpl, To ecth |A| = |AT|. Unpivu ciosamu, omnpeaeauTens Ipu
TPAHCTIOHNPOBAHWY HE MEHSIETCS.

13 cpoitcTBa 1 ciiejtyer, 91O CTPOKU M CTOJIOIbI MATPHUIHI PABHOIPABHBI.
Bce cBoiicTBa 1 TeopeMbl MOXKHO (DOPMYIUPOBATH KaK JJisi CTPOK, TaK U JIJIs
CTOJIOIOB OTIPEJIE/INTEIS.

2. Eciin Bce a/1eMeHThl HEKOTOPO#t CTPOKH orpe/iesinTeisi pashbi (), TO onpe-
jenutenb paser 0.

DTO CBONCTBO CJEAyeT W3 ONpeeNIeHns, TaK KaK B KaXkKJIOM CJaraeMoM
€CTh HYJIEBOI COMHOXKHUTEJIb, W, 3HAIUT, cyMMa paBHa (.

3. IIpu nepecraHoBKe JIBYX CTPOK OIPEJIEJUTENb MEHSIET 3HaK.

[Ipu BhIumcaenun onpejeauresst o dopmyie (3.3) mpu nepecTraHoBKe
JIBYX CTPOK KazKJIO€ CJIaraeMoe U3MEHUT 3HaK (110 Teopeme 2.2 rnepecTaHoBKa,
BTOPBIX MH/IEKCOB CMEHHUT YETHOCTD ), &, 3HAUUT, ONPEJICTUTEIb CMEHUT 3HAK.

4. OnpeennTesh, MEIOIIH JIBe OJIMHAKOBBIX CTPOKHU, paBer (.

[Tycrb onpejesiuresis pasen d. [Tomensiem mectamu B 9TOM olpejiesiuresie
JIBEe OJIMHAKOBBLIX CTPOKH. [0 cBOCTBY 3 ompejieiuTe/ib CMEHUT 3HAK U CTaHET
paBabiM —d. Ho Tak Kak CTPOKM OJMHAKOBBI, TO OMPEIETUTEh HE N3MEHNUTCSI,
10 ecTb nojayuuM d = —d. Orkyua u ciaepyer, aro d = 0.

5. Eciu Bce 3jieMeHTBl HEKOTOPOW CTPOKM OIPEJIEJHUTEIs] YMHOXKHUTH HA

OJITHO U TO 2K€ YMCJIO, TO OlIpeaeJINTE/Ib YMHOXKHUTCA Ha 9TO YUCJIO.
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ail ai12 oo Qup

(07°%1] Apo2 ... Qpp
=\ Z(—l)ta1j1a2j2 e Qpj, = A AL

CBO#CTBO H MOXKHO CHOPMYIUPOBATH CJEAYIOMMM 00pa30M: OO MHO-
JKATEJIb BCEX 9JIEMEHTOB HEKOTOPOH CTPOKH OMPEICIUTENT MOXKHO BRIHOCHTD
3a 3HAK OIPEJIeJTUTEIS.

6. Ecimm siBe cTpoku onpejienTesst HPOIOPIUOHAIBHBI, TO OIPEIEJIUTEh
paBen 0.

st mokazaTesbCTBa IPUMEHUTe CBOMCTBa D 1 4.

7. Eciin Bce s/1eMeHTbI $-TOI CTPOKHU OIPEJICIUTEIIsI IIPEJICTABUMbI B BI/JIE
CYMMBI @;; = bj + ¢;, TO oIpejle/IuTesIb paBeH cyMMe onpejenuresneit D =
Dy + Dy, npudem B i-TOi CTpOKe ompejienuress [ cTodT 3jeMeHTbl b;, B i-
TOI CTPOKE onpejiesuTesiss Dy CTOsIT 3JIEMEHTHI ¢;, BCE OCTAJIbHBIE 3JIEMEHThI

COBIIQIAIOT C JIEMEHTaMU onpejeauTess D.

Hampuwmep,
bl + C1 b2 + (6) b3 + C3 bl bg bg C1 Co C3
asy a2 93 = | ao Q22 Q23 |+ | aan azn asg
a31 aso a33 a31 azz2 Aass a31 azz2 Aass

8. Oupegenuresb He U3MEHUTCS, €CJIM K 3JIeMEHTaM OJHON CTPOKHU Mpuba-

BUTDH 3JIEMEHTDbI ;prroﬁ CTPOKH, YMHOXKE€HHBbIE Ha HEKOTOPOE YHCJIO.

Hanpuwmep,
ai] + k - a;1 a1z + k - ;2 ... QAip + k - (0779 ailp a1 ... Qip
a2 22 cee A2n, 21 G2 ... A2y

an1 (07%%) e App, ap1 Ap2 ... App
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]{Z'CL“ k'aig k'am

a21 Q2 ... Q2 _ \A|

(07°%] (07%%)) e Apn

9. Onpeieanrensb NPON3BEICHUS IBYX KBAJIPATHBIX MATPUI] PABEH MPOU3-
BEJICHUIO olpejieuresieil marpuil, To ectb |AB| = |A| - | B].

10. Onpejenuresb JUaroHAJbLHON MaTPHUILbI (a TaKXKe BepXHeil U HUXKHEel
TPEYTOJbHBIX MATPUIL) PABEH TIPOU3BECHUIO JIEMEHTOB, CTOSIINX HA TJIaB-
HOIl MaroHasu, 7o ectb D = a1 - a9« ... Upy.

Ilycrs nama marpuna A = (a;;) pasmepa m X n. Beibepem B mMarpune k
crpok u k crosbnos (1 < k < m; 1 < k < n). U3 anemenros, crosiux
Ha MEePeCeYeHNUN ITUX CTPOK M CTOJONOB, MOCTPOUM KBAJIPATHYIO MATPUILY
nopsjka k. Ouperenurelis 3Toil MaTpHUIlbl Ha3bIBACTCS MUHOPOM HOpsijiKa, k
marpunpl A. Munop nopsiika k nosydaerca uz marpuiipl A Boraepkusanuem
m — k ¢cTpok U n — k cTOJIOIOB.

Paccmorpum xkBajgparnyio marpuity A mopsaka n.

Onpenenenne 3.2. Munopom M;; marpuibl A 10psjiKa 7, COOTBETCTBY-
IOIUM 3JIEMEHTY @;; Ha3bIBaeTCs ONpeJIeJUTe/]b MaTPUIbl Iopsajika 1 — 1,
noJiyvaorneics n3 A BhruepKuBaHUEM (-TO¥ CTPOKHU W j-TOTO CTOJIOIA.

Kaxmas KBajpaTHas MaTpHUIa MOPATKA 7 UMeeT n’ MHHOPOB IOPSIKA,

n — 1.

Onpepenenne 3.3. AnrebpandecKuM JONOTHEHUEM A;j 31€MeHTa @;; Ha3bl-

Baercs ancio A;; = (—1)" M.

Ba:xknoe 3HadeHue JJisi BBIYUCJICHHUS OIpEAeJUuTeseil UMeeT CJeIyIonas

TeopeMa;:

Teopema 3.1. (Jlammaca). Onpedeaumenrv D xeadpamnot mampuuyn A
PABEH CYMME NPOUIGEIEHUT IAEMEHMOB KAKOT-AUOO CMPOKU HA UL AN2e0P0-

uveckue donoAHeHuA.
n

D = CLﬂAﬂ + CLZ'QAZ'Q + ...+ ainAin == Z CLZJAU (34)

J=1
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Joxasamensvcmeo. 1) Pacemorpum mMarpuity

aill 0 ce 0

21 Q929 ... QA9on
A= :

anl Ap2 ... dpp

y KOTOPOIl BCE 3JIEMEHTbI 11€PBOI CTPOKU Kpome aj; pasBHbl (. (an £ 0,

a;j =0, j = 2;n). Torma onpegenurens

Al = Z(_l)talla% <o+ g, = A11 Z(_l)tG’sz co Gy, = ap My = an A

(MoJT 3HAKOM CyMMBI CTOUT CyMMa BCEX BO3MOXKHBIX DA3JIMUHBIX TPOM3BEIE-
HUI 3JIEMEHTOB MATPUIILI, B3SATBIX MO OJIHOMY U3 KaXKJIOH CTPOKU U KarKJ0TO
crosiblia ¢ HoMepaMu oT 2 Jio n, ymHoxkennoe Ha (—1)!, ¢ — uucsio unsepenii
B IIepecTaHoBKe BTOPBIX uHJeKco u My = (—1)" 1My = Aq).

2) Ilycrs renepnh B marpuie A B -0t CTpOKe TOJBKO OJ[MH JIEMEHT ;j

OTJIMYCH OT HYJIA

(all a2 ... Ay ... aln\

\am apo ... 0 ... a,m)
(a;j # 0, aj, = 0, k # 7). Ilomensiem j-blii croJI0€I] HOCIELOBATEILHO CO
crojbmamMu HOMED j — 1,7 — 2,...,1, a 3aTeM i-yi0 CTPOKY CO CTPOKAMU C
Homepamu ¢ — 1,7 — 2, ..., 1. Becero cienaem j + 1 — 2 nepecTaHOBOK CTPOK

u crosi0108B. [losyuum Marpuily

( )

A= aiG-1)1 A6-1)2 --- A6G-1)(G-1) --- Q@i-1)n

\ ani An? R an(j_l) R QAnpn )

BbI‘II/ICJ’II/IM ee OllpeaeJInTeJb
A] = (=192 4] = (= 1) My My = ag Ay

16



3) B obirem ciryuae mpejicraBuM OmpeJieuTe/lb MAaTpuIlibl A B BUJIE CYyMMbI
n

n onpegenutreneit |[A;| (JA| = Y |Aj]), y KOTOPBIX BCe CTPOKH KpOMe i-0ii
j=1

OJIMHAKOBbI, & B 1-0fl CTPOKE KaXKJI0I'0 OIIPEJIeJUTEIs TOJIbKO OJIMH 3JIEMEHT

a;j # 0. Torga

n n n
Al =D 141 =) ay(=1)" My =) aAy.
j=1 j=1 j=1
0OKa3aTeJIbCTBO 3aKOHYEHO.
il O

Teopema 3.2. Cymma npoussedenuti 2aemMenmos Karxol-Aub0 cmporu onpe-
desumens nwa an2ebpaueckue JONOAHEHUA INEMEHMOB IPY20T CMPOKU PABHA

HYA10.
n

Z aijAsj =anAs + apdso+ ...+ aipnAgy = 0. (3-5)
j=1
Hokasameavcmeo. Jana ksaaparnas marpuiia A = (a;;) nopsixa n. Pac-
CMOTPHUM MaTpuIly B, y KOTOpOi#l BCe CTPOKK KPOME S-TOI COBIAJAIOT CO
CTPOKAMU MaTpPUIlbl A, a B CTPOKE S CTOAT YUCJIA C, Ca, . . ., Cp. LlOjcunraem

| B|, pasio:KuB 9TOT OMpEJIEIUTENb MO S-TOH CTPOKE.
|B| = C1Agq + Ao+ ...+, Agp.

BaMeTuM, 4TO €CJIM OLPEJIEIUTEN OTJIMUAIOTCA TOJLKO JIEMEHTaMU OJIHOM
cTpokH (Hampumep, s-oii), To ajrebpandecKue JOMOJHEHUs JEMEHTOB ITOi
CTPOKM B 00OMX ONPEJCJNTEIAX PABHBI Ag) = Ag) (Vj = 1,n), rak kak
IIPY PA3JIOZKEHUM OLPEJEINTENsE 110 S-Oi CTPOKE CTPOKA € ITUM HOMEPOM
BBIYCPKUBACTCSL.

Eciu nosoxkuts ¢; = a;5, T0 B MaTpuie B Oy/er jBe 0/[MHAKOBbIX CTPOKH,

u, 3naunt, |B| = 0. O

IIpumep 3.2. Borunciute aByMs criocobaMu OIIpe e TuTe b
1 2 3

D=2 -1 7
-3 1 -5
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Perterue . 1) Boraucinm onpeesinresib, pa3iokuB ero 1o mepBoil CTPOKe
1 2 3
D=|9 -1 7 :(_1)1+1,1, -1 7 +(_1)1+2_2 2T
1 =5 -3 —5
-3 1 =5
(=113 . 3. 23 - —1-(=2)—2-11+3-(~1) = —27.
2) Boluncium onpejiesuresib, HOJIyIUB HYJIM B EPBOM CTOJIOIE.
1 2 3 1 2 3
D=|2 -1 7 |=l051|=1-] " =20-7="or
-3 1 =5 0 7 4
1 -2 3 -1
IIpumep 3.3. Boraucaure onpenenurenab D = 5o T
2 =3 4 0
-2 1 -4 6
Pemtenne . Boruucium onpejiesinreib, 10JIYyYUB HYJIM B IIEPBOM CTOJIOLE
1 -2 3 -1 1 -2 3 -1
D:3—574:01—27:
2 =3 4 0 0o 1 -2 2
-2 1 —4 6 0 -3 2 4
1 =27 0 0 5 __
=1-(-D* 1 —22|=]1 -2 2|=5-(-1 =
-3 2 4 -3 2 4 -2
5-(2—-6)=-20.
-2 4
3amanme 3.1. Boruuciure onpejenuresb | 3 5
-4 7 9
2 -3
aganune 3.2. Boraucaure onpegenurenn | 5 2 4
-3

18



4 =2 1
5 7 4
3amanme 3.3. Boiuuciiure onpejejnresb -4 s
-2 9 5 3
-3 4 2
-5 11 7
3amanue 3.4. Boiuuciiure onpejejnresb
5 —4 10
-2 =7 5 13

§4. OOparHas mMaTpuria.

B 1ikoJibHOM Kypce aJjiredpbl 4nucjio b HasbiBaJiu 00pammviM YUCILY @, €CJiu
ab = 1. [lnsa groboro uncia a # 0 cyImecTByeT eIMHCTBEHHOE 00PATHOE TNCTIO
b = % = o~ '. AHasilorn4Ho B JIMHEiHO# asirebpe oIpejessieTcss MaTpHIa,
obparnas marpuie A.

Ompenenenne 4.1. Marpuna A’ naswiBaerca obpammot 1as marpunnl A,
€CJIM TIPOU3BEJICHNE ITUX MaTPUIl KOMMYTATUBHO W PABHO €JIMHUYHONI MaT-
putie.

A A=A - A=F. (4.1)

O6o3nauaercs obparHas mMarpura AL
U3 omnpenenenusi caejyer, 4To odpaTHast MATPHUIA MOYKET CYIIECTBOBATH

TOJIBKO JIJI KBa/IPATHOW MaTpPUIIbL.

Teopema 4.1. (O cyuiecTBOBaHNY U €IMHCTBEHHOCTH OOPATHOM MAaT-
putibl) Jobaa nesviposicdennan keadpamuas mampuya A umeem edun-

CMBEHHYI0 0OPAMMHYIO MATPULY.

Hokazameavcmeo. 1) Ilycrs marpuna A = (a;;) — HeBBIpOXKIeHHAs. SHATAT,
|A| # 0. Hokazkem, ITO JJTsT 9TOI MATPHUIIBI CYIIECTByeT obpaTHas. Paccmor-
puM marpuiy A* = (A;;), cocraBiennyo u3 anaredpandecKux JOLOJHEHU
9JIEMEHTOB MATPHUIbl A, TPAHCIOHUPYEM €€ W PA3JIeuM Ha ONPEJeJUTE b

|Al. (Matpury A* HasbiBaoT npucoedunennot).
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[Tokaxkem, 4TO MOCTPOEHHAST TAKUM CIIOCOOOM MATPHIIA, SBJISETCS 00paT-

HOM JIJ1st MaTpuiibl A.

A As o0 An
1 A12 A22 Ang

A= —
A

(4.2)

Aln A?n Ann

siBJisieTcst obparHoit marpuie A. Jjst 91010 paccMoTpuM MPOU3BeJIeHIe

aip aip ... QAip AH Agl Ce Anl

A Ail o a21 A92 ... QA9p 1 A12 AQQ ce An2 o
Al oo
anp1 Ap2 ... Qnpp Aln A2n SR Ann

( YoawA Y apAor oo D apAnk \
=1 =1

k=1
1 Yo aokArp Y agpAok ... Y agpAnk

= — k=1 k=1 k=1

|A]

=

K ZankAlk ZankAQk ZankAnk)

k=1
ITo Teopeme 3.1 Bce ajieMeHTHI IPOU3BEICHUS] MATPHI], CTOSIIUE HA, IJI1aB-

HOW JIUATOHAJIN, PABHBI OIPEICJUTEII0 MATPUIILI A, & OCTAIbLHBIE 3JIeMEHTDI

IOJIYYEHHON MATPHUIlbl PaBHBI HYJIO 110 Teopeme 3.2. CiiejoBaTesibHO, IPOU3-

BejleHune
A 0 ... 0 0 0
1| 0 A0 0 1 B
A-AT = o = — E.
0 0 ... |4 0 0 ... 1

AHaJIorMIHO MoKasbiBaeTcst, uTo nponspejenve A~ - A = F.
2) Tenepb JloKaxKeM eJMHCTBEHHOCTH 06parHOit MaTpuiibl. [lycrs MaTpuna
A" Takxke sBisiercst obparHoii jist Marpuibl A. Paccmorpum npoussejienue

A1 A A" Nmeem

A—l.A.A//:(A—l_A).A//:E_A//:Auy
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AT A A=A (A A=A E=A1
I3 stux pasencrs caenyer, uto A’ = A~L. O

Yeaosne HEBBIPDO2KIEHHOCTNU KBa'Z[paTHOI'/JI MaTpPHUIlbl (ABJIACTCA HE TOJIBKO

JIOCTATOYHBIM, HO U HEOOXOJIMMbIM JIJIsI CYIIECTBOBaHUs O0OPATHON MaTpPUILbI.

Teopema 4.2. Ecau xeadpammas mampuya A umeem obpammyro mampuiy,

mo OoHa HEBVIPOHCEHHAA MATMPUUA.

Jloxazamesvcmeo. Ilycrsb juist marpunbl A cyniecrByer obpaTHasi MaTpUIA
A7 Torma A - A™! = E. Bnauur, |[A- A7l| = |E| = 1. Ilo cBoiicry 9
onpejesmreneii umeem |A- A7 = |A|-|A7Y|. Cieposarenno, |A|-]A7Y = 1.
Orkya Beirekaer, uyro Al # 0. O

6 -7
IIpumep 4.1. Haiigure maTpuiry, obparnyio marpuie A = L5 :
Pemntenue . Boruncanm onpejie/inTeb.

6 —7
Al = =30 —28 =20,

3HAYUT MaTpuila A HEBBIDOXKIEHHAsT U JIJIsT Hee CYIIeCTByeT oOpaTHas Mar-

pI/ILLa. BquI/ICﬂI/IM aJIFe6paI/I‘{eCKI/Ie JOITOJIHCHUW A 3JICEMEHTOB ManI/H_U:)I A:
A =5, Ap=—(-4)=4, An=—(-7)=7Apn==6.
CocTaBIUM IPUCOCTUHEHHYIO MATPHUILY
5 4
A = )
7 8

TpaHCIIOHUPOBaB €€ ¥ pa3JeuB Ha ONPEeJeNUTeNb, MOJIYIUM MATPUILy, 00-

parayio Mmarpuie A

P 57\ (2535
~2\a6) \ 2 3 [

BrmoaauM mpoepky. st 9TOro BHIYHCIUM MPOU3BEJICHUE
AT 6 —7 2,5 3,5\ 6:-2,0—-7-2 6-3,5—-7-3 B
—4 5 2 3 —4-2,54+5-2 —4-3,5+5-3
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(;g)g

ITpumep 4.2. Haiijiure marpuity, 0OpaTHYIO MaTpUILE

1 3 =2
A=12 4 1
3 -1 4
Penienue . Boruncanm onpejieinTeb.
1 3 =2 1 3 =2
-2 5
Al=12 4 1 |=|0 -2 5 | =30 # 0,
—10 10
3 -1 4 0 —10 10

3HAYMT, MaTpuiia A HEBBIPOXKJIEHHAS U JIJIsI Hee CYIIeCTByeT obpaTHas MaT-

pura. BerancanM anrebpantueckue JTOMOJHEHUS 3JIEMEHTOB MaTpuIlbl A:

41 21
A — (—1)t+1 =17, A= (=1)1t2 = —5,
n=(=1 1 4 2= (1) 3 4
2 4 3 9
Apa = (—1)1+3 — 14, Ay = (—1)2*! — _10,
13 ( ) 3 _1 21 ( ) _1 4
1 —2 1 3
Aoy = (—1)2+2 — 10, Ay = (—1)23 — 10,
R s =T )
3 _9 1 -9
Aay = (—1)3+1 11, Agy = (—1)3*2 — _5,
s =(=1) 4 1 2= (1) 2 1
13
Aaa = (—1)3+3 — 9
3= (=1) 2 4
COCTaBI/IM HpHCOQ,ILI/IHeHHYIO ManI/IHy
17 -5 —14
A= | —10 10 10
11 -5 —2

TpancnoHpOBaB €€ W pa3/Ie/inB Ha OMPeIe/NTeb, MOJyIrNM MaTPHILy, 00-
parayio Matpuie A
. 17 =10 11
At=—| -5 10 -5
30
—14 10 -2
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[IpoBepKy BBIOJHUTE CAMOCTOSITEIHLHO.

CroiicTBa 00paTHON MATPUIIHI.

1 |A7Y] = ﬁ; 2. (AT = (AT) L,
3. (A™H)™ = 4; 4. (AB)™' = B7tA-1,
4 3
Bamanne 4.1. Haiigure marpuiry, ooparmyio marpuie A = -
1 -2 4
aganune 4.2. Haitnqure maTpuily, ooparuyio marpuie | 3 —7 15
4 1 =2
2 —1 3
3amanme 4.3. Haiiiure maTpuiy, ooparnyio marpuie | —5 4 —4
3 1 7
1 —4 2
3aganune 4.4. Haitjiure marpuily, ooparuyio marpune | 2 7 13
3 —10 7

§5. MarpuyHble ypaBHEHUs.

[Tlyctb A — HEBBIPOXK IeHHAsT KBaJIpaTHasT MATPHUIIA.
[TocTtaBuMm 3ajady: HAWTH Takue MATpuibl X u Y, 9TOObI ObLIM CIIPaBe/I-
suebl ypasaernss A- X = BuY - A= B (B obmem ciaydae X # Y).
Tak kak A — HEBBIPOXKJICHHAs MaTpUIla, TO cyliecTByer marpuia AL
Vuuoxum obe qactu ypasnenns AX = B na marpuiy A1 caesa. Iomyunm
ATTAX =A'B wm X =A"'B.

AHaJIOrMYHO MOXKHO MOJYyYnTh, uto Y = BA™L

1 2
Samanme 5.1. Pemmure ypasuenus AX = Bu XA = B, e A = ( ) - ))
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Bananue 5.2. Permure ypasnenus AX = Bu XA =B, rie

1 —4 2 2 —1 3
A=12 7 13 |,B= 5 3 -1
3 —10 7 -4 3 =2
1 -2 4 -2 5
3amanme 5.3. Pemure ypaBuenne | 3 —7 15 | - X = 4 1
4 1 =2 3 =2
1 -3 2 —1
3aganue 5.4. Pemmure ypaaenne | 3 —7 5 - X = 13
4 7 =2 0

3amanme 5.5. Penure ypasuenue

2 -1 3 -5 1
X-| =5 4 —4 | = .
9 4 5

3 1 7

§6. Cuctembl JUHEHBIX ypaBHEHUIA.

B 1ikojie BbI M3ydanm CUCTEMbBI JBYX JIMHEHHBIX YpPaBHEHUH ¢ JIBYyMsT HEU3-
BECTHBIMU
air+by =
asx + bgy = (2 .
Hamommio ojiuH 13 METOOB peIleHns 9TOi CUCTEMBL.
YMHOXKUM IIepBO€ ypaBHEHHE Ha by, a Bropoe — Ha —by, a 3aTeM CJI0XKUM

9TH YpaBHEHN

albgl' + blbzy = bgCl
—azbll‘—blbgy = —b102 ‘
HOJIyIII/IM (albg — agbl)l‘ = bQCl — 6162.
a; b c1 b
SameTum, 4To a1by — ashy = b , c1bg — coby = b OBosmati
az 02 c2 by

9TH onpejeanTesn depes A u A, cOOTBETCTBEHHO.

Pasencrso Juist oupejieienuss & IPpUHUMAaeT BU/L
A-x=A,.
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Ecin A # 0, To

A,
€r = —.
A
AHaJIOrMIHO MOXKHO MOJIYYHUTH, 9TO
_ Ay
y - A 9
ayp €1
rae A, =
a9 Co

Tak Kak ypapHeHue ar + by = ¢ 3ajlaeT Ha IJIOCKOCTHU IIPAMYIO, TO CHCTe-
Ma JIBYX ypaBHEHWU ¢ JIBYyMs HEM3BECTHBIMU MMeEeT €JIMHCTBEHHOE pereHnue,
eCcJIu TIpsAMble, 3aJal0lue ypaBHEeHN s, TIEPECEKAIOTC; He UMeeT pellleHuit, ec-
JIA TIPSIMbIE TIapaJlJieJIbHbl; KMeeT OECKOHEUHO MHOI'O PEIIeHHl, eC/id IPAMbIe
COBIIQJIAIOT.

AHAIUTHYIECKH 9T YCJIOBUS MOXKHO 3aIIMCATDL CACIYIOMIM 00pa3oM:
CHUCTeMa UMeeT €JIMHCTBEHHOE PeIleHue, eCJIu % =+ 2—;,

ap_ by, o

az — by 7 Cp

. ay _ bl _

cucremMa umeer OECKOHEYHO MHOI'O PEIICHUH, eciiu G = b G
1

B kypce jsiuneitnoit ajaredpbl Mbl OyjieM U3ydaTh CUCTEMbI JIMHEHHBIX YPaB-

cUCTeMa He UMeeT pelleHuil, eciu

HEHUN ¢ IMPOU3SBOJILHBIM YMCJIOM ypaBHeHI/IfI N HEUSBECTHBIX.

p

ap1ry + aprs+ ...+ apx, = by

a1 T1 + aoTo + ... +as,xr, = b
< 2141 2242 2ndn 2 (61)
L Am1T1 + Qa2 + ... + ATy = bm

Yucna a;; — koadpdunpmentor cucremsr, onn obpasytor marpuiy A = (a;;),
HA3bIBAEMYIO MAMPUYET CUCTILEMDL.
Homonasist MmaTpuity A ¢Toi010M CBOOOHBIX WIEHOB, MOJIYIUM PACULUPEH-

HYI0 MAMPULY CUCTNEMDBI

ainr aig ... Qaip | b1

~ e b

g | o ez A2n : 2 (6.2)
Am1 Am2 --- Qmp | b,
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CrobojiHbIE YJIEHBI OTAEJEHBI OT OCHOBHON MATPUIIHI Y€PTOI.

O6osnaunm X = (21, 9,...,7,)T — Marpuiy-croaden HEM3BECTHDIX,
B = (b, by, ..., b,)T — marpuny-cronben cBobogHbIX wieHos. Wcmnoabsys
orneparyio yMHOXKeHUsT MaTpuil, cucreMy (6.1) MOXKHO 3amucaTh B MaTpH-

HOM BUJI€

AX =B (6.3)

Pewenuem  cucrembr (6.1) Ha3bBaeTCS YHOPSAIOUEHHDBIH HAOOD dmCes

o

°), TPHU TMOJACTAHOBKE KOTOPOTO B CHCTEMY yDaBHECHWH BMe-

(2], x5,...,x
CTO HEU3BECTHbIX X1, T, ...,T, KaXKJ0€ yDABHEHUE [PEBPAIIACTCA B BEp-
Hoe uncioBoe pasencTBo. Cucrema (6.1) HA3BBIBAETCS COBMECMHOT, €CIU OHA
mMeer XoTst b o71HO perernne. CoBmectHas cucrema (6.1) HasbiBaercs onpe-
deaennot, eca OHa MMEET TOJIbKO OJIHO DelleHue u neonpedesennot, eciu
OHa uMeeT 6oJiee OJIHONO PEIeHUsI.

Cucrema JIMHEHHBIX YpaBHEHUI HA3BIBACTCS 00HOPOOHOT, eCain Bee CBOOO/I-
Hble dJieHbl paBHbl Hysi0 (by = by = ... = b, = 0), u neodnopodnod, eciu
XOTsI OJIUH U3 CBODOJIHBIX UJIEHOB OTJIUYEH OT HYJIS.

[Ipu paccMOTpeHUH CUCTEM JIMHEHHBIX YPABHEHU BOSHUKAIOT BOTIPOCHL:
1) umeer i cucreMma XoTst Obl OJIHO PeleHue (COBMECTHA JIM CUCTEMA);
2) ecjiu cucTeMa COBMECTHA, TO CKOJILKO PEIeHrit OHA UMeeT (CHcTeMa OTpe-
JleJIeHHAST WA HET);
3) KaK HallTu BCE PEIICHUs] CUCTEMBbI.

B kypce suneiinoii aareGpbl Mbl PACCMOTPUM TPU METOIa PEIIEHUsI CUCTEM

JIMHEWHBIX ypPaBHEHUIT: MaTpUIHBIH MeTo 1, MeTo); Kpamepa u meto); ['aycca.

IIpumep 6.1. Pemure warpudHbiM — CHIOCOOOM — CUCTEMY  ypaBHEHWU
r — 2y + 4z = -4

3r — Ty + 15z = —16 .
dr + y — 2z = 9
Pemienne . O6oznaunm
1 -2 4 T 28
A= 3 -7 15 |, X=\| 2y |, B= 13
4 1 =2 T3 —7

Cucremy MOXKHO 3amucarb B MaTpudnoMm Buje AX = B u pemuth ee depes
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obparnyto marpurbl. Tak kax marpuiia A HeBbIpoxenuas |A| = —9 # 0,

-1 0 =2
TO JIsl Hee cyliecrByeT obparnas marpuna A~! = }9 66 —18 —3 |,
31 -9 -1
-1 0 =2 28 2
nX=A"B=-§|66 -18 3| | 13 |=
31 -9 -1 -7 —1
TO eCTb X1 = 2, 9 =1, 3 = —1.

IIpumep 6.2. (MOJeIb HAIMOHAIBLHOIO JIOXOJ1A ). VI3 9KOHOMUYECKOH Teo-
PUHU U3BECTHO, YTO HAIMOHAJBHBIN JTOXO/ Y CKJIaJIbIBACTCA U3 MOTpeOeHus
nacenerust C', wasectnnnii I n 3arpar npasurenbctsa G: Y = C + [ + G.

C jpyroit cTOpPOHBI, TMOTPEOJEHNE MOXKHO IPEJCTABUTH KaK JIMHEHHYTO
dbynkmuio nanuonagbHoro joxona C' = a + bY, rjae a — aBTOHOMHBIE pac-
XOJIbl Ha 1oTpedsieHune, b — npejiesibHas CKJIOHHOCTh K TIOTPEOJICHNTO, TpUYeM
0<b< 1l

[Ipenmnonoxum, aro KoddduiumenTsl a u b, a Ttakxke Bejuaunbl [ u G
M3BECTHBI, W 3AIUIIEM CHCTEMY JBYX JIMHEHHBIX YPABHEHWIH C AByMsl HEN3-

BecTHbiMU Y u C:

-bY +C = a.

Pemium a1y cucremy, uciojib3ysi obparnyio marpuily. IlpejcraBum jiannyio

{ Y-C = I+G

cucremy B Buge AX = B, rue

ST ()

Borancaum onpegenurens: |A| = N 1—b>0, (tak kKak b < 1).

CuiestoBarenbno, marpuna A umeer obparnyio. Haiijem ee

A_lzi AH Agl _ 1 11
A\ A Ag 1-b\ b1/

Taxum obpazom

v gip_ | 11 I+GY\ 1 I+G+a
- S 1-b\ b1 a S 1-b\ bI+bG+a )
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Wrak, Haiijienbl HallMOHAJBHBLIN H0X0J Y = —T—p U norpedJieHre
naceserma C = &L 7; b_Gb+ a

3agaame 6.1. Pemwnre MarpudHbiM - CIOCOOOM — CHCTEMY  ypaBHEHWI
20 — 3y + 5z = 28
3r — y + 2z = 13 .
xr + 2y — z = =T

3agaame 6.2. Pemnre MarpudHbiM - CIOCOOOM — CUCTEMY  ypaBHEHWU
20 — y — 2z = 4
3r + 4y — 2z = 11.
v — 2y + 4z = 11

§7. IIpaBusio Kpawmepa.

PaccMmorpum cucreMy n JIMHEHHBIX YPaBHEHUH C 12 HEU3BECTHBIMHU.

.

a11r1 +aprs + ... +a,r, = b
a1y + @y + ... + agpx, = bg
(7.1)
| am %1+ ano®o + .o+ Ay = by,
BammieM coorBecTByIolee Marpudnoe ypasuenne AX = B, rie A = (ai;) —
T
matpuia cucreMbl, X = (X1, To,...,%,) — MaTPUIA-CTOJIOEI] HEU3BECTHBIX,
T
B = (by,by,...,b,)" — marpuna-crober cBOOOJHBIX 4JIEHOB.
Ecin marpunia A — mesbipoxennas (A = |A| # 0), To s Hee cyie-

cTByeT obparHas Marpuia Al = % (Aij)T.

Pemuwm cucremy (7.1) MarpuanbiM criocoboM.

A An ... An b1 Iy
X:A_lB:l A A ... A | b T2
AN
Aln A2n Ann bn Ln
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Orcroia Haxo MM

by a2 ... ay,
xl:%(b1A11+b2A21+...+bnAn1):% b2 “22 “2” :%.
b, ano ... Qun
by aip ... ai,
Omnpenennrens Ay = by azm . az noJiyvaeTcda u3 onpefeanTenas A
b, ano ... Qun

3aMEHOIl IIepBOro CTOJIOIA CTOJIONOM CBOOOIHBLIX 4aeHOB. Ero HaspiBaoT do-

NoOAHUMEADHDIM onpedenume/bem HeU38ecmHo x1-

AQ An
AnaJjioruuno [IoJIy4a€eM, 4TO T9 = AN , Ty = A rje omnpejaeJanTelIb
a; aig ... b1 ... Qip
21 Q292 ... bg ... Qon
Ay =
An1 Ap2 .. b1 ... Qpp

OJIYIAETCS U3 OIpeenTesss A 3aMeHoil k-ro ¢cTosb1a cToJ0I0M ¢BOOOIHBIX
YJICHOB.
Dopmy.Jibi
Ay Ay Ay
xlzx, .TQZK,...,.%'”:— (72)
Ha3bIBAIOT hopmyramu Kpamepa.

CdhopmynupyeM JOKa3aHHYIO TEOPEMY

Teopema 7.1. (Kpamepa) Ecau onpedeaumenn cucmemv, n ypasnenut ¢
n HeusseCmHvMU OMAUYEH O HYAA, THO CUCITNEMA UMEETN 60UHcm66HH06
pewerue, Komopoe Moxcho natimu no dgopmysram Kpamepa

_ Ak
Ty = K:

2de A — onpedeaumenn cucmemol, N — donosnumervruiil onpedesument

Heu3secmmot Tj.
N3 dopwmyi (7.2) BeITEKAET CJIEJICTBHE.
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CaenctBue 7.2. Ecau onpedesumenn cucmemovr A pasen vyato, a xoms ool
00uM U3 JONONHUMEALHOIT ONpedesumenet HeU3BECMMHLLT OMAULEH O HYAA,

mo cucmema peweHuu” HeE umeerm.

3amgaame 7.1. Pemwmre Meromom Kpamepa cucremy — ypaBHEHHi
((2r — y — z = 4

3z + 4y — 2z = 11

3r — 2y + 4z = 11

3amaame 7.2. Pemwmte Meromom Kpamepa cucremy  ypaBHeHHii
(¢ — 4y 4+ 3z = 15

§ 3z — 4y + 5z = 25.

(42 + 3y + 2z = 8

amgaame 7.3. Pemwmte Meromom Kpamepa cucremy  ypaBHEHHi
(

3r1 + 3x9 + 4xs — bxy = 9

S5v1 — Tx9g + 8x3 + 2x4 = 18
< r1 + 2x9 — llzs + 224 = —14
\ Tx1 + 8xr9 + 3wz + 4y = =2

§8. Merton I'aycca.

Hanbosiee ymoOHBIM JIJIsT OTBHICKAHUS pPEIeHUil CUCTeMbl JTUHEHHBIX ypaBHe-
HUH ¢ IUCTOBBIMU KODDUIMEHTAMI Ha, TPAKTHKE STBJISIETCST METOJL TTOCTIE 0
BaTEJLHOIO MCKJIFOUEHNST HEM3BECTHBIX MJiM MeToj1 [aycca.

Hana cucrema jinHeiubix ypasuenuit (6.1). Pacemorpum coreyrormue mpe-
00pa30BaHNS CUCTEMBI, HA3BIBAEMBIE AACMEHMAPHLMU NPEOOPA306AHUAMU:

1) Ymuoxenue (jesnenune) obenx vacreil ypaBHeHUs! Ha, HEKOTOPOE OTJIH Y-
HOE OT HYJIs YUCJIO;

2) IIpubassenne Kk 06enM 4acTSIM J-0ro ypPaBHEHUsT COOTBETCTBYIONIMX Ua~
cTeit --TOT0 ypaBHEHUST, yMHOXKEHHBIX HA HEKOTOPOE OTJUIHOE OT HYJIsl TUCIIO;

3) IlepecranoBka MecTaMu JIByX ypaBHEHHUIA.

[Tonyuennasi B pesysibrare TAKOro mpeoOpa3oBaHusi crcTeMa OylerT pab-
nocuibHa cucreme (6.1); To ectb onn JmbO 06e HecoBMecTHBI, JubO 0be Co-

CMECTHBI 1 UMEIOT OAHN N T€ 2K€ PCEIICHMA. Mozker IIOJIYIUTBCA TaK, 9TO IIO-
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CJIe BBITIOJIHEHUI HECKOJIbKUX TaKUX Mpeodpas3soBaHMii MOJIYUYNM ypaBHEHUE,
Bce KoapdunmenTn Koroporo pasubl 0. OTOpackiBasi 910 ypaBHEHUE, TAKXKe
MOJIYIUM CUCTEMY, PABHOCUIBHYIO NCXOTHON.

Paccmorpum meros I'aycca. Maest aToro merojia coctouT B TOM, 4TOOBI C
HIOMOIIBIO DJIEMEHTAPHbBIX 11Pe0bpa30BaHUIl IPUBECTU CUCTEMY yPaBHEHUN K
TPEYTOJIbHOMY (CTYIeHIaTOMy) BHJy. Y paBHeHEe, KOoTopoe Oyjaem mpubas-
JISITH K JIPYTMM YPaABHEHUSM HA30BEM Pa3peuLarowum yYpasHenuem, a KodIp-
dgutenT 1pu epeMeHHoi, KoTopyio OyJleM UCKJIIoUaTh U3 BCEX ypPaBHEHUI,
KpPOME Pa3periaioniero Ha30BEM Pa3peuLaouuM IAEMEHILOM.

Hana cucrema (6.1). [lycrs st onpegenennocru ayjy # 0. Bosbmem agg
3a paspernaronuit sjiement. Vckiounm HensBecTHoe T U3 BCeX ypaBHEHU

Kpome nepsoro. s aroro Oyjem mmepBoe ypaBHEHHE YMHOXKATh II0CJIE/I0Ba~

21 _ 431 _am
ail’ a1’ oan

cucrembl. [lojiyuum cucremy

TEJHHO HA — 1 npubaBJIsATh K OCTAJILHBIM yPaHEHUSIM

(

a11r1 + appre + ...+ apx, = b

) Uy + ... + an,x, = b
Y

\ a oro+...+a x, = b

PaBHOCUJIBHYIO UCXOJHON. ByjieM cunrars, 4to ab, # 0, TOria HensBecTHOE
L9 MOXKHO HCKJIOYUTH U3 BCEX yPaBHEHUI CUCTEMbl KPOME BTOPOI'O, U TakK
Jlajiee, IOKa He TOJIyYUM CUCTEMY TPEyTroJIbHOrO WK CTYIIeH4YaToro Bu/jia, u3

KOTOpOﬁ JIETKO HaXOJUTb HEN3BECTHDLIC.

’

a;1ry + appre + ...+ apT, = b

) Aoy + ... + ab,x, = b
Y

\ al xp+ ... +al,r, = b

Pemmars cucremy merojom [aycca yinobHo, mpeobpa3oBbiBasi paciinpeHHy o

MATPUILy CUCTEMBI.

IIpumep 8.1. Pemmure  wmerosom  laycca  cucremy — ypaBHeHuit

31



( r1 + x9 + X3 + x4 =1
r1 + 9 — 223— x4 = 0
< r1 + x9 + 4w+ 3z = 2
| 71+ T F Trs+ dry = 3

Pemmenue . Sanuiiem pacimmpeHHy0 MaTPUILY CHCTEMbI

(111 1 |1 11 1 1 | 1
11 -2-210 00 -3 —2 | —1
22 4 3 2| oo 3 21|
\11 7 5 |3 00 6 4 | 2
(11111
0032]1 11050105
0ooo00]o]| \oo 1,5 1]05
\0 0000
Mrax. r = —x2—|—0,5x3+0,5.

ry = —1,5x3+0,5

HeussecTnble xo U r3 Ha3bIBAIOTCA cBOOOMHbIMU. [IpugaBas UM pa3andHbIe
3HaUeHUs, OyJIeM MOJIyYaTh PasiIMIHbie YaCTHbIE pelleHns cucTeMbl. Hanpu-
Mep, €CJIM MOJIOKUTh To = —1, x3 = 1, To nosiyuum x; = 2, x4 = —1, u

(2; —1;1; —1) — 9acTHOE pEIlleHUE CUCTEMBI.

§9. Apudmeruydeckme BEeKTOPbI 1 JAeCTBUA HAJJ HUMMH.

B mikosie Ha ypokax reoMeTpun U pU3MKK BEKTOP OIPEIEsISIn KaK HAIIPaB-
JIEHHBII OTPE30K, BBOJMIN I'papuiecK CYMMY U Pa3HOCTb BEKTOPOB, IPOU3-
BeJIEHIE BEKTOPa Ha YUCI0. Keanm BBECTH B IPOCTPAHCTBE JIEKAPTOBY CUCTE-
My KOOPJIMHAT, TO KaXK/JJOMY BEKTOPY OyJ/IeT COOTBETCTBOBATE YOS IOUCHHAS
Tpoiika ducesn a = (ay, ag, ag). O6OOIIAsT U3BECTHDIE U3 TITKOJIBI (DAKTHI, MOXK-

HO BBECTH CJIeIyIoIee TTOHsITHe

Onpenenenune 9.1. Apugpmemuueckum n-mepHbvM —GEKMOPOM HA3DI-
Bae€TCdA YIOPAJIOYCHHAS II0CJIeJOBATEJbHOCTh N JAEHCTBUTEbHBIX YUCEJ]

ai, s, . .., a,. Obo3HaYAETCST BEKTOD
a = (ay,a,...,a,). (9.1)
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Yucna aq, as, . . . , @, HA3LIBAIOT KOOPOUHAMAMU GEKMOPA.
Bekropbl @ = (ay,a9,...,a,) u b = (by,by,...,b,) HA3BIBAIOT DPaGHbI-

M1, €CJIU €CJIK UX COOTBECTBYIOIIUE KOOPJMHATHI PaBHBI, TO €CTh a1 = by,

CLQIbQ,..., an:bn.
Cymmoti Bekropos @ = (ay, ag, . ..,a,) u b = (by, by, ..., b,) naspisaercs
BEKTOP
6—1—1_9:(a1+b1,a2+b2,...,an+bn) (92)
IIpoussedenuem Bektopa @ = (aq, ag, . . ., a,) Ha IUCTO k HABBIBACTCS BEK-
TOp
ka = (kay, kas, . .., kay) (9.3).
BekTop 0 = (0,0,...,0), Bce KOOpIMHATHI KOTOPOTO paBHbI (), HA3BIBACTCSI
HYNEBDIM.
Bekrop —a = (—ay, —as, ..., —ay,) Ha3BIBALTCS NPOMUBONONONHCHILM BEK-
Topy @ = (a1, as, ..., a,).

BBe,ZI;eHHbIe BBIIIIE Ollepallrn CJOXKEHHWA BEKTOPOB M YMHOXKEHUA BEKTOPA

Ha 9HUCJIO, YAOBJIETBOPAIOT yCJIOBUAM:

La+b=b+a; 2. (@+b)+c=a+ (b+7o);
3.a+0=ga; 4.a+ (—a)=0;

5. k(@+ b) = ka + kb; 6. (k+1)a = ka+ la;

7. (kl)a = k(la); 8.1-a=a.

JIBa BekTOpa @ U b Ha3BIBAIOTCS KoasuneapHumu, ecin b = ka.

[Tpumep KoJLIMHEAPHBIX BEKTOPOB JlaeT TadJ/iMila OOMEHHbBIX KYPCOB BAJIIOT.

1py6uib 1 joJutap 1 eBpo
1py6Jib 1 0,0317 0,0239
1nonnap 31,55 1 0,754
1 eBpo 41,87 1,327 1

JI100bIe JiBE CTPOKM WK JIIOObIE JiBa, CTOJIOIIA 9TOW MATPHUIIBI IPEACTABJISIOT

coboii KoJIMHEeapHble BEKTOPA.

Onpenenenne 9.2. MHOXecTBO N-MepHBIX apuPMEeTHIeCKUX BEKTOPOB, B

KOTOPOM BB€JEHbI OIl€pallii CJIO2KE€HUA BEKTOPOB N YMHOXKEHHA BEKTOPaA Ha
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YUCJI0, YJIOBJIETBOPSIIOIINE YCJIOBUSAM 1— 8, Ha3bIBACTCS apudmemuieckum

N-MEPHBIM BEKTMOPHBIM NPOCMPAHCMEoM U 0bo3HadaeTcs R,,.

Onpenenenne 9.3. Craraprvim npoussedenuem 08YT N-MePHLIT 6EKMOPOEG
a = (ay,a9,...,a,) u b= (by,bs,...,b,) HA3BIBACTCS TUCJIO, PABHOE CYMMe
[IPOUBBEJICHUI UX OJIHOMMEHHBLIX KOOPJIMHAT.

(d,b):d-gzal'bl—i—ag-bg—l—...—i—ambn (94)

CaoiicTBa CKaJSIPHOTO TPOU3BEICHUSI:
1) (67 5) - (gv 6)3
2) (@+b,c) = (a,c) + (b,0);
3) (a,y) = a(T,7);
4) (a@,a) > 0 npu a # 0 u (a,a) = 0 roabko Torja, Korga a = 0.

JIBa HEHYJEeBLIX BEKTOpa @ U b HA3BIBAIOTCSI 0PMO20HAALHLLMU, €CIIA UX

CKaJIsipHOE IIPOM3BejieHIe paBHO HYJIIO, TO ecTb a - b = 0.

§10. JluneitHas 3aBMCMMOCTH BEKTOPOB.

Onepanuu CJIOKEHUsST U YMHOXKEHWSI BEKTOPOB JIEXKAT B OCHOBE M HaXOJsT
MHOI'OUKCJICHHBIE IPUJIOXKEHUS B pas3jiesie MaTeMaTHKU, Ha3bIBAeMOM JIMHEI-
HOI aJrebpoii.

BexkTop b Ha3bIBACTCS NPONOPUUOHAALHOLM BEKTODY @, €CJIN CYIIECTBYET
apcio k # 0 takoe, 4ro b = k@. O6OOIIEHIEM TOHATHSI TPOIOPIHOHAIBHOCTH

BEKTOPOB SABJIFETCA TTOHATHUE UX JVHENHONI KOM6I/IHaI_[I/II/I.

Onpenenenne 10.1. [lycrs jana cucrema BEKTOPOB @1, 3, - - - , Gy, U3 TIPO-

crpancrsa R,,. Bektop b Buia

b= \ai + Xa@s + ...+ \pam, (10.1)
e A1, Ao, ..., Ay — JIEHCTBUTEIbHBIE YUC/IA HA3bIBACTCH AUHETHOT KOMOU-
Hayuetd 6eKmMopos ay, g, - .., Qpy.

[oBOpsIT Tak»ke, UTO BEKTOD b AumelHo supastcaemcs UIepe3 BEKTOPa

ar, G, ..., Q.
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Ecin BeKTOpPHI 3a/1aHbl CBOMMU KOOPJIMHATAMU, TO UCIIOJIb3Ys Olpejie/IeHIe
oliepallnii Ha/| BEKTOpaMu, Jijisd JII0OOW KOOP/IMHATHI BEKTOpa b 110J1yYuM

b; = \ay; + Aot + ... + NG

Onpepesienne 10.2. Cucrema BEKTOPOB a1, A3, - - -, Gy (M > 2) U3 mpo-
crpancTBa R, HazbIBaeTCA AUHEUHO 3a6UCUMOT, €CJINA CYIIECTBYIOT TaKue
qucaa Ay, Ag, ..., Ay, HE PaBHbIE HYJIO OjtHOBPeMeHHO (AF + A3+ ..+ A2 #

O), YTO CIIpaBeJIJINBO PaBEHCTBO
ANa@1 + Xo@ + ... + Ay, = 0 (10.2)

(uHeiiHasi KOMOWHAIMSI BEKTOPOB @1, A2, - .., Gy € Koddduimentamu
A1y A2, ..., Ay paBha Hyuo). Eciu pasencrso (10.2) BbIIONHSAETCSH TONBKO
TOrJIa, KOTJa BCe KOAMDMUIMEHTHI paBHbI HYTO (A = Ay = ... = A\, = 0),

TO CUCTEMA BEKTOPOB a1, A2, ..., Uy HA3BIBAECTCHA AUHETUHO HE3ABUCUMOT.
JlokarkeM HEeCKOJIbKO TeOPeM O CBOMCTBAX JIMHEHHO 3aBUCUMbBIX BEKTOPOB.

Teopema 10.1. Cucmema 6exmopos @y, Qs, ..., Gy AUHETHO 346UCUMA MO-
2da u moavko mozda, K02da 00UH U3 GEKMOPOS IMOT CUCNEMDL ABAACTNCA

AUHETHOT KOMOUHAUUET 0OCTMANOHDIL.

Jlokxazamenvcmeo. HeobxopumocTs. IlycTh cucrema BEKTOPOB @1, A3, - - - , G
JIMHEWHO 3aBucuMa. [lo  ompejiesieHuIo  CyNIeCTBYIOT — TaKue  YuCJIa,

A1, A2, ..., Ay, HE paBHbIE HYJIIO OJIHOBPEMEHHO, YTO
A1 + XoGo + ...+ N\, = 0.

[Iycrs mst onpenenernoctu A # 0. Torya
D Y A
al——)\—lal—/\—laQ—...—/\—lam.
BekTop a7 siBJigeTcs JIMHEHHOM KOMOMHAIMEH OCTaIbHbIX BEKTOPOB CHCTEMBI.
HeobxoumocTs joka3ana.

Hoctarounocts. [lycTs msd onpeieIeHHOCTH BEKTOP @ SBJISETCS JIMHEH-
HO# KOMOMHAIMEl OCTAIbLHBIX BEKTOPOB CUCTEMBI, TO €CTh BBIIIOJHEHO PABEeH-
CTBO @1 = \o@a + . .. + A\pyQyy, WM T — XN9@2 — . .. — A\ Gy, = 0. B Jiuneiinoi
KOMOUHAITN G — A\o@2 — . . . — Ay @y = 0 He Bce K03 DUITUEHTH PABHBI HYJTIO

(A = 1), 3HauuT, cucreMa BEKTOPOB a1, A2, - . ., Oy, JUHEHHO 3aBucuma. [
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Teopema 10.2. Cucmema sexmopos, codepocausas Hyaesoti 6eKMOp, AU-

HEeUHO 3aA6UCUMA.

Hokaszameavcmeo. Jlana cucrema BEKTOPOB G1, A9, . .., Gm, 0, comepKalias
HyJieBoii BeKTOp. KoadbduimeHTs! JMHEHHON! KOMOMHAIIMN MOXKHO BbIOPAThH
tak: 0, 0, ...,0, 1. JIuneitnast komOuHalust BeKTOpoB pasHa HyJito Oa; +0as+

...+ 0a,, +10 = 0, no ne Bce K03pDUIMEHTHI HYJIEBLIE. O

Teopema 10.3. Cucmema eexmopos, codepotcau,as AuMHETHO 3a6UCUMYIO

nodcucmemy), AUHETHO 3a6UCUMA.

oxasamenavcmeso. ana cucrema BEKTOPOB A1, A9, . .., Gy, U €€ TOJICUCTEMA,
ai, Gg, - .., ar (kK <m). Tak kak cucrema BeKTOPOB Gy, G, - . ., G) JHHEHHO
3aBUCUMOI1, TO CYIIECTBYIOT TaKHe YKUCJIa A1, Ag, ..., Ak, HE BCE paBHbIE HY-

JTI0, YTO CIIPABEJINBO PABEHCTBO \{Q1 4+ \ol2 + ... + MGy, = 0. Ecam B34ThH
KO DUIMEHTHI JTUHEHHONH KOMOMHAIIMU A1, Ao, ..., Ak, 0, ..., 0, To mosy-
UM BEPHOE PABEHCTBO \Q1 + AoGy + . .. + M@y + 0Gpyq + ... + 0@, = 0,

B
KOTOpOit He Bce KoauimenThl paBhb (. ]

Teopema 10.4. Ecau cucmema 6eKmopos AuHelH0 HE3a6UCUME, MO A100AA

ee nodcucmema maxsHce AUHETHO He3a6UCUMA.

Jlokxazamenvcmeo. JlokasbiBaTh OyaeM MeTO0M OT IpoTuHOro. Ilpemnoso-
KUM, 9YTO B JIMHENHO HE3aBUCUMOW CUCTEME BEKTOPOB a1, A2, ..., Q,, CYIIIE-
CTByeT JIMHEWHO 3aBucumas nojcucrema. [lo reopeme 10.3 rorjia u Best cu-
cTeMa BEKOpOB OyjeT JinHeiHo 3aBucumMa. [losyunian nporuBopeune. SHAUUT,
Halre mpernooKeHne HeBepHo, U CUCTeMa BEKTOPOB a1, G2, . .., Oy, JAHEHHO

HE3aBUCUMA. [l

Teopema 10.5. Cucmema sexmopos, codeporcawsan 06a KOANUHCAPHIT GEK-

mopa, AUHETUHO 3a6UCUMA.

Jokaskure 3Ty TEOpeMy CaMOCTOSTETHLHO.

[IprMmepoM JIMHERHO HE3aBUCUMbBIX BEKTOPOB SIBJISIIOTCSI JIBA, HEKOJLJIMHEAD-
HBIX BEKTOpa Ha IJIOCKOCTH. B caMoM JieJie, eciii BEKTOPBI @ U b JIMHEHHO
3aBUCHMbI 1 B PaBeHCTBe M@ + A\ob = 0 , Hampumep, A\ # 0, o b = —ﬁ—i&
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1, 3HAYNUT, BEKTOPbI @ U b KojamHeapHbl. Tak»Ke JUHEHHO HE3aBUCHUMbBIMU
SIBJISIIOTCsI TPU HEKOMILIAHAPHBIX BEKTOPa B LpocTpaHcree Ry (BeKTopbl Ha-
3BIBAIOTCH KOMNAGHAPHOLMU, €CITH OHU MAPAJIIETbHBI HEKOTOPOH TJIOCKOCTH ).
JlanHoe Bblle OmpejieeHne JINHEHHO 3aBUCUMON CUCTEMbI BEKTOPOB TPE/I-
[IOJIATAET, YTO 3Ta CHCTEMa COJEPKUT KOHEUHOE UNCI0 BeKTOPOoB. OIHAKO
YaCTO IPUXOJUTCS PACCMATPUBATH U OECKOHEUHbIE CUCTEMbI. Mbl yCJIOBUMCH
OECKOHEIHYIO CUCTEMY CUYATATh AUHETHO 3a6UCUMOT, €CIA JTUHEHHO 3aBU-
CUMO#1 OyJeT Kakas-HUOYIb ee MOJCUCTEeMa, U AUHETHO He3a8UCUMOT, eCIIN
Jobas ee MOJICHCTeMa ABJSIeTCdA JuHeiiHo He3aBucuMoil. C OecKOHEeUHBIMA
JINHEHO HE3aBUCUMBIMKA CHCTEMAMHU MbI BCTPETHUMCS B KypCe aHaJI3a.
Bosnnkaer BOIpoc: CKOJILKO JUHEHHO He3aBUCUMbBIX BEKTOPOB MOXKET CO-
Jlep:KaTh CHCTeMa M-MEPHLIX BEKTOPOB. lljis oTBeTra Ha HEro PacCMOTPUM

CUCTEMY BEKTOPOB
e = (1;0;...;0), & =(0;1;...;0), ..., &, = (0;0;...;1) (10.3)

DTa cucTeMa BEKTOPOB JHUHEHHO He3aBucuMa. JleiicTBUTENbHO, JUHEHHAs
koMOuHaIust BekTopoB (10.3) obparmaercst B 0 TOJBKO Ipu A\ = Ay = ... =
An = 0 (IpoBepuTh CAMOCTOSITENIBHO). SHAUUT, CYIIECTBYET CHCTEMa 7 Jii-
HEIHO HEe3aBUCHUMBIX N-MEPHBIX BEKTOPOB.

OrBer Ha IOCTaBJICHHBIH BOIIPOC JIaeT

Teopema 10.6. Beakue k n-mepnovix éexkmopos npu k > n aunetino 3a6u-

cumvr (6e3 doxazamenvcmea).

Samanme 10.1. Haiijure 1uHeiiHy0 KOMOMHAIIMIO BEKTOPOB 301 — 2a9 + Hasg,
rie @y = (2;=3; =5;7), a2 = (=3;4;6;1), a3 = (1;, —4; =7 2).

3aganme 10.2. Pemure ypaBuenue 2ay + 3ao — a3 — 7T = Qq, IJie 41 =
(1;2; =3;4), @2 = (=1; =1; —=1;5), @3 = (2; =5; —1;3), @y = (2; 1; —2; —1).
3amanme 10.3. Byjer i uHeiiHO HE3aBUCUMOM CUCTEMa BEKTOPOB, €CJIN
a) a = (1;2; =3), @2 = (—1; —1; —1), @3 = (2;5; —10);

6) a1 = (3;—L:4), @ = (1;2;-1), a3 = (7; 1;5).

Baganue 10.4. /lanbr dernipe BekTopa a; = (1;—2;2), as = (—1;3;—2),

a3 = (2;—4;3), ay = (5;1;—-9;8). Ilokaxkure, 9T0 cUCTEMa BEKTOPOB 1,
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ap, (3 JIMHEWHO He3aBUCUMa, a CucreMa ai, as, a3, G4 JUHEHHO 3aBUCHAMA.

Boipasure BEKTOp G4 4e€pe3 BEKTOpa, a1, g, a3.

3amanue 10.5. Ilycth T § Z — JUHEHHO HE3aBUCUMAs CHCTEMa BEKTOPOB.

BynyT nu nuHeitno 3aBUCUMBIMU CUCTEMbI

§11. JIuneitHbie MpOCTpPaHCTBA.

st nocrpoenust obOIel TEOPUU CUCTEM JIMHEHHbIX ypaBHEHUM Hej0CcTaTou-
HO TOTO amnmapara, KOTOPBI MbI 70 3Toro npuMmensau. [lomumo marpur n

orpejieIuTe el HaM HeoOXOIMMO TIOHSTHE JIMHEHHOIO MPOCTPAHCTRA.

Onpenenenne 11.1. MuoxectBo V 3j1eMeHTOB ITPOU3BOJILHOM TTPUPOJIbI Ha~
3BIBACTCS AUHETHbLM NPOCMPAHCTNEOM, €CIIN

a) 3aJ]aHa BHYTDEHHsS OMEepaIisi — CJIOXKEHHUEe HJIEMEHTOB MPOCTPAHCTBA
(npaswiio, o koropomy Yz, y € V crapurcst B coorBeTcrBue aemMent z € V),
TO €CTh 2 = X + V;

0) 3a/ilaHa BHEIHsIs ONEpAIst — YMHOXKEHHE JIEMEHTa Ha IuCJI0 ([paBu-
710, 110 Koropomy Vo € V, Va € R (nin C) craButcst B cCOOTBETCTBHE SJIEMEHT
w € V), To ectb w = « - .

DTH ONEPANNN YIOBJCTBOPSIOT CJACIYIONUM YCIOBUSIM:

L )z+y=y+uz Vr,yeV,

2) (x+y)+z=c+y+z Vr,yzeV;

3) 30 € V (uyneBoii snement), Taxkoii ato 0 +x =z, Vo € V;

4)Vz € V 32’ € V (nmporuBonoioxkubliii ajemMent), takoit uro x + 2’ = 0;
I.5)1-2=x VeV,

6) a(f-x)=(af) -z, VxeV, Va, f €R;

N(a+p)-z=a-x+ -z, VeV, Va, f R,

) &

8)a-(x+y) =a-z+a-y, Ve,yeV, VaeR.

Ucxons u3 onpeneneHns JUHEHHOTO TPOCTPAHCTBA MOYXKHO JIOKa3aTh Clie-
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JVIOIIUE YTBEPXKJICHUSA:

IIpengoxxenne 11.1. 1. B aunetinom npocmpancmee cyuecmsyem eoun-
CMBEHHBLT HYNAEB0T INEMEHT;

2.¥x € V cywecmsyem eduncmsenmnoili npomusonosonchvill nemenm,
xomopuviti pasen (—1) - x = —x;

3. Ilpouseedenue O - x =0, Vo € V;

4. Ilpoussedenue o - 0 =0, Va € R;

5. Ecau npoussedenue o - x =0, mo aubo o =0, aubo x = 0.

oxaszameavemeo. JJokasbiBaTh yrBepaKieHus 1 u 2 OyjeM OT IPOTUBHOIO.
1. ITpeamnonoKum, 94To B JIMHEAHOM IPOCTPAHCTBE CYIIECTBYIOT JIBA, HYJIEBLIX
snemenTa 07 u 0y. Torna ¢ ognoit croponnt 07 + 0o = 01, ¢ APYTroit CTOPOHBI
01 + 09 = 09. Orkyna ciegyer paBercTBo 0 = 0s.

2. IlpeamnosokuM, 9TO B JTUHEHAHOM HMPOCTPAHCTBE JJIsI JI0OOr0 3JIEMEHTa,
CYIIECTBYIOT JIBa TPOTUBONOJIOXKHLIX dementa &' u x”. Umeem &' +x + 2" =
(@ +x)+2"=0+2"=2" nma'+x+2"=2"+(x+2")=2"4+0=1".
Orkyna ' = z”.

3. ycrp 02 =0. Torna 0- 2z = (0« — )z = ax — az = 0.
4. Mycrb a- 0 = 0. Torma o+ (x — x) = ax — ax = 0.

5. Ilyctb - = 0, wHO @ # 0.

Tor,ﬂale-a::(%-oz)x:%-(a:p):é-O:O. O

IIpuMeps! JInHEHAHBIX IPOCTPAHCTB.

1. MHOXKeCTBO MATPUIL, pa3Mepa, 1m X 1 ¢ OOBITHBIME OIEPAIUSMHI CJIOXKCHUS
MATPUI, U YMHOXKEHUST MATPUILI HA THUCJIO.

2. MHOXkKecTBO MHOTOWICHOB CTENEHNM MEHbIIEe WJIM PABHOM 1 ¢ OOBIYHBIMA
OneparysaMi CJIOKEHUsST MHOIOYJICHOB U YMHOXKEHUST UX Ha YUCJIO.

3. Muoxecrso R,, n-MEepHBLIX BEKTOPOB € BBEJICHHBIMU B IPEJILIIYIIEM I1a-
parpade onepanusaMu CJI0XKEHNsI BEKTOPOB ¥ YMHOYKEHUST BEKTOPa Ha, YNCJIO.

4. Muoxecrso Cla; b] dbyukuuii, HenpepbIBHBIX Ha oTpeske [a; b]. Beemem
Ha 3TOM MHOYKECTBE OIepaluU CJOKEeHUsT QYHKIMHA 1 yMHOXKEHUS (DYHKIUK
Ha YUCJIO 1O CJACAYIONMM IpaBuaaM: cyMMa QyHKINH f + ¢ HAXOIUTCA 110

npasuny (f + g)(z) = f(z) + g(x), nupoussenenue GyHKIUU f Ha TUCITO
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naxoautcs o npasuiy (af)(x) = af(z).

JIuneitnoe npocTpaHcTBO V, B KOTOPOM JIJIsi JIIOOBIX JIBYX 3JIEMEHTOB T, Y
onpejiesieHo ancio p(x, y) (paccmosanue MeXK Ly TOYKAMU UK MEMPUKA), YI10-
BJICTBOPSIIONIECE YCJIOBUSIM:

Lop(z,y) = py, x);

2. p(x,y) >0 upu z # y u p(x,x) =0;

3. p(z,y) + p(y, 2) = p(x, z) (HEpaBeHCTBO TPEyTOIHHUKA)
HA3BIBACTCS MEMPUUECKUM NPOCTPAHCTNEOM.

Paccrosinne MOXKHO BBOJUTDH Pa3JIMIHbIMU CIIOCODAMMU, IIPU STOM OyJ1eM 110~
JIy4aTh pas3jiMuHble MEeTpUIEeCKHUe HpocTpancTBa. Hamnpumep, MOXKHO BBeCTH
PACCTOSTHIE Yepe3 CKAIAPHOe MPOU3BECHHE.

Jluneitnoe npocrpanctso R,,, B KOTOPOM BBEJICHO CKaJIAPHOE POU3BEICHUE
Has3bIBaeTCsl esxaudosuim U obosnadaerca [,

Jaunoti (nopmoti) BekTopa T B eBKJIMJIOBOM npocrpancTie K, HasbiBaeTcs
ancino || =/ (T, T).

BexrTop, juimHa KOTOporo papia 1, Ha3plBaeTCst HOPMUPOGanHviM. J1Ba BeK-
TOpA, CKAJISPHOE POU3BEJICHNE KOTOPLIX PaBHO 0, HA3BIBAIOTCS 0PMO20HAAL-

HbIMU.

Teopema 11.2. Beaxaa cucmema ay, o, . . ., Gy, 6EKMOPLL KOMOPOT NONAY-

HO OPpMO20HANDHDL, AUHETHO He3a8UCUMA.

Hoxasameavcmeo. PaceMoTpuM JIMHEHHYIO KOMOMHAIIMIO JaHHBIX BEKTOPOB
aja; + asas + ...+ apa, = 0 (*) Haiigem, mpn KakKumx 3HAYEHHSIX KO-
s durmenTor a; ona obparmaercss B 0. YMHOXKUM (k) CKaJspHO Ha ;.
041(51,52') + ...+ ai(di,di) + ...+ Oém(am,ai) = 0. HO.Hy‘H/IM ai(di,m) = O,

Tak Kak (@;,a;) = 0 mpu ¢ # j. Takum obpasom, jias kaxjoro ¢ = 1,m

nmeem «; = 0. Cucrema BEKTOPOB @1, A9, . . . , Gy, JUHEHHO HE3aBUCHMA. [l

Bamanme 11.1. Ilycrs L = {(x1; x9; x3)|z3 = 0} (L C R3). [Iposepbre, uro
L — nuneitnoe mpoCcTPaHCTRO.
3amaame 11.2. /lokaxkure, 4TO MHOXKECTBO MaTpUIl pa3Mepa m X 1 OTHO-

CUTEJILHO OOBITHDBIX onepaum‘/’l CJIO2KEHNA MaTPHUIl 1 YMHOXKEHUA MaTPUIIbI Ha

quc/io obpasyer JIMHeiiHOe IPOCTPaHCTBO.
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3amaame 11.3. /lokakure, 9T0 MHOXKECTBO MHOI'OYJICHOB CTEIICHU MEHbIIIE
UJIM PABHON N C OOBbIYHBIMU OLIEPAIMAMU CJIOXKEHUS MHOI'OYJIEHOB U Y MHOXKE-

HUsI UX Ha, 9UCJO0 00pasyer JIMHEeHHOe IPOCTPAHCTBO.

Baganume 11.4. Jlokaxure, uro muoxectso Cla; b] GyHKIuii, HepepbIBHbIX

Ha oTpeske [a; b] obpasyer nuHEHOE TPOCTPAHCTBO.

3amanme 11.5. Jlokaxkurte, 4T0O MHOXKECTBO IIOJIOXKUTEJIbHBIX THCEJT
R* = {z]x > 0} ¢ onepanusmu caoxennss x ®y = xy (x > 0,y > 0) u

YMHOXKEHHS Ha, IUCI0 o O ¢ = x obpas3yeT JuHeiiHOe IPOCTPAHCTBO.

3amanme 11.6. [Iposepbre, 00pa3yoT Jin JIMHEHHOE TPOCTPAHCTBO MHOYKE-
CTBa BEKTOPOB U3 R,,, YAOBJIETBOPSIONIUX YCJIOBUSIM

a) {(z1;29;. .. 2|21 + 22+ ...+ 2, =0}

6) {(x1;29; ... xp)|T1 + 22+ ... + 1, = 1};

B) {(x1;22;...xp)|21 = 0,29 2 0,... 2, = 0}.

§12. Ba3swuc aumHeiinoro npocrpancrBa. IloampocTpancTBa.

Onpenenenne 12.1. Jluneitnoe BEKTOPHOE POCTPAHCTBO V HA3BIBACTCS M-
MEPHBLM, €CITU B HEM CYIIECTBYET 7i JTUHEHHO HE3aBUCUMbBIX BEKTOPOB, a JIIO-

Oble m 4 1 BEKTOpPOB y2Ke SABJSIOTCS JIMHEHHO 3aBUCUMbBIMU.

Jpyrumu cjaoBaMu, pa3dmMePHOCb NPOCMPAHCMEAE — FTO MaKCUMAJbHOE
YUCJIO COJIEPIKAIUXCS B 9TOM IIPOCTPAHCTBE JIMHEHHO HE3aBUCHUMBIX BEKTO-

pos. OboznavaoT n-MepHoe npocrpancTso R,,.

Onpenenenne 12.2. MakcumasibHast COBOKYIHOCTb JINHEWHHO HE3aBUCUMbIX

BEKTOPOB Ha3bIBa€TC s bazucom Aunetno20 6ERTMOPHOZ20 NPOCMPaHCMEQ.

Teopema 12.1. Bce 6a3ucvl KoHeuHOMEPH020 AUHETH020 BEKMOPHO20 NPO-
cmpanemea V cocmoam us 00n020 U moz20 sce wucaa 6exmopos. (6es doxa-

34MeNbCMea)

Teopema 12.2. Kaotcduti exmop T Aunetinozo 6eKmopHo20 npocmparcmed
R,, Mmootcrno npedcmasums 1w npumom eOUHCMEEHHBIM 00pa3oM 6 6ude Au-

HetUnot KOMOUMAUUY 6EKMOpos basuca.
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Jloxazamesvemso. Ilycrs Bektopnt f1, fo, ..., f, oOpazytor 6asuc mpo-

crpancrBa R,. Tak kak Jiobbie n + 1 BekropoB B R, JIMHEHHO 3aBUCUMbI,

To cucrema fi, fo, ..., f,, T Oyaer muneiino 3asucumoii. Torja cymecTBy-
10T 49ucaa A1, Ao, ..., Ay, A, HE paBHbIE OJIHOBPEMEHHO HYJIIO, TaKUe YTO
Mf14+ Xfo+ ..o+ Af, + AT = 0. IIpu sTtom A # 0, 60 B mpoTUBHOM
ciaydae cucrema fq, fo, ..., f, Oyner suneitno 3aBucuma. CregoBaTebHO,
_ MT N7 A7 Y
T=-—-5f —52fy—...—532f,. Obosnauus x; = —5L, nogyanm

A A A A
9r1o BhIpaxkenue T vepes fi, fo, ..., f,, €MHCTBEHHOE, TaK KaK €CJIN CY-

IIECTBYET JIPYI'O€ BbhIPaXKE€HUE BEKTOpa T Yepe3 BEKTOpbl ba3uca, HalpumMep,
T = le + ygﬁ + ...+ yn?n, TO BBIYUTAA U3 3TOI'O paBeHCTBa PaBEHCTBO
(12.1), momyunm (yy — x1)f1 + (g2 — 22)fo + ... + (Yu — 20)f, = 0. B cn-
JIy JIMHEMHOW HE3aBUCUMOCTHU BEKTOPOB 71, 72, Ce 7n, HOJYYUM Y1 — T =

Yo —XTo=...=Yp — Tp =000 Y1 = T1, Yo = T2, ..., Yn = Tp. ]

Pagerncrso (12.1) wnasbiBaercst pasaosicenuem eexmopa T 1o  6a3ucy
fis far ooy [, KosbdumuenTsl B pasjioxKennn BEKTOpa 10 Ga3uCy Ha3bI-
BaIOT KOOPIUHAMAMU 6EKMOPA B TaHHOM Daswuce.

B n-mepHom BekTopHOM npoctpaHcTBe R, 6a3uc COCTOUT U3 M BEKTO-
poB. Cucrema BekTopoB (10.3) coep:KUT 1 BEKTOPOB U JINHEIHO HE3aBUCH-

Ma. SHAYNT, 3TH BEKTOPHI 00pasyoT Oaswc. Basnc, cocrosmmii n3 BeKTOPOR

e; = (1;0;...;0), & = (0;1;...;0), ..., & = (0;0;...;1), HasbiBaroT Ka-
HOHUYECKUM.
Onpenenenne 12.3. BekTopsbl €1, €9, . . ., €, 00pa3yior B npocTpancTse K,

OPMOHOPMUPOSANHDIT ba3uc, eCIn JIMHA KaXKJI0T0 PpaBHa 1 M BEKTOPHI MO-
MapHO OPTOTOHAIBHBI, TO €CTh (€;,€;) = 0 npu ¢ # j u |€;| = 1 aus Kax0ro

i=1,2,...,n

Teopema 12.3. Bo scakom n-meprom esrxiudosom npocmpancmee K, cy-

wecmeyem opmonopmuposannuill basuc. (6es dokazameavbcmea)

[IpruMepoM OpTOHOPMHUPOBAHHOIO 0A3MCa, sIBJISETCS KAHOHUYECKU Oa3muc:

e; = (1;0;...;0), &2 =(0;1;...50), ..., €, = (0;0;...;1).
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Teopema 12.4. [Ipu caooicenuu 6exmopos ux kKoopounamol (0MHOCUMeEIbHO
001020 ba3uca) CKAGOWBAIOMCA, G NPU YMHONCEHUU BEKMOPA KA YUCAO €20

%oopﬁunamu YMHOAHCANOMCA HA IO YUCAO.

B npousBoJbHOM N-MEpPHOM IPOCTPAHCTBE MOHSTHE JUHEHHONH KOMOMHA-
I[UU 3JIEMEHTOB, UX JIMHEHHO# 3aBUCUMOCTH, Da3uca MPOCTPAHCTBA BBOJIATCS
anaJsiorn4dto. [locsie Boibopa 0Oa3uca 3ajanue 0000 3JeMEHTa CBOJUTCS K
3aJIAHUI0 YIIOPSIIOYEHHOTO HabOpa U3 1 TKcesl — KOOPAMHAT SJIeMEHTa, B JlaH-
HOoM Oazuce. Bce jimHelinble IPOCTPAHCTBA, OJIHON KOHEYHON Pa3sMEpHOCTH N
YCTPOEHbBI OJIMHAKOBO (POBOPST OHM U30MOPPHHBL), TOITOMY 0DO3HAUATH WX

MbI OysieMm Takxke R,,.

Onpenenenne 12.4. Muoxectso . C R,, Ha3zbIBaeTcsa nodnpocmpancmeom,
€CJTM OHO CaMO STBJISIETCST JIMHEHHBIM MPOCTPAHCTBOM OTHOCHTEJIHLHO BBEICH-
Hbix B R, onepaluii, To ectb

1.Ve,y e Lux cymmax +y € L,

2. Va € R u Vo € L npoussejsenne ax € L.

Onpejgenenne 12.4 SKBUBAJIEHTHO OMPEJICTICHITO

Onpegenenne 12.5. Muoxecrso . C R,, HaszbiBaeTcst nodnpocmpancmeom,
ectn Vo, B € Ru Vr, y € L umeem azx + By € L.

Ecnu BekTOpa ay, ao, ..., ar € R, T0 aunetdnoti 060404K0% STOR CUCTEMbI
BEKTOPOB HA3bIBAETCS MHOXKECTBO UX BCEBO3MOXKHBIX JIMHEHHBIX KOMOMHAIMI
L(al, ao, ..., ak) = {Ozlal + asas + ...+ Oékak}.

Jluneitnas 000JI0UKa SABJISIETCS IIOIPOCTPAHCTBOM B R,,.

[Tpocreiinnii criocod nMocTpoeHus: MOJITPOCTPAHCTB COCTOUT B CJIEJLYIOIIEM.
Boibepem cucremy BEKTOPOB @1, G2, ..., G € R, U pacCMOTPUM JIMHEHAHYIO
000J109Ky 310l cuctembl. CoryiacHo omnpejienenuio 12.4 sta guneitnas o0o-
Jouka obpasyer B R, nogmpocrpancTso. basucom mnojnpocrpaHcTBa Oyer

MaKcHMaJbHas JUHEHHO He3aBUCHMasl OJICUCTeMA B a1, G9, ..., ar € R,,.
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§13. Panr marpuribl.

Hana marpuna A pasmepa m X n

ai aio ... Qin

as1 A922 ... A9y
A=

Am1 Am2 ... Qmp

CTpokn MaTpuIlbl MOYKHO pacCMaTPUBATh KaK N-MEPHBIE BEKTOPA, a CTOJIOIHI
KaK 1m-MepHble BEKTOpA.
Mumnopom 1nopsijika k Ha3bIBaeTCs OIPEJIEIUTEb, COCTABJICHHBIN U3 3JIe-

MEHTOB, CTOSIIUX Ha TepecevueHrr BbIOPpAHHBIX k CTPOK U Kk cTOJIOIOB MaT-
putipt (cM. §3).

Onpenenenne 13.1. Yucyio r Ha3bIBACTCS PaH20M MAMPUYDL , €CTU B MaT-
purie cymectsyer MuHop M mopsnka r, oTandHbIi oT 0, a Bce MHHOPHI IO~

psjika r + 1, ecoiu onu cyiiecTByioT, paBabl (.

Jpyrumu cjioBaMu panzom mMampuiybl HA3bIBAETC MOPSJIOK HAKOOJIBIIErO
OTJIMIHOrO 0T ) MUHOPA MATDHITHL.

13 onpejiesiennst paHra MaTPHIILI CJIEJLYeT, 9TO PAHD MaTPHIbl HE TPEeBOC-
XOJIUT MEHbIIIEro u3 ee pazmeposn, 10 ectb 7(A) < min{m,n}.

B ofem ciyvae HaXoXK/IeHUE paHTa MATPHIBI epebOpOM BCeX MHHODPOB
JI0CTATOYHO TPy 0eMKo. Jluist obsierdenust BbIYUCACHNIT MATPHUILY TPUBOJSAT K
OoJiee 1IPOCTOMY BHJIY € IIOMOIIBIO HEKOTOPBIX 11pe0bpa3oBaHuii.

DAEMEHMAPHOLMYU NPEOOPAZ06ANUAMU MATPHUIBI HA3BIBAIOT CJIC/YIOIINE ee
11peobpa30BaHMSI:

1) TpaucuonupoBanue;

2) IlepecranoBKa JIBYX CTPOK WJIH JIBYX CTOJIOIOB;

3) YMHOXKeHHe BCeX JIeMEHTOB ¢TpoKu (cTosibra) Ha Jjroboe ancio k # 0;
4) Ilpubasjienue KO BceM 3jeMeHTam CTpoku (crosbua) Jpyroi crpoku
(cTosbna), yMHOKEHHBIX Ha OJIHO M TO XK€ TUCJIO;

5) OrbpacbiBanne HyneBoil ¢Tpoku (CTOJOMA).
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Teopema 13.1. IIpu saemenmapnoixr npeobpa3osaHuAT pare MaGMPUYLL He

UBMEHAETNCA.

C mOMOIIBIO 3JIEMEHTAPHBIX MPeoOpa30BaHUl MAaTPHUILY MPUBOAAT K CTY-
neHvaTroMy BUJy. Panr HOBOI MaTpuUIlbl BRIYUCIUTL HAMHOIO Jierde, TaK Kak

YUCJIO MUHOPOB, OTJIMYIHBIX OT () OyjieT HeOOJIbIITNM.

ITpumep 13.1. Haitjjure ¢ oMoIbi0 3jieMEeHTapHbIX 11Ppeodpa30BaHuii paHr

MaTpUILbI
( 1 -1 2 3 4 \
2 1 -1 2 0
A=1]1 -1 2 1 1 3

1 5 —8 —5 —12
\3 78 9 13 )

(1—1234\
2 1 -1 2 0

Pemieane . A=| -1 2 1 1 3 ~
1 5 -8 —5 —12
\3 -7 8 9 13 )

(1—1234 (1—1234\
0 3 -5 —4 -8 0 3 —5 —4 —8
~]l0 1 3 4 7 ~1l0 1 3 4 7 |~
0 6 —10 —8 —16 00 0 0 0

\o 4 2 o 1/ \o-1-34-7)
(1—1234\
0 3 —5 —4 —8 1 -1 2 3 4

~{o1 3 4 7 |~l03 -5 -4 8|~
00 0 0 0 01 3 4 7
\o 0 0 0 0 )
(1—1234

~lo 1 3 4 7 |,
\0 0 —14 —16 —29
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1 -1 2
Omnpenemurens |0 1 3 | = —14. Cuenosarenbho, r(A) = 3.
0 0 —14

st paHTOB MaATPUIL CIIPABEJJIMBBI CJIEIYIONINE CBONCTRA!

1) r(A+ B) < r(A) +r(B); 2) r(A+ B) = |r(A) —r(B)];
3) 1(AB) < min{r(A), r(B)};
4) r(AB) = r(A), eciiu B HeBbIpOXKjieHHAs KBaJpaTHAsT MATPHIIA.

Eciu panr r(A) = r, T0 MUHOD TOpSJIKA T, OTJIWUIHBIH oT (), HA3BIBACTCS
0a3UCHDLM, 8 BXOJIAIINAE B HEI'O CTPOKH U CTOJIOIBI 6a3UCHbLMU. 3aAMETHUM, UTO
0 0a3MCHBIX CTPOKAX M CTOJIOIAX MOXXHO TNOBOPHUTH TOJIBKO MMOCJE BBHIOOpA
0a31CHOr0 MUHOpA.

CTpoKy MaTpHIbl MOXKHO PacCMaTpPUBAThH KaK N-MepHbIe BeKTopa. 11osro-
MY HOHSITUST AUHETHOT KOMOUNAUUL U AUNETHOT 3a48UCUMOCTU CTPOK BBO-
JISITCSI TaKKe KakK B §10 3TH MOHSTHST BBOAWINCH JiisT BeKTOpoB. CdhopMyin-

pyeM U JIOKaXkKeM OCHOBHYIO TEOpeMy 3TOro maparpada.

Teopema 13.2. (Teopema o 6a3ucHoM muHOpe) Jwbas cmpoka (10601
CMoAbey) Mampuyvl AGAAEMCA AUNETHOT KomOunayuet ee ba3ucHuls Cmpork

(cmoab1086).

Joxasamesvcmeo. Ilycrs v(A) = r. He ymassis o61mHOCTH, MOKHO CIUTATH,
aro oTndHblil 0T 0 MuHOp M CTOUT B IpABOM BepXHEM yruiy (MU Tepecta-
HOBKE CTPOK 1 CTOJIOIOB 110 Teopeme 13.1 paHr He MeHsieTcs ).

Ilycts s n t — nenwle uncaa Takue, 910 1 < s <m, 1 <t < n.

PaccmoTrpum onpejienuTens nopsanka 7 + 1

ayjp a2 ... air At

az1 a2 ... Qg2 a2t
D =

Ar1 Qp2 .. Qpp Qpt

Qg1 As2 ... Qg Agt

On pasen 0. B camom jesie, ipu § < 1 B OIpeJleIUTeNe JIBE OJUHAKOBBIX
CTPOKH, a Ipu t < r — JABa OJIMHAKOBLIX cTosiOna. 3uauut, D = 0. Ilpu s > r,

t > r oupegenutesnb D = 0 Kak MEHOP Hopsaka 7 + 1.
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Pazyioxkum D 110 1ocjiejiHeMy CTOJIOIY:

D = a1 Ay + an Ao + ... + aptAre + ast A = 0.

Anrebpandeckoe jonosHenne Ag = M # 0 m He 3aBUCHT OT BBIOOpA
A _
gucen s u t. ObosHaumm depes Ay = —712—15 (¢ = 1,r). Torma ag =
st

A1s@1p + Aosoy + - .. + Nps@py (g1st Beex t = 1;n). Takum obpasom, cTpo-

Ka C HOMEpPOM § SIBJICTCs JIMHEHHON KoMOuHaIueil 6a3ucHbIX CTPOK. []
CdhopmynupyeM HECKOJILKO CJIEJICTBUI U3 TeOpeMbl 0 0a3MCHOM MHHOpE.

CanencrBue 13.3. Ecau wucao cmpok mampuuyv, 00AbWE €€ panaa T, Mo
CMPOKU MAMPUYDBL AUHETHO 3asucuMbL. Ecau wucro cmpox cosnadaem ¢ pan-

COM Mampuudvt, Mo CmMporu Mampuisl AUHETHO He3a6UCUMDL.

CaenctBue 13.4. Onpedeaumennd xeadpammuot mampuuv, A pasen 0 mozda
U MoAvko mozda, K02da 00na U3 CMPOK ABAAEMCA AUHETHOT KOMOUHAUUET

ocmanvbHblI.

Joxasamenvcmeo. 1. Heobxogumocts. [lyctnh A — marpuiia mopsijaka n, ompe-
nemuresib Koropoit |A| = 0. Torma r(A) = r < n. Ilocse Boiienenus 6asuc-
HOIO MUHOpa B Marpuiie A Haifjercs crpoka, He BOLIEJIIast B 3TOT MUHOP.
ITo Teopeme 13.2 oHa sBjsieTcs JIMHEHHOM KOMOMHAIIMEH OA3UCHBIX CTPOK.

2. Jlocrarounocts. [lycrs k-Tas crpoka MaTpunbl A gBjseTcs TUHEHHONR KOM-
OuHalMeil CTPOK ¢ HOMEPAMMU 11,12, . . . , pi Ak = A1G4, 5+ Aolag,j+. .. +Apa;, ;.
Borarem u3 k-Toit CTPOKHU 71-10 CTPOKY, YMHOXKEHHYIO Ha A1, t9-10, YMHOXKEH-
HYIO Ha Ag, ..., 1,-10, YMHOKeHHYIO Ha A,. Ilosmyuum ag; — Aa;,j — Aalag,; —

... — Aaj,; = 0. Buaunt, onpenenurens |A| = 0. O

CaencrBue 13.5. Onpedeaumenn xeadpammnot mampuuv, A pasern 0 moada

U moavro moeda, xo2da ee cCmpokru AUHETHO 3a6UCUMDL.

Caencrue 13.6. Ecau k nexomopot cmpoke mampuis, npubasums dpyziyo

CMPOKY, YMHOHACEHHYIO HG YUCAO, MO PAH2 MAMPULDLE HE USMEHUMCA.

CanencrBue 13.7. Ecau 6 mampuuye 8vvepkHymv cmpoky, ABAANOUYIOCH

AUHETHOT KoMOUNauuet dpyauxr cmpok, mo paHz Mampuybs He USMEHUMCA.
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Tak Kak CTPOKU MaTPHUILbl, BXOJAIIME B OA3UCHBIIT MUHOD, JUHEHHO He3a-
BucuMbl (coiegerpue 13.5), u s0basi COBOKYIHOCTH CTPOK, YUCJIO KOTOPBIX

OO0JIbIlIe paHIa MATPHUIIbI, JUHEHHO 3aBUCHMA, TO CIPABEJJINBA TEOPEMa,

Teopema 13.8. Pane mampuuvl pasen 4uciy ee AUHETHO He3a8UCUMBLEL

CMPOK.

DTa TeopeMa MOXKET ObITh B3siTa 3a OIPEJICJICHUE PAHTa MATPUIHI.
Teopema o panre MaTpuIlbl UT'paeT MIPUHITUINAJILHO BaXKHYIO POJIb B MaT-

PUYIHOM aHaJIn3€, B 9aCTHOCTH, IIPU HUCCJIEJOBaHUN CUCTEM JIMHENHBIX yYpaB-

HEHUNA.
(1 -2 3 1
3 1 -2 4
Baganme 13.1. Haiigure panr marpuinl A =
5 4 -7 -7
\1 5 -8 2
(21 -1 2
32 5 1
Sananue 13.2. Haiimure panr matpunn A =
a 8 P P 5 3 13 5
\ 6 4 19 4
(1 3 -5
3 —4 11 9
Sananue 13.3. Haitnure panr matpunn A =
a 8 P P 5 —11 27 17

\5 2 -1 11

3amaame 13.4. [lpu kakux 3HAUEHUSX M U N PAHT MaTPUILbI

12 -1 3
23 4 -1

A= paBen 27
5 7 m —6
13 =7 n

3agaame 13.5. [lpu kakux 3Ha4EHUSIX M U N PAHI' MATPUILbI
2 31 2
3 2 4 -1

A= paBen 27
4 m 7 —4
n —4 6 3
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§14. Teopema Kponekepa—Kanenin.

Paccmorpum cucremy m JIMHEHHBIX ypaBHEHUH C . HEM3BECTHBIMU

;

anry + aprs + ...+ apr, = b
ao1T1 + a9 + ...+ aspx, = by
g (14.1)
L Am1T1 + Q2T + ..+ ATy = bm
O6osnaunm 4depes A = (a@;j) — OCHOBHYIO MAaTPHIy CHCTEMBI, 4Yepe3

A= (a;j|b;) — paciUpeHHy0 MATPHILY CHCTEMBI.

OrBer Ha BOIpPOC 0 paszpentuMocTu cucreMbr (14.1) maer Teopema

Teopema 14.1. (Kponekepa-Kanesnu) Cucmema (14.1) cosmecmma
mozda u Moavko mozda, K02da pane 0CHOGHOT MATNPULLL CUCTIEMDL COBTAJA-

em ¢ panzom pacuupennot mampuys, mo ecmov r(A) = r(A).

Hoxazameavcmeo. a) Heobxogumocrs. [lycrs cucrema (14.1) coBmecrha u

BekTOp (29, 5, ..., T,) — ee pemierne. Toria, MOJCTABUB €r0 B CHCTEMY,
TOJTY YU M
)
an x| + aprs + ...+ apr, = by
< aglx‘f + 0@2333 + ...+ agnxfl = b2
\ A1 2] + Gty + ..+ appx, = by,

DTO 03HAYAET, YTO IMOCIEHNNE CTOJIOEI, MATPUIIBI Z ABJIACTCH JIUHCTHONW KOM-
OuHAaIMeil OCTaJbHBIX CTOJOIOB W €ro BhIUepKUBaHUE HE MEHSAeT paHTa MarT-
putst. Coenosarennio, r(A) = r(A).

6) docrarounocts. Iycrs r(A) = r(A). D10 snaunt, 4o GasuCHbIT MIHOD
MaTpuIbl A saBjsercs 6asucHbBIM MUHOPOM MATPUIILI A. Crouber ¢BOOOTHBIX
YJIEHOB, HE BOIIEJINNI B DAa3MCHBI MUHOD, SBJISIETCS JIMHEHHONW KOMOMHAIU-

eil ocTaJbHbIX CTOJIOIOB, TO €CTh

b ai aig A1n
by asy a2 Aon
=\ + A9 4+ ...+ )\n
bm am1 am2 Amn
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Takum o6pazom BekTOp (A1, Ag, ..., A,) SABJISETCS PEIICHUEM CHCTEMbI

(14.1), To ecth cucrema (14.1) coBmecrtHa. O

§15. MHcciaenoBaHue cucTeM JIMHEHHBIX yPaBHEHUIA.

PaccMmorpum cucteMy m JUHEHHBIX YpaBHEHWH ¢ 1 HEM3BECTHBIMU

P

apnxry + aprs+ ...+ apx, = by

a1 + Ao + ...+ as,xr, = b
< 2141 2242 2ndn 2 (151)
L Am1T1 + Qa2 + ... + ATy = bm

Haiinem panru 7(A) u r(A) OCHOBHON U PACIIIUPEHHON MATPHUI] CUCTEMBI.

Bcan 1(A) # r(A), To cucrema necomecrna. Iyers r(A) = r(A) = r, To
€CTh CUCTEeMa COBMECTHa. DyjieM cuurarh, 4ro DasucHbiit Mmunop M paciosio-
JKEH B JIEBOM BepxHeM yTiy. Torma mocjieHue m — r ypaBHEHHI sIBJISTFOTCSI
JIMHEWHOI KOMOWHAaIMel epBhiX I ypaBHEHUH (HBJIHIOTCH CJICJICTBUSIMU 1IeP-
BbIX ypaBHenuii) u cucrema (15.1) npumer Bu:

’

a11xr; + a19T2 + ...+ Aipnly — bl
a1 + Ao + ...+ aspx, = by (15 2)
L r1T1 + QpaT2 + ... + ATy = br

Eciu n = r, To o Teopeme Kpamepa cucrema nmeer enHCTBEHHOE PEIIEHNE,
tak kKak A = M # 0.
[Tycrs n > r. OcraBuM B JIEBOil 9aCTH CUCTEMBI TIEPBbIE€ I HEM3BECTHBIX,

OCTaJIbHbBIE IIEpEHECEM B IIPaBYIO YaCTb.

)

aix1 + apra + ...+ apx, = b — a1 Trp — . — Q1T
< a21T1 + A2 + ...+ A2y = by — A2pp1Tpp1 — ... — A2 Ty (15.3)
L r1T1 + Qoo + ... + QppXy = bm — Qpyry1Lr41l — - - — Qrpdp

HenzBecthbie, K03 DUIMEHTHI IPU KOTOPLIX HE BXOASAT B OA3UCHDBINA MUHOP,

HA3BIBAIOTCA c6000dnbiMmu. HensBecrHble, KoM MUITUEHTHI IPH KOTOPBIX BXO-
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JAT B OA3UCHBIN MUHOD, Ha3bIBAIOTCA 0a30UCHBMY UIN 3a6ucumvimu. Ode-
BUJIHO, YUCJIO CBODOJIHBIX HEU3BECTHBIX PABHO 1 — T.
Pemrast cucremy (15.3) m00bIM M3BECTHBIM HAM CIIOCOOOM, HAiijeM 3aBHU-

CUMbI€ HEU3BECTHLIC

r1 = filTre,. .., 1p)
, (15.4)
T = fo(@Tpi1,. .., x)
rje f; — nuneiinble GYyHKIUKA OT NEePEMEHHBIX Typi1, Tyt .- ., Ly .

[To dopmynam (15.4) naxousar obwee pewenue cucrembl (15.3); a, 3Ha-
ant, u cucrembl (15.1). [lpugaBas ¢cBOOOHBIM HEM3BECTHBIM MPOU3BOJILHBIE
3HAUYCHUA, OYJIeM HOJIYIaTh Y4aACMHble PEULeHU.s CACTEMBI.

CdhopmynnpyeM OCHOBHBIE TEOPEMBI O THCJIe PEIIeHIH CHCTEeMbI JIMHEHHBIX

YPaBHEHUIA:

Teopema 15.1. Cucmema aunetinor ypasnenud (15.1) umeem eduncmeen-
noe pewenue mozda u moavko mozda, k02da paret 0CHO6HOT U PACUUPEHHOT
mampuy, cosnadatom ¢ wucaom neussecmuoir, mo ecmo 7(A) = r(A) = n

(cucmema asaremea onpedesennot).

Teopema 15.2. Cucmema aunetinor ypasrnenud (15.1) umeem beckoneuno
MHO020 pewerue moz2da u mosvko moeda, koz2da paneu 0cHO8HOT U PaCULU-
PEHHOT, MAMPUY, COBNAJAIOM, HO MEHLUE YUCAL HEU3BECTHBIT, MO eCMb

~

r(A) =r(A) <n (cucmema asasemes neonpedeneniot).

[Ipu pemtenwu cucremsr (15.1) nanbosee qacto mpuMeHsaOT MeTos Laycca,
npudeM 1peodbpa3oBaHus BBIIOJHSIIOT HE ¢ CAMUMK ypPaBHEHUsIMHU, a C pac-
IMUpEeHHOI MaTpureit cucrembl. JlocTomHeTBamMu MeTona [aycca gaBigroTCs:
a) MEHbIIIas [0 CPABHEHUIO € JIDYTUME METOJ[AME TPYI0EMKOCTh, 0) BO3MOXK-
HOCTDH OJTHOBPEMEHHO UCCEIOBATH CUCTEMY Ha COBMECTHOCTD, U €CJTU CUCTEMA

SIBJISIETCSI COBMECTHOI, MOJYIUTh ee o0IIee peleHue.
(
dry + X9 — 223 + T4 =

Ty — 2wy — x3 + 214 = 2
IIpumep 15.1. Pemmute cucremy < ! ? ’ !

_|_

2[131 5£U2 - 35[?4 = —1

3$1+3$2—$3—$4:1
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Pemeame . Xorst uncyio ypaBHEHWI paBHO YHMCJIY HEU3BECTHBIX M = N,
HO onpejeauresb cucrembl A = 0 u no merony Kpamepa cucremy pemarh
HEJTb34.

Bynem pemarh cucremy merojiom Laycca. [Ipeobpazyem matpuity Z, Hai-

JIEM €€ paHI' U CPaBHUM C PaHroM mMarpuibl A.

1 -2 -1 2 | 2 1 -2 -1 2 | 2
sola 2 s oo 2 T 5|
2 5 0 -3 | -1 09 2 -7 -5
33 -1 -1 1 09 2 —7| -5
1 -2 -1 2 | 2
09 2 —7| -5 1 -2 —1 2 | 2
“lo o 0o 0| 0 N<09 2 —7|—5>'
00 0 0| 0

Bnatur, 7(A) = r(A) = 2 n no reopeme Kponekepa-Kanemmm cucrema
coBMecTHa. 3a CBODOJHbIE HEM3BECTHDIE IPUMEM Xo U 4. Lloayuum cucremy
r1 — X3 — 2+2$2—2.€lf4
203 = —5 —9x9 + Ty .
r1 = —0,5—2.529+ 1,514

Ee obmiee perenne nMmeer BU/T .
ry = —2, o — 4, 5332 + 3, 5$4

IIpumep 15.2. Ilex Boimyckaer mpoaykimio dernipex Bunos: A, B, C, D.
II3BecTHBI 00'bEMbI BBIITYCKa IIPOJLYKIMH 38 YeThIPe JIHA U JICHEXKHbIE 3aTPaThI

Ha ITPOU3BOACTBO 3a 9THU JIHU!

Huu | O6bem Boiycka npoayKiuu (e.) | 3arparsl (j1.e.)
A B C D
1 50 10 30 20 250
2 40 10 20 20 220
3 30 20 30 — 170
4 20 30 — 50 390

Haiinnre cebecTonMocTh KaxKa0r0 B POy KIIAH.

Pemienne . Obo3naunm yepes xr; ce0eCTOMMOCTD €JIMHUAIIBI 1-TOW TPOJLYKIIAN

(1 =1,2,3,4) u cocraBum cucreMy ypaBHEeHUIl Jijisi HAXOXKJIEHUsI CTOUMOCTH
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NPOJYKIIMU 33 KarKJIblil JIeHb

(5021 4 1029 + 3023 + 2024 = 250
4021 + 1029 4+ 20z3 + 2024, = 220
3021 + 205 + 3023 = 170
201 + 302, + 50xy = 250

Pemmum 31y cucremy wmerojiom laycca, pasjie/iuB IpejBapuTe/ibHO BCe
ypaBHeHUs cucteMbl Ha 10. Bymem mocienoBaTenbHO MCKIIOUATH HEM3BECT-

Hbl€ T9, X1, T3 U T 4.

5132 25 5 1 3 2 | 25
4122 22 10 -1 0 | -3
3230 17| | =70 -3 -4 -33|
2305 | 39 ~13 0 =9 —1 | —36
(01 -2 2 | 10 010 0 | 4
101 0 | 3 100 1 | 6
00 4 4] 12| |oo0o1-1]-3]|"
\0 0 4 -1 3 000 3 | 15
(01004
1000 |1
0010 ]2
\0001]5

Panru ocHoBHOII M pacHIIpeHHON MaTPHUIl PaBHLI M COBIIAIAIOT C TUCIOM
HEM3BECTHBIX. SHAUNT, CHCTEMa, NMeeT eJMHCTBEeHHOe pelnenue. Pemenne cu-
creMbl 1 = 1, 9 = 4, x3 = 2, x4 = 5. DTO pellleHre UMeeT CMBIC, TaK KaK

BCe II€epeMEHHbIE 10 YCJOBUIO 3a/Ja91 JOJI2KHbBI OBITH IIOJIO?KATEJIHHDI.

IIpumep 15.3. Kopwm jj1g ITHTIBI, COCTaBIEHHBIN U3 YeThIPEX BUJIOB 3epHA,
JIOJIZKEeH cosiepkarTh 17 enmaull BermecTsa A, 35 ejunull Bemecrsa B, 44 enu-
Hutpl BermectBa C n 26 equnui BermectBa D. VI3BecTHO cofep:KaHme eTmHUIL
MOJIE3HBIX BEIIECTB B 1 KI. 3epHa KarkKJI0T0 BUJA 1 IleHa 1 KI. 3epHa KaxKJI0ro

BUJIA:
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Buy | Comepxkanue nosesubix sermects (ej. B 1 kr.) | Lena 1 kr. (j1.e.)
A B C D
1 1 3 4 2 5)
2 2 4 5} 3 7
3 1 1 1 1 2
4 1 3 4 2 5)
Uroro 17 395 44 26

Haiiinre Bce BO3MOXKHBIE COCTAaBBI KOpMa, obDecreunBaoniue HeodxouMmoe
KOJINYIECTBO MOJIE3HbIX BernecTB. CyINecTByeT Jin COCTaB KOPMa, CTOMMOCTD

KoToporo pasaa 60 j. e.?

Permtenue . O6o3naunm depes x; Bec 3epHa i-toro Bujga (i = 1,2,3,4) u
COCTaBUM CUCTEMY YPaBHEHWIl JJIs HAXOXKJICHUs COCTaBa KOPMa Ha KaxK Iblii

JICHb
;

r1+ 209 +23+24 = 17
3%1 + 4.%2 + T3+ 31’4 = 35
Aoy 4 Bxg + x5+ 4wy = 44

L 2$1+3$2+QZ3—|—2SE4 = 26
Pemmmm 3ty cuctemy metonom [aycca. Bynem mocienoBaTebHO UCKITIOYATD

Heu3BeCTHbIE T1 U I9.

1211 |17 12 1 1] 17
3413/ 35 0 -2 20| —16
45144 [0o-3-30]|-24]|"
2312 2 0 -1 -1 0] -8
1211 |17
0110] 8 121117
N0000|0N(01108>
0000] 0

PaHrn ocHOBHOI 1 pacIIMpEeHHON! MaTpPHIl paBHBI. 3HAUHUT, CUCTEMa, UMEeT
pemrenue. Pemenne cucrembl

Ty = l4+a3—14

To = 8 — T3 .

DTO pelleHre UMEET CMbICJI, €CJIM BCEe IepeMeHHble HeOTPUIATebHbI. 10-
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ria HeobxomMo, 1Tobbl o3 € [0; 8], x4 € [0; x5 + 1].
OrseTuM Ha BTOPOI BOIPOC npumMepa. Jljist 93Toro B cucreMy Hy»KHO J100a-
BUTbH €le OJHO yPaBHEHUE:
([ w2 taztay = 17
3r1 +4r9 + 23+ 314 = 35
¢ 4dxi+dro+x3+4xy = 44 .
201+ 3x9 + 23+ 224 = 26

L 5r1 + Txo + 223 + dbxry = 60
Perasi a1y cucremy,

(1211|17\ /1211\17\
3413135 0 -2 -2 0| —16

4514 |4 |~[0-3-30] —24 |~
2312 26 0 -1 -10] -8

\5 724160/ \0o -3 -30] -25)
(1211|17

0110/ 8

\0 000 | -1

MOJIYIUM, 9TO PAHT'W OCHOBHOI W PACHIMPEHHONW MaTPHUIL Pa3JUIHbl. SHAUNT,
9Ta CHUCTeMa pellennit He mMmeeT. Heab3sa cocTaBUThH pallMoH, CTOUMOCTH KO-
Toporo pasHsyach Obl 60 . e. [IpoBepbTe, MOXKHO JIM COCTABUTHL PAaIlMOH,

CTOUMOCTH KOTOPOI'0 paBHsijach Obl 61 1. e.

3aganme 15.1. Pemre merojiom [aycca cucremy ypaBHeHuii
3r1 + 229 + x3 = 5
207 + 3z + a3 = 1
201 + x9 + 3x3 = 11

3aganme 15.2. Pemre merosom [aycca cucremy ypaBHeHuii

201 + 19 — 13 + 4z, = 1
3r1 + 219 + 4x3— 3xy = -1
4ry — 3x9 + dxs+ Ty = 14

3amanme 15.3. Pemmire merosom [aycca cucremy ypaBHeHmii
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2

+

2$1

3r1 +

I

I +

\
Saganue

p
1 +

2$1

3%1 +

2
!

Saganue
( 2r1 +
3r1 +
rp +

L 5%1

Saganue
(
2$1 -
I —

Saganue
(
4$1 +
3$1 —

+
_|_

3%1

L 5%1

Saganue
(
I +

2$1 —
T +

X1

\

4$2
14x2

— 3x3 + 4xy = 1

+ 4dx3 — 3ry = —1

— x3 — 24 = 0 '

+ dr3 + 914 = 0

Pemmure metogom [aycca cucremy ypaBHEHUi
+ 3x3 — 224 = 6

— 2x3 — 3r4y = 8

— x3 + 224 = 4

+ 2x3 + x4 = -8

Pemmure meToyom [aycca cucremy ypaBHeHHUi
+ x3 + x4 =1

— X3 — X4 0

— x3 + omy = 2

+ 6x3 + 3xy = 3

Permure metosiom Maycca cucremy ypaBHeHMii
+ 3z3 — 2x4 = 3

— T3 — x4 = —2

+ b5x3 — 3x4 = 0

— 3r3 — 4xy = 3

Pemmure merojiom aycca cucremy ypaBHeHuii

— 33 — x4 = 4

+ 3r3 — 2x4 = 1
— x4 = 0

— 2z3 + x4 = 3

Pemure merojiom 'aycca cucremy ypaBHenuii

—  x3 — 3xzy + Adzy; =1
+ 33— x4y — 25 = 2
+ 2x3— bxy + 3xs 3
— Txs— 1dzy + 2325 = 3
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§16. CucreMbl JUHENHBIX OJHOPOJHBIX yYPABHEHUIA.

Paccmorpum cucremy m JIMHEHHBIX OJIHOPOJIHBIX YPaBHEHUI ¢ M HEU3BECT-

HbIMU .
a1121 + a2 + ... + a1p,Ty
< a21x1 + A99x9 + ...+ Ao,T, = 0 (16 1)
| am121 + amato+ ...+ apmpxr, = 0

Cucrema (16.1) Bceryja coBMecTHa TaK KaK MMeeT HyJeBoe (TpUBHAJILHOE)
permenue (0, 0, ..., 0). [Tosromy mHTEpECeH BOMPOC, MPH KAKUX YCJIOBHUSIX
CHCTEMa MMeeT HeTpUBHaJbHbIE perrerns. OTBET Ha STOT BOIPOC JAET TeO-

peMa

Teopema 16.1. /[aa mozo umobv. cucmema AUHETHHLT 00HOPOIHDIT YPas-
HeHUl UMEAd HEMPUBUAAOHDIE PEWEHUL HEOOTOOUMO U AOCTNAMOYUHO, HIMO-
OvL pare MaAmMpuubl CUCTEMDL OBLA MEHDULE YUCAL HEUSBECTHVLT, MO €CMb

r(A) =r <n.
JlokazaTh caMOCTOSITEIbHO.

CaencrBue 16.2. Ecau 6 cucmeme (16.1) wucao ypasnenud cosnadaem c
YUCAOM HEUSBECTMHOIT (M = M), MO Cucmema uMeem HempusUaALbHvLe Pe-
wenwa mozda u mosvko moezda, xKozda onpedesumens cucmemos pasen 0, mo

ecmov A = 0.

Pelienusi cucrembl JinHeiiHbIX OHOPO/HbIX ypasHenuii (16.1) obuaaror

CBOMCTBaMU:

1. Ecoim Bexkrop X = (a9, 3,...,2;) dABIAETCA pEIICHUEM CHCTEMBbI, TO
Bekrop kX = (kxi, ka5, ..., kxd) makxke sBjsiercst perieHneM Toil cucTe-
MBI;

2. Eciin Bekroper X = (21, 25, ...,20) u Y = (y1, ¥5,...,y,) ABIAOTCSA
petenusivu cucrembl, 10 Bekrop X + Y = (] + yf, 5 + 45, ...,z + y7)

TaK2Ke fBJIZIETCA pellleHrueM 3TOM CUCTEMBI.

3 51x cBO#CTB BBHITEKAET TEOPEMa,
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Teopema 16.3. Jhobas sunetinas xKomoOuHAUUA PEULEHUT cuCMeMdl AUHET-

HOLT 00HOPOOHBIT YPAGHEHUT MAKICE ABAAELMCA PEULEHUEM IMOT CUCTEMDL.

Tak Kax pelleHne CUCTeMbl JUHEHHBIX OJIHOPOIHBIX YPAaBHEHUI ¢ 1 HEN3-
BECTHBIME €CTb N-MEPHBIH BEKTOP ¥ JIMHEHHass KOMOMHAIUS PEIICHU SBJIsI-
eTCsl PereHrneM CUCTeMbl, TO MHOYKECTBO PEIeHWi CHCTeMbl JIMHEHHBIX O/
HOPOJIHBIX YpaBHEHW 00pa3yeT JMHeHHOe MPOCTPAHCTBO, KOTOPOE SIBJISIETCS
OJIIIPOCTPAHCTBOM B IpocTpancTBe R,. Basuc mpocrpancTBa perrenuii cu-
CTEMbI JIMHEHHBIX OJHOPOJIHBIX YPaBHEHUI Ha3bIBAECTCs Pyndamenmarvrol
cucmemoti peuterut. To ecThb perenns, BXoasdIme B (GhyHIaMEHTAIBHYIO CH-
CTeMy pEIIeHU, JIMHEHHO He3aBUCUMBI U JIIODOE PEHICHHE CUCTEMBbI SIBJISICTCS

JINHEWHON KoMOuHalueil perennit u3 GyHjaMeHTaJ bHON CUCTEMBI.

Teopema 16.4. Ecau parne mampuuve A cucmemvr AUHETHT 0OHOPOIHVIT
ypasuenut (16.1) pasen r u menvue wucia neudsecmmux n, mo Gyndamen-
manvhaa cucmema pewenut cucmemv, (16.1) cywecmeyem u codeporcum

n — 71 peuweHul.

Joxasamenavcmeo. Ilycrs panr MaTpuiibl A paBeH r U MEHBIIE THCIa Hen3-
BecTHBIX 7 < n. Ilycrs 6azucublit Mmunop M # 0 cTouT B JIeBOM BepxXHEM
yruty. [lepenecst cBOOOjiHbIE HEUBBECTHBIE Tyy1, . . . , L, B MEPBBIX 7" yPaBHEHU-

AX B IIPpaBYIO 9aCTb, IIOJIYIUM CHUCTEMY
(

a11r] + a12T2 + ... + a1y = —A1p41Trg1 — - .- — QLpTy
2171 + A22T2 + ... + A2p Ty = —A2p41Tp41 — - .. — A2pTp
L Ap1T1 + Qr2%2 + ...+ App&y = —Qppy1Tpyl — - .. — Appp

Saja M ¢BoOOIHbIE HEU3BEeCTHBIE Xy = 1, X090 =0, ..., x, = 0, noJy-
qpM pernenue cucrembl (o, a4, ..., al, 1,0, ..., 0). Anajoruuno, 3a/aBas
cBODOOJIHBIE HeU3BecTHbIE Ty = 0, a0 = 1, ..., x, = 0, OJyuUnM perieHue
(af, a3, ..., a2, 0,1, ...,0) u rak ganee. Tax nafigem k = n — r pemennii
CUCTEMBbI
e1 = (ad, ad, ... al, 1,0, ..., 0);

(2 2 2 .
es = (a7, a3z, ...,a7, 0,1, ..., 0);
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_ (kK k
er = (of, as,...,a;, 0,0, ..., 1).

O1u k perenuit JIMHEHHO HE3ABUCUMbI, TaK KaK PaHI' MaTPHUILbI

al af ..ol 1 0 ... 0
i a3 ... a2 0 1 ... 0
of o ... aF 0 0 ... 1

pased k. B sroit marpuiie ectb MUHOD 1OpsiJiKa Kk, OTJIMYHBIE OT HYyJisl, Ha-
IpUMep, COJIep:KaINuii nocjaeHue k cToonoB.

Perienust eq, €9, ..., e 00pa3yoT dyHIaMEHTAJIbLHYIO CUCTEMY PelleHUI.
Ob1iee perienune cucrembl (16.1) umeer Buj

X =cieg + e + ...+ cpep. ]

IIpumep 16.1. Pemwure CUCTEMY OJTHOPOJTHBIX ypaBHEHUI
( r1 + 219 — 223 + 324 + 25 = 0

201+ 319 + 203 — x4 + 625 = 0

5x1 + 8x9 + 8x3 — b6xy + 1725 = 0 '
| z1+ 31y + 1003 — 1124 + 925 = 0

Pemenne . Merojiom ['aycca naiijiem panr MaTpuilbl CUCTEMbI

(11 -2 3 1 11 -2 3 1
23 2 —1 6 01 6 -7 4
58 8 —6 17| |03 18 —21 12 |
\13 10 -11 9 02 12 —14 8
(11 -2 3 1

01 6 —7 4 10 -8 10 —3

00 0 00N<01674>
\00 0 00

Panr marpuibl cucreMbl paBen 2 (B MaTpuiie ecTh MUHOD TOPsijika 2, OT-
JauaHblil or Hysist). HewsBecrhbie x3, x4 U o5 — cBOOOJHBIC HEU3BECTHBIE,
nepeHeceM MX B MIPaByIO YaCTh W MOJyUUM pelleHne CUCTeMbl

rK = 81’3 — 101’4 + 351?5

ro = —6x3+ Try — 4xs .

DynaMenTaIbHAST cucTeMa perenuii umeer suy e; = (8; —6; 1; 0; 0),

ea = (—10;7;0;1;0), e3 = (3; —=4;0;0; 1) u ee obiiee permenue
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X=c-eg+c-eg+ez-e3=c1(8 —6; 1;0; 0) + co(—10; 7; 0; 1; 0) +

+c3(3; —4; 0; 0; 1).

Saganue
(

x1
1
x1

L 3%1

p
X1

2%1

x1

L 3%1

_|_

Sasanue

+
_|_
_|_

Saganue
(

L1
2$1
le

L 2$1
(
2%1

x1

_|_

Saganue

+

_|_
+

Saganue

p
3$1

6%1
< 3$1
12%1

9$1

\

Saganue

16.1. Pemure CUCTEMY
200 + x3 + x4 = 0
3res + 2x3 — x4 = 0
r9 — 2x3 + 3x4 = 0 '
49 rs + Try = 0
16.2. Pemure CUCTEMY
200 + x3 + x4 — x5
2090 — x3 — x4 + 4z
102y — dxs — dry + 1llzs
219 r3 + x4 + x5
16.3. Pemute CUCTEMY
20 + 3 — Ty + TF =
To — T3 + 224 — 3x5 =
200 — w3 + x4 — 2m5 =
bry + x3 — 214 + 215 =
16.4. Pemute CUCTEMY
Ty — T3 — X4 + Ty =
Ty + x3 + x4 — 215 =
3ry — 3x3 — 3x4 + 4y =
bry — dx3 — dry + Tws =
16.5. Pemure CUCTEMY
209 + x3 — 4xy = 0
dry + 3x3 + 224 = 0
229 — 1424y = 0 .
8ryg — 3x3 — 2614 = 0
6rys + 213 — 22x4 = 0
16.6. Pemute CUCTEMY
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ry — 219 + 3r3 + x4 + 225 = 0
3r1 + x9 — 2x3 + 4dxy + Txs = 0
< Sr1 + 4x9 — 8rs + 224 + 3x5 = 0
| 71+ T - 203 + 3z4 + x5 = 0

§17. MeTpuiecKne n €BKJIMJIOBBI IPOCTPAHCTBA.

Onpenenenune 17.1. Mempuueckum npocmpancmeom Ha3bIBAETCST MHOXKE-
crBo V 9JIeMEHTOB 1POU3BOJILHOIN HPUPOJIbL (1Moyer MPOCTPAHCTBA), B KO-
TOPOM JIjisi JIOOBIX JIBYX 9JIEMEHTOB X, y € V ompejeneHo ducio p(x,y),
(paccmosanue MEX Ty TOUKAME WK MEMPUKE), YIOBIECTBOPSIOINIEE YCIOBHSIM:
L p(z,y) = p(y, ®);
2. p(x,y) >0 npu z # y u p(x,z) =0
3. p(z,y) + p(y, z) = p(x, z) (HepaBeHCTBO TpEyTOJIbHHUKA ).
Paccrosinne MOXKHO BBOJUTD Pa3JINIHBIMKA CIIOCODAMM, ITPU STOM OyJ1eM T10-
JydarTh PasjindHble METPUYECKUE POCTPaHCTBa. HanpuMep, MOXKHO BBECTH
paccTosHue Yepe3 CKaJIsIpPHOe IPOU3BE/IeHNE.
[TycTh 3ajiano JimHeliHoe n-mepHoe npoctpaHcTBo R,. Beejem B Hem 10-

HATHE CKAJIAPHOI'O IIPOU3BEJCHNA WU JIJIMHBI BEKTOPA.

Onpenenenne 17.2. Cranrapnoim npoussedenuem sexmopos T,y € R, Ha-
30BEM JI€MCTBUTEJIILHOE YUCIIO (f, y), [IPUYEM BBIIIOJHAIOTCS YCJIOBUSL:

1) (z,7) = (@,7);

2) (F+7.7) = (7.7) + (7.9

3) (a,y) = a(T,7);

4) (7,Z7) >0npuT#0u (Z,7) =0 npu T = 0.
Onpenenenne 17.3. Jluneitnoe npocrpancTio R, B KOTOPOM BBEJIEHO CKa-

JIAPpHOE IMPOU3BEACHNE Ha3bIBaCTCA e6KAUD06bILM T 0DO3HATACTCS En

Jnaunot (nopmoti) BEKTOpa T B eBKJIHI0BOM npocTpancTse E,, nazpizaercs
ancio |T| = /(T,T).

Ecnu ckansiproe npoussejenne BBectn (kak B §9) 1o sakony (T,7y) =
n
23:1-%, e T = (T1,T2, ..., Zn), Y = (Y1,Y2,- - -, Yn), TO JJIMHY BEKTOPA T
i=
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MOYKHO BBIMHCTHTD TI0 bopmyre |T| = /2% + a3 + ... + 22 =

Jljtst ITMHBL BEKTOpa, CIpaBe/JIUBbI CBOMCTBA!
1. |Z| =0, upu T = 0;
2. |az| = |af - [z;
3. |T + 7| < |Z| + [7] (mepaBercTBO TpEyrOIBHUKA).
4. |(z,9)| < |7| - |9| (nepasencrso Komu-Bynsikosckoro);
Hokaxxem HepapencTBo Koru-BynsakoBckoro. PaccMoTpuM BEKTOp AT — Y
(A € R). Ilo croiictBy 4 onpenenenust 17.1 (AT — 7, A\T —7) = 0. To ectb
N(Z,T) — 2M(T,Y) + (7,7) > 0. Kpaaparubiii Tpexujien mpuHUMAaET HeoTpH-

naTeJbHbIe 3HAUEHUs, 3HAYUT ero jquckpuMuaanT D < 0. Mmeem
D/4=(z,5)" — (z.7)(7,7) < 0
@.9)° < (@277 = [7° - [7*
MzBiekast KBajpaTHbIil KOPEHb, TIOJIYYUM HepaBeHCTBO Korm-ByHskoBckoro.
3 nepapencrsa Koiu-BynsikoBeckoro ciejiyer, 4To j1po0b
(z,7)
(7, 7)(7,79)

[TosToMy maHHyIO APOOH MOYKHO CYUTATH KOCUHYCOM HEKOTOPOTO YIJa (o :

—1< < 1.

(7, 9)
(7,7)(3,7)

Y1roJi ¢ HA30BEM Y240M MEXKJIy BEKTOpaMu T U .

Cos p =

BexTop, JyimHa KOTOPOro paBHa 1, Ha3bIBaeTCA HOPMUPOSaHHbIM. [IBa BEK-
TOpa, CKaJISIPHOE MTPOU3BeIeHNe KOTOPHIX paBHO (), HA3BIBAIOTCS 0OPMO20HAND-

HOUMU.

Teopema 17.1. Beakaa cucmema a1, o, . . . , Gy, 6EKMOPLL KOMOPOT NONAY-

HO OpIMO2OHANADBHDL, AUHETUHO He3a6UCUMA.

Jokasamenvcmeo. PaccMoTpuM JTMHEHHYI0 KOMOMHAIMIO JIAHHLIX BEKTOPOB
o181 + ol + ... + Qua, = 0 (). Haiijgem, npu Kakux 3HAYEHUSIX KO-
s dunnentos «; oma obparmaercs B 0. YMHOXKEM (%) CKaJsIpHO Ha ;.

&1(61,50 4+ ...+ ai(ai,di) 4+ ...+ am(am,di) =0. HOJIy‘H/IM ai(ai,di) = 0,
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Tak Kak (@;,a;) = 0 upn ¢ # j. Takum obpaszom, st kaxjoro ¢ = 1,m

umeeM «; = 0. Cucrema BEKTOPOB @1, A9, . . . , Uy, JMHEHHO HE3aBUCUMA. [l

Onpenenenne 17.4. BekTophl €1, €9, . . ., €, 00pa3yioT B npocTpancTse K,
OPMOHOPMUPOSAHHBIT ba3uc, eCI JTMHA KaXKJI0ro paBHa 1 U BEKTOPbI I10-
APHO OPTOrOHAJIBHBL, TO €CThb (€;,€;) = 0 upn i # j u |¢;| = 1 juist Kax10ro

1=1,2,...,n.
[IpuBenem (6e3 0Ka3aTEIHLCTBA) OCHOBHYIO TEOPEMY TOro maparpada;

Teopema 17.2. Bo scakom n-meprom eskaudosom npocmpancmee K, cy-

WECTBYEM, OPTOHOPMUPOBAHHBLT DA3UC.

[Tpumepom OpTOHOPMUPOBAHHOIO 0A3MCA, SIBJISETCS KAHOHUYECKU Dasuc:

e; = (1;0;...50), &2 =(0;1;...50), ..., €, = (0;0;...;1).

§18. ®Popmyssl Ilepexoga OT OJHOro 6a3mca K JApyromy.

[Tycts B mpocrpancrBe R, 3ajanbl jiBa Oa3uca

€1,€9,...,€, — "crapbiil" Gasuc u fi, fo,..., f, — "HOBBIA" Gazuc.
Tax kax BekTOpBI €1,€9,...,€, 00pasywT 0asuc, TO BEKTOpHI [, =
n
(c1j, €25, - -+, Cnj) = D Cij€i MOXKHO BBIPA3UTD YePe3 ITOT Ha3uC.

i=1
W5 xoopaunar sekropos { f;} (j = 1,n ) cocrasum marpuity C, 3anucbipas

KOOPJIMHATHI BEKTOPOB { f;} B cTOIOMDI

Ci1 Ci2 ... Cip
C21 Co92 ... Cop

C = (18.1)
Ch1 Cn2 ... Cpnp

Marpuiy C' nassisator mampuyed nepezoda or Gasuca {€;} k Gasucy {f;}.
Marpuna C — neBblpozkiennast. Bektopst { f;} nuneitno nesaBucumbl, 3Ha-
aut, panr marpuilbl C' pasen n uin |C| # 0. B marpuanoit opme popmyiibi

nepexoga or Gasuca {€;} k 6asucy {f;} Moxno sauncars

(fi, far-- s f0) = (@1,8,...,8,)C (18.2)
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Amnajorndno, Tak Kak {f;} — 6aswc, BHIpasUM Hepes HEro BEKTODHI € =

n —
(@15, @24y - -y Api) = aji f;. Marpuna A, sjeMeHTbI KOTOPOH KOODJMHATHI
=1

BEKTOPOB €;, 3allMCAHHBIE B CTOJIOILI, SIBJISIETCS MaTpUIlell mepexoja or Oa-

suca {f;} k 6asucy {e;}.

aj;p aip ... QAip

a1 Q929 ... QA9on
A=

ap1 Ap2 ... App

Torsa dbopumyisl nepexoa ot 6asuca {f;} x Gasncy {€;} umeror us

(617627"'7671) = (717?27"-7?7)"4 (183)
s (17.2) u (17.3) cnenyer, uto A = C~1.

BriBeniem opMysibl, CBS3LIBAIOIIUE KOOPAMHATHI BEeKTOpa B '"crapom'

n n .
"nosom" Gasucax. Ilycrs T =) &§e;u T = Y n;f;. Torya
i=1 j=1

n . n n n o on n
=2 nf;=2 n( ) =3 (3 mici)e = ) &iE
j=1 j=1 " i=1 i=1 j=1 i=1

Wi B KOOPJAMHATHON hpopme

&1 c11 C12 \ Cin
3 — C21 + €22 o+, Con _
gn Cn1 Cn2 / Cnn
C11 C12 ... Cip \ m
_ Co1 C22 ... Cop 2
Cnl Cp2 ... Cpp / Tin

BoiBesin (hbopMyJibl BEIYUCIEHUST KOOPJIMHAT BEKTOPA NP U3MEHEHHH 0a31ca

&1 m m &1
$ _C 2 ’ T2 _ ! S (18.4)
n Tin Tin En
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ITpumep 18.1. B Gasuce €1, €, €3 3ajanbl Bekropbl f; = (1;3;1), fo =
(1;2; —1), f3 = (2;8; 7). Jokaxure, 410 BEeKTOPbL f1, fo, f3 00pasytor 6azuc,

Haiiure koopiuuarst Bekropa T = (1;7;10) B HoBoM Gazuce.

Pemenne . Cocrasum marpuny C nepexona ot "craporo" 6asmca K "HOBO-

1 1 2
My":C = | 3 2 8 |.EcuuBekropsl [y, fo, [3 IMHEHHO HE3ABUCHMBI, TO
1 -1 7
crosibipl Marpuibl C' rHeitHo HesaBucumbl, 10 ecth 7(C) = 3 wiu |C] # 0.
1 1 2 1 1 2 -
|C:328=012:' = —
—2 5

1 -1 7 0 -2 5

Marpuina C' HeBLIPOXK/IeHHAs U sIBJIsSIeTCsl MaTpulleil nepexosa or "craporo"

Gasuca k "mosomy". Haiinem marpuy C 1, obparnyio k C.

22 -9 4 —-22 9 -4
Cl=—]-13 5 =2 |= 13 =5 2
-5 2 -1 5 =2 1

DopmyJibl Hiepexojia or bazuca {€;} Kk basucy {fj} MMEIOT B/

(f1: fa, f3) = (€1,€2,€3) - | 3 2
1 -1 7

Haiinem koopaunarsl BekTopa T B "HoBom" Gasuce:

m 22 9 —4 1 1
m |=] 13 =5 2 |-| 7 |=]| -2
s 5 -2 1 10 1

Urak, T = (1;—-2;1).

[Tycrs Gazucel €1,€9,...,€, ¥ [, fo,..., f, npocrpaucrsa E, oproHop-
MUPOBAHbLI, TO €CTh BEKTOPLI DA3MCOB eMHIIHBIE U ONAPHO OPTOrOHAJILHDL:
|Ei| =1, |fz‘ =1, (éivéj) =0, (f’t?fj) = 0.

[Tycrb 3ajiaibl KOOpuHATH BeKTOPOB f; = (q1i,q2i, - - -, Gni) B "cTapom"

basuce (1 =1,2,...,n).
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Torna jis kaxgoro i = 1,2,...,n umeem |f;|2 = (qi)? + (q2i)® + ... +

(¢ni)* =1 u (Tzafj) = Q1iq1j + @2iq2j + - .. + Gnignj = 0 upn 7 # j.
Marpuna nepexozia or Gasuca {€;} x 6asucy {f;} nmeer Bug

qi11 q12 .- {qin
0= 421 422 ... Q2n (18.5)
dn1 4n2 .- Qnn

Onpenenenne 18.1. Marpuiia, B KOTOPO#t cymMMa KBaJpaToB 3JEMEHTOB
KazkJIoro croJibna paBHa 1, a cymMMma 1POU3BEJIEHUN COOTBETCTBYIONUX Jie-

MEHTOB IABYX CTO.H6HOB paBHa 0 HasbIBaeTcs OmeZOHaﬂbHOﬁ.
CHpaBe,Z[.HI/IBbI cjeayronmue TeopeMbl:

Teopema 18.1. Mampuua nepexoda om 001020 0PMOHOPMUPOBAHH020 ba-

3uca K dpy2omy opMOHOPMUPOSAHHOMY 0A3UCY ABAACMCA OPMO20HANLHOU.

Teopema 18.2. Mampuua, obpammas opmo20HasbHOT Mampuye, co6nada-

em ¢ mpancnonuposannot, mo ecmo Q71 = Q7.

ﬂoxaaame,ﬂbcmeo. Borauncianm IIpousBeenue

qi1 421 --- Q4n1 qui q12 --- qin
QT-Q: qi2 422 .. (4n2 _ 21 422 ... Gon _E .
Qin q2n --- Gnn n1 4n2 --- Qdnn
CanencrBue 18.3. Onpedeaumennv opmozonasvhot mampuuve paser =+1
Q] = +£1).
Aowasameavemoo. |Q71- Q| = Q" - Q] = 1Q"] - Q] = |Q]* = 1. [

Bamanme 18.1. B kanonuveckom Oasuce JlaHbl Tpu BeKTOpa a = (3; —2),
b= (—2;1), ¢ = (7; —4). JlokaxknTe, 9TO BEKTOPSLI @ U b MOKHO TIPHHATD 3a

HOBBII Oasuc. Haiijure KoopuHarsl BEKTOpa ¢ B HOBOM Dasuce.

amaame 18.2. B kanonwdeckoMm Oasnce JaHbl YeThbipe BEKTOpa @ =
(3;=2;1), b= (—1;1;-2), ¢ = (2;1;-3), d = (11; —6;5). Hokaxkure, u4To
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BEKTOPHI @, b, C MOYKHO MPUHSITH 38 HOBBIN Oa3wc. 3amuimTe MaTPUILy repe-
X0J1a OT craporo bazuca K Hopomy. Haitjiure KoopuHaThl BeKTOPa d B HOBOM

basuce.

Bamanue 18.3. B kanonnveckom Oasuce Jaubl deTbipe BekTopa a = (2;1;0),
b= (1;-1;2),¢ = (2;2; —1), d = (3;7; —7). Jokaxure, 4T0 JI06YIO TPOUKY
BEKTOPOB MOKHO IMPHUHATEL 32 HOBLIH Gazuc. Haiimre KaXk10ro U3 BEKTOPOB

B DOazuce, COCTOAIIEM U3 OCTAJIbHBIX TPEX BEKTOPOB.

3amgaame 18.4. B «kanonmueckom 0Oazuce JlaHbl YeThIPE  BEKTOPA
_ ;o

d = (1;2;1). Jokaxure, 4T0 BEKTOPHI @, b, € 06Pa3yIOT OPTOHOPMUPOBAH-

Hblil 6asuc. Haiimure KoopauHAThl BeKTOpa d B 3TOM Hasuce.

§19. Jlumeiinbrii omrepaTop.

Onro n3 dyHIaMeHTAILHBIX TOHATHI aaredpbhl MATPUIL — ITO MOHSATHE JIH-
HEUHOro oneparopa.

PaccMmorpum JiBa JmHeiiHbIX npoctpaHcTBa R, u R,,. Orobpakenue, cra-
Bslee Jiobomy BekTopy T € R, ejauHcTBeHHblil BekTOp ¥ € R,, Ha3biBa-
ercst onepamopom u3 R, 8 R, (A : R, — R;;). Obosnauaercs oneparop

7y = A(T) wmm pocro § = AT. BekTop ¥ Ha3bIBACTCSA 00pa30m BEKTOPA T.

Omnpenenenune 19.1. Oneparop A : R, — R,, HazpIBaeTCa AuHetiHbIM,
€CJIu JIJIsi JIIOOBIX JIBYX BEKTOPOB T, € R, 1 1106010 JIeficTBUTEILHOIO YNC/Ia,
Q¢ BBITIOJIHSIIOTCS YCJIOBHST

1) AT +79) = AT+ Ay ;

2) A(aT) = o AT.

Yeaosust 1) u 2) MOXKHO 00bEUMHUTD:

Onpenenenne 19.2. Oueparop A HA3LIBACTCS AUHETHBIM, €CIIU JIJIsT JIFOObIX

BEKTOPOB T,y € R, u mobbix uncen «, 5 € R Boimonneno yenosue A(aT +
BY) = aAT + AT .
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Ecin R, = R,, To orobpaxenune A : R, —> R,, HasbiBaercst npeobpaso-
sanuem npocrpancTsa R,,.
[Ipumepsl JTMHEHHBIX OIEPATOPOB.
1. Tox tecrBennblii onieparop [: IT = T jijist BceX BEKTOPOB T € R,,;
2. nysieBoit oneparop: AT = 0 jJjs1 Bcex BEeKTOpoB T € Ry;
3. omeparop npoextuposanus: P : Ry — Ry u P = b, eciin @ =
(ay,as,a3), b= (ai,as).
4. oneparop nojobus: AT = kT jjis1 Bcex BEKTOpoB T € Ry;
5. omeparop muddepenimposanust: f(x) — f'(x);
6. oneparop narerpuposanus: f(x) — F(z), rue F(x) — nepoobpasnas
auist f(x) wa [a; bl
Ecim u3 Toro, uro Ty # Ty caenyer, uto ATy # ATy, u jjs ar000ro
BekTopa Yy € R,, cymecrsyer BekTop T € R, Takoit, uro iy = AZ, T0 roBOpHIT,
4o oneparop A jeicrsyer 63aumHo-00H03HANHO.
[Tycrs 3amans! nBa auneiinnix oneparopa A : R, — R, u B : R, — R,,.
Cymmoti muneitabix oneparopoB A m B wnaswiBaercs onepatop A + B,
JeiicrByfomuii 1o 3akony (A + B)(Z) = AT + BT.
IIpouseedenuem nuHEHHOrO OomepaTopa A Ha UHCIO (v HA3BIBAETCS OIEepa-
Top A, neiicrBytorumii o 3akony (A)T = a(AT).
IIpouseedenuem muueiinuIx oneparopos A n B mazniBaercs oneparop AB,
neiicrBytormuii mo 3akony (AB)T = A(BT). B obmewm ciayuae AB # BA.
JIuneitawrit oneparop B HasbiBaercst obpamuvim onepatopy A, ecam npo-
ussegenne AB = [ (toxmecrsenusiii oneparop). Obo3Hauaercss obpaTHbII

oneparop AL

Teopema 19.1. /[aa mozo wmobvl dasa aunetinozo onepamopa A cywecmeso-
6a.n 00pamHvLT ONePamop Heobrodumo u docmamouno, 4mobv. onepamop A

deticmeosan 83aUMHO-00H03HAYHO.

Onpegenum Kak jgeiicrByer jguneitnniii oneparop A : R, — R,,.

Bribepem B npocrpancrse R, 6asuc €1, €s,...,€,, a B npocrpancrse R,

6&314(3 717?27 s 7?m'

Haiiiem 06pasnl 0a3UCHBIX BEKTOPOB

68



Ae, = a1171 + a2172 + ...+ am 7 1f (au; a215 .- am);

j
Aey = CL2171 + a2272 + ...+ am27m Z a]2f (a12; ag9; . .. an2);

3HM3

-3
—_— — — m —_—
Aén — alnfl + a2nf2 + ...+ amnfm - Z ajnfj - (aln;a2n; s ;ann)-
j=1

I3 aucen aj; cocraBuM MaTpuiy A, 3alucbiBasg KOOPAUHATHI BEKTOPOB Ag;

B CTOJIOIIBI
ail ag2 ... Qin
a921 a99 ... Q9p
A= (19.1)
am1 Am2 ... Qmp

A — marpuna pazmepa m X n. Marpuna A HazbIBaeTCS Mampuyet Junetino-
20 onepamopa A. Takum 00pasom, KaykJIOMy JIMHEHHOMY OIepaTopy MOXKHO
TIOCTABUTH B COOTBETCTBHUE MATPUILy. 3a/laHUE MATPUIIHI TIOJHOCTHIO ONpe/ie-
JIeT JIMHEHHDBIN ormepaTop.

Boisejiem GopMyity Juisi BBIYUCICHUS KOOPJMHAT 0Opa3a MPOU3BOJILHOIO

BekTopa T. Ilyctn omeparop A : R, — R,,,. Boibepem 6azucwt €1, és, ..., €,
B mpoctpancrse R, u fq, fo, ... ,Tm B nmpocTpaHcTse R,
[Iycre T = (21,%9,...,%,) = Zaj €; — UPOM3BOJIbLHBIA BEKTOp B R,
- 1=1

7= (Y, ¥2-- Ym) = > ¥if; € Ry — obpas sekropa T, A = (ai;) —
MaTpHUILA, JmHeﬁHoro oneparopa A. Toma

AT = (szez) - ZA - zmz a;if,) = ﬁ@ aiz)7,

=1 7=1 1=1
3amnuineM 3TH BBIKJIAJKKA MMOpOOHEH B KOOp,ILI/IHaTaX

Yy = Az = xl(a1171 —I—a2172+. . .+am17m)+x2(a1271 +a2272—|—. . .—I—amﬁm)—l-
.+ xn(alnfl + a2nf2 +...+ amnfm) - (.%'1&11 + Tol12 + ...+ xnaln)fl +

+($1a21 + Toa99 + ...+ $na2n)72 +...+ (leam1 + Tolmo + ...+ xnamn)fm

<|
||

B cumiy eIuHCTBEHHOCTH pPAa3JIOKEHUs BEKTOpa ¥y M0 0asucy uMeeM
n

= Z SUZ‘CLji.
=1
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4
Y1 = x1a11 + T2a12 + ... + XTpay,
Yo = X111 + T2a12 + ... + Tpayy,
WJIM B KOOPJIMHATAX 4 ,
| Ym = Tian + xoa19 + ... + xHha1,
1 MaTPUIHOR dopme
U1 T
Y2 X9
=A (19.2)
Ym Ln

Mpl mokazaJm, 4To s 3ajaHus JguHeinoro omeparopa A @ R, — R,
JIOCTATOYHO 3aJ1aTh 00pa3bl OA3UCHBIX BEKTOPOB. 3aJlaHUEM 3TUX 00pa3oB
OIIePaTOP OIPEJIE/IsIeTCsT OJHO3HATHO.

CdopmynupyeM HECKOJILKO TEOpeM O JIMHEHHBIX OllepaTopax:

Teopema 19.2. Ilycmv €1,€s,...,€, — basuc 6 npocmpancmee R,
fisfay oy fr — npoussoavrvie sexmopa 6 npocmpancmee Ry,. Tozda cywe-

cmeyem eduncmeennud onepamop A : R, — R,,, maxot wmo Ae; = f,.

Tak kax Bce onepalnnm HaJl JUHENHBIMUT orepaTrTopaMm MOXKHO CBECTH K

ornepanusaM HaJ MaTpUIAMU OIePaTOPOB, TO CIIPaBEJJIMBA TeOpeMa

Teopema 19.3. Mampuua npouseedenus onepamopos AB pashna npousse-

denuro mampuy, onepamopos A u B.

B npoctpancree R,, 6a3uc MOXHO BBIOpATh Pa3JIMUHBIMU CIOCOODAMHU, HO
TOI'JIa U MATPHUIIBI OllepaTopa B pa3HbIX 6asucax OynyT pasubiMu. CBA3b MEXK-

Jly MaTpUIlAMU OTlepaTopa, B Pas3HbiXx Da3ucax BbIPpaXKaeTCs TEOPeMOoil

Teopema 19.4. Mampuuw A u A* aunetinozo onepamopa A 6 basucar {€;}
u {7]} ceazanv, coommuowenuem A* = C~TAC, 2de C' — mampuya nepexoda

om 6asuca {€;} & basucy {f;}.

Teopema 19.5. Onpedesument mampuvl AUHETHO20 ONEPAMOPL HE MEHA-

emcsa npu nepexrode x Hoeomy 6asucy.

DTy TeopeMy JIOKaXKUTe CaMOCTOSTETHHO.
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ITpumep 19.1. [oxaxxure, ato orneparop A, peiicTByromuii o 3akony AT =
(221 4+ 9+ x3, X1+ T2, 229 — 3x3), JuHeitubiii. Haiijure marpuily oneparopa

B KAHOHUIECKOM basuce u obpas BekTopa a = (3;2; —1) nByMs crocobaMu.

Pemmenne . [okaxewm smneitnocts omeparopa A.
1) (2(x14y1)+(zoty2)+(3+ys), (x1+y1)+(234y3), 2(22+y2) —3(22+y3)) =
(2x1 + 9 + x3, T1 + X2, 222 — 373) + (241 + Y2 + Y3, Y1 + Y2, 22 — 3y3), TO
ectb A(T +7) = AT + Ay ;
2) A(ax) = (a(2x1 + 22 + x3), a(x) + X2), (229 — 3x3)) =
= a(2z1 + 2 + 3, T1 + T2, 29 — 3x3) = AT,

ITo onpenenennio onepaTop A — MUHEHHBIA.

Haitjiem marpuity oneparopa. st 3roro Haiijiem obpa3bl 6a3MCHBIX BEKTO-

pos Ae; = (2, 1, 0), Aex = (1, 1, 2), Aes = (1, 0, —3) u cocraBuM MaTpuiLy

21 1
omepatopa A=| 1 1 0
02 -3

Haiinem obpas BeKTOpa @, HOJACTABUB €ro KOOPAUHATHI B (DOPMYILy, KOTO-
poii 3aj1aercst oneparop: Aa = (6+2—1; 3+2; 2+3) = (7; 5; 5) u ucnosib3ys

MaTpHUILy OllepaTopa

21 1 3 7
Aa=| 11 0 2 =15
02 -3 —1 ot

Bamanne 19.1. Oneparop A geiicrByer B npoctpancTBe R3 mo 3akomy
AT = (2z1 — mp + 4wz, w1 + Swp — X3, 7wy + 4wp + 13). Jokaxure, uro

ornepatop A JMHERHDII.

Bamanune 19.2. Omeparop A neiicrByer B mpocTpancTBe Rs mo 3akomy
AT = (221 — x9 + 4xg; w1 + Hry — x3; 721 + 429 + 23). Haiiure obpasbi

Bekropos @ = (—1;3; —5) u b = (—4;1; —2) aByms# crocobamu.

Bamanue 19.3. Oneparop A jeiicrByer B npoctpancTBe Rg 1o 3akoHy
AT = [a,q], e ¢ = (—1;4;3). Hokaxure, uto omeparop A JnHEHHBII.

Haitinre maTpuity sToro oneparopa.
Baganme 19.4. [lokaxkure, uTo omueparop aud depeHnupoBanns (yHKIA

71



OJTHOM TTePEeMEeHHON ABJISICTCA JIMHEHHDIM.

Bamanue 19.5. Oneparop A jeiicrByer B npoctpancTBe Rs 1o 3akoHy
AT = (221 — z9 + 4521 + 29 — x3; T2 + 429 + 23). IIpoBepbre, Gymer m

orepatop A JMHERHDBIM.

§20. DJieMeHTHI TEOPUU MHOTOYJIEHOB.

Mmnozousernom or riepeMeHHON T Ha3bIBAETCS BbIPaXKeHUEe BUJIA
-1
f(z) =apx" + a12" " + ...+ ap_12 + ay, (20.1)

rjie n — TeJioe HEOTPUIATEIBHOE TUCII0, A(, A1, - - -, (p_1, Gy — JIIOOBIE YUCTIA;
nupuueM ag 7 0. Hucsio n nasbiBaercst cmenenvio muozounena f(x). Koad-
buImenT ag — Ha3BIBAIOT cmapwum Kosgguyuenmom Muorousena f(x), a
caM OofHOYJIeH agr” — ero cmapwum wsenom. Koadpduimenr a, HasbiBaeT-
cst c60000nbLM yaenom. Muorodsen, crapimmit KoadGuimenT KOToporo paBex
1, HaswIBaeTcsa npusedennvim. MHOTOUWIEHBI, KaK U JiIOObIe ajrebpaniecKue
BBIPAYKEHMsI, MOYKHO CKJIAIBIBATH, BHIYUTATH U YMHOXKATH 110 OOBIYHBIM TTPa-
BUJIAM PACKPBITUS CKOOOK U 1PUBEJIEHUS 110/I00HBIX.

Bwmecro mepemennoit & B MHOrOWIEH f(2) MOXHO MOJICTABATH JIFOOOE THC-
J0 ¢. B pesynbrare 1mosydauTcs HEKOTOPOE UUCTIO. DTO UHUCJI0 HA3BIBACTCSH
anavenuem muozovaena f(x) npu x = c¢ (nnm B TOUKe €) U 0003HAUACTCs
aepes3 f(c). Uneno ¢ naspiBaercsa xoprem muozouaena f(x), ecan 3uadeHne
MHOT'OUJIEHA B TOYKE C PABHO HYJIIO.

BBejiem 1onsitue paBeHCTBa MHOIOWIEHOB. [[Ba MHOroujieHa HA3bIBAIOT-
Csl PABHBIMH, €CJTH OHU UMEIOT OJIMHAKOBYIO CTEIIEHb U WX COOTBETCTBYIOIINE
Ko puIreHTh paBHbI. TaKoe paBEHCTBO MHOTI'OYJICHOB HA3bIBACTCH PGGEH-

CMBOM 6 AN2EOPAUNECKOM CMBICAE, TO €CTh €CIIH
-1 -1
f(x) = apx"+a1x" " +. . Fap_1x+a,, g(x) =box"+biz™ +. . Fby_12+by

v muorousteHbl f(x) u g(x) paBubl, Tom = nu ag = by, ay = by, ..., a, = by,.
Opnako muorounen f(x) = apz" + a12™ 1 + ... + ap_17 + @, MOXKHO

paccmarpuBarh Kak ¢yukimo. JIa muorowiena f(x) u g(x) nasbatorcs
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paBHbIMH, eciiu Jiist iioboro ¢ € R f(c) = g(c). Takoe paBencTBO MHOTOUIE-
HOB HA3BIBACTCS PAGEHCTNEOM 6 (PYHKUUOHANLHOM CMBICAE.

HerpyjiHo jiokasarh, 4ro 9TH OlPEJIe/eHUsT IKBUBAJICHTHbI.

JLJ1st MHOTOUJIEHOB MOXKHO BBECTH OTIEPAIIUIO JICJCHNST MHOTOUICHA HA MHO-
rowieH. Byjgem rosoputh, 4to wmmozouaen f(x) desumca ma mmozousen
g(x) # 0, ecsn cyuecrByer Takoii MHOro4JjieH ¢(), 4To BBIIOJHACTCH Pa-
BEHCTBO

F(@) = 9(x) - 4(x) (202)

Ecmn f(z) memmrea wa g(x), To 910 mpuHATO 3amuchiBaTh Tak f(x)ig(x).

Muorousen ¢(x) B pasencrse (19.2) naspiBaercsa wacmmuoim ot jenenns f(x)

na g(z). Samernm, uro MuHorowien g(x) B pasercrse (19.2) onpejessiercst
OJTHO3HAYHO.

JemMocTb MHOTOUJICHOB CBOMME CBOCTBAME TTOXOXKA HA JICTUMOCTD 116

JIBIX 9MCeJI. YKaxkKeM Ha OJ[HY BaXKHYIO0 aHAJIOIHIO.

Teopema 20.1. (0 meseHuun ¢ octarkoMm). s 4106020 mnozousena f(x)
u N106020 HeHYAe6020 mHozouaena §(x) cyuecmeyem eQUHCTNEEHHAA Napa

MH0204.0e106 q(x) u r(x), dada KOMopol BLNOAHACCA PABEHCTNEO

flz) = g(x) - q(z) + r(z), (20.3)

ede mnozounen () Aubo nyae6ol, AUOO UMEEM CIMENEHD, MENLUWYIO YeM

cmenens g(x).

Ha npakTuke Jij1s1 HaXOXKJICHUST YACTHOTO U OCTATKA OOLIYHO NPUMEHAIOT
METOJT BLIUNCICHNUsI, Ha3BaHHbI " nesenne yriaom".

dcuo, aro f(x) menurcs wa g(x) Torjga W TOJIBKO TOT/A, KOTJA OCTATOK
r(x) or penenuns f(x) va g(x) paBeH HyIO.

Paccmorpum fenenne Muorotwsiena f(x) Ha JUHEHHBIH AByUICH T — .

Teopema 20.2. (Besy) Ocmamox om deaenua mnozousena f(x) na dey-

YAEH T — & PaGeEH 3HAYEHUNO MHO20YAEHA f(x) 6 movyke r — (.

Joxazameavcmeo. Pacemorpum mpousBosibHbIil MEOTOWIEH () 1 pasieanm

€ro ¢ OCTaTKOM Ha ABY4YJICH T — (. Tak kKak creneHb 3Toro ABY4YJICHA PaBHA
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1, To ocrarok b0 paBeH HYyJIIO, JIOO UMeeT HyJieByto crernieHb. VI B ToM u B
JPYIOM CJIydae OCTATOK T €CTh YMCJI0. SHAYUT, MHOIOYJIEH MOXKHO 3allCATH B
sujie f(x) = (r—a)-q(x)+r. IlonokuB B 9TOM TOXKIECTBE T = (v, TOJIYINM,
aro f(a) =r. O

PaccMoTpuM HECKOTBKO CHEJCTBUI U3 9TOM TEOPEMBL.

CaenacrBue 20.3. Muozouaen f(x) deasumesa na x — o mozda u moavko

moe@a, K0200 YUCAO O ABAAECMNCA €20 KOPHEM.

f(@) = (z —a) - q(x) (20.4)

CaeacrBue 20.4. Ecau aq,Qo,...,Qp — passudmovie KOPHU MHO204AEHE

f(x), mo f(x) deaumca na npoussedenue (r — ar)(x —ag) ... (xr — ag).

f@)=((r—a)- (@ —as)-...- (2 =) q(@) (20.5)

CaencrBue 20.5. Qucao pasiuunoir kopHets MHO20UAEHA, OMAUYHO20 O

HYAA, HE boADULE YeM €20 CMENEHD.

Eciu aucno « sBisiercst kopaeMm Muorowiena f(z), To mo teopeme Besy
f(x) pemurcs va © — a. Ilpu 9T70M MOXKET 0Ka3aThCs, YTO YUCIO (v SIBJISIETCS
KopHeMm dacTHoro, Tormaa f(z) Gymer, nouaTHo, AeauThed Ha (T — a)? n Tax
najee. B Takux ciydasx dMCIIO (v HA3BIBACTCS KPAMHOLIM KOPHEM MHO20YUAE-
na.

Yucsio o HasbiBaercst KopHem kpamuocmu k muorowiena f(x), eciu f(x)

M1 1o ects f(x) = (7 —a)F-

nenutes Ha (v — a)¥, Ho He genmrea Ha (x — )
q(x) n q(a) # 0. Kopru kparroctu 1 Ha3bIBAIOT npocmovL.Mu KOPHSIMH.

B ciydyae MHOMOYJIEHOB € 11eJIbIMU KOI(DPUITUEHTAMU BCETJIa MOYXKHO OThIC-
KATh €r0 pAIMOHAJIbHBIE, B YaCTHOCTH, IeJble KOPHU, €CJIH, KOHEYHO, OHU
cytectByoT. Crocob OThICKAHWST PAIMOHAIBHBIX KOPHEHl MHOTOUJIEHORB C 116~

JIbIMU KO3(DPUIUEHTAME JIAETCs CJIEJIYIONIEN TeopeMoii.

p
q
HA ¢ UeAVMU KoIPPuyuenmamu, mo €20 c60000HIT wieH deasumca Ha P, a

Teopema 20.6. Eciu necoxpamumas 0pobv = AGAAENCA KOPHEM MHO20UNeE-

cmapwut xKoapduyuenm deaumes Ha q.

3 3T0ii TeOpeMbI BBITEKAET BazKHOE
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CaencrBue 20.7. Bce pauyuonaivhvle KOPHU NPUBLICHH020 MHO20UAEHA C
UEADIMU KOIPPUUUEHMAMU — UeAble U ABAANOMCA JesUMersmu c60600H020

YAEHA.

§21. CobcTBeHHBIE YHMCJa U COOCTBEHHBIE BEKTOPHI JIMHEITHOTO

oriepaTopa..

[Tycts onepatop A : R, — R,, (orobpaxaer R,, B cebst).

Omnpenesierue 21.1. Bektop T # 0 HA3BIBACTCS COOCTMEEHHBIM GEKMOPOM, A
TUCTIO A — COOCMBEHH LM YUCAOM JTTHEHHOTO ontepaTopa A, eciim oHn CBSI3aHbI

COOTHOILIIEHHUEM

AT = \T (21.1)

(roBOpsIT, 4TO B 9TOM CJIydae cOBCTBEHHbIH BEKTOP T OTBeYaeT COOCTBEHHOMY

qauciy A).

U3 ompenenenus: ciaemyer, 9T0 cOOCTBEHHBIA BEKTOp T # 0 mpu jmeiicTBun
oreparopa A mepexonuT B KOJJIMHEAPHBIH BeKTOp. B ¢BaA3m ¢ aTUM mOHSM-
THE COOCTBEHHOI'0 BEKTOPA, SIBJISIETCSI 1OJE3HbIM U YJAO0OHBIM IIPU U3yUEeHUH
MHOT'HX BOIIPOCOB MATPUUHON aJreOphl U ee IMPUIOXKEHUIA.

BosHukaer BOIPOC: IPU KaKUX YCJIOBUAX JIMHEHHBIN ollepaTop UMeeT coO0-
CTBEHHbIE BEKTOPbI. TakK y oneparopa 11oj001st Bce BEKTOPhI COOCTBEHHbIE, a
orepaTop MOBOPOTA HA YTOJ ¢ # T He UMeeT COOCTBEHHBIX BEKTOPOB.

Haiijiem yciioBust, Ipu KOTOPBIX JIMHEHHBIN olleparop uMeer coOCTBEHHbIE
BEKTODBI.

[Iycte A: R, — R, u T = (1,29,...,2,) # 0 — COOCTBEHHBII BEKTOD
nuHeiiHoro omneparopa A, To ectb AT = AT u A — MaTpuiia 3Toro omneparo-
pa. [lepenuiiem paserncrso (21.1) B KOOpJMHATHOM BHJIE:

a11x1 + apxe + ...+ apx, = )\1131

911 + A92T9 + ... + A2 Ty )\.172

nJjim

| am T + Gpoxo + ... F ATy, = AT,
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( (a11 — )\)xl + appxo + ...+ apxr, = 0
< a91x1 + (a22 — >\)ZE‘2 T QonTy — 0
| a1+ @z + ..+ (@ — Nz, = 0

B MaTPpHUYIHOM BHJE 9Ta CUCTEMa MMeEET BU/JIL:
(A— \E)T = 0. (21.2)

Cucrema n JMHEHAHBIX ypaBHeHI/Iﬁ C 1 HEU3BECTHbBIMU MMeEET HETPUBHAJILHOE

perienne, ecjiv ee onpeJienTesn pasen (.

|A—AE| =0 (21.3)
U
ail — A\ aq9 . ain
as1 Ao — A ... Qop, _o. (21.4)
an1 ano ce Qpp — A

Ompenenurens |A — AE| gBaseTcst MHOTOWICHOM CTEIEHN 7. OTHOCUTEIHHO A
¥ HA3BIBACTCS LAPAKMEPUCTNUNECKUM MHO20Y4AeHOM, & PaBeHCTBO (21.3) Ha-
3BIBACTCST TAPAKMEPUCMUECKkUM Ypasreruem oneparopa A. Pemmum ypapre-
Hue (HaiiJleM ero KOpHU A1, Ao, ..., A,). Ilojcrasiss HaiigeHHbIe COOCTBEH-
Hble 3HaUeHUA \; B cuctemy (21.2), HaiijieM cOOCTBEHHBIE BEKTODBI T;, OTBE-
Jaloue COOCTBEHHBIM UUCIAM ;.

Bce BuIuncieHnst KOppeKTHBI, TaK KaK CIPaBeIINBa TCOPEMA:

Teopema 21.1. Xapaxmepucmuueckuil MHo204AEH AUHETHO20 ONEPAMOPA

He 3asucum om ewvbopa ba3uca.

Joxasameavcmeo. Ilycrs A — marpuna oneparopa A B Gasuce {€;}, A* —
marpuia oneparopa A B Gasuce {fj}, C — marpura nepexoja or Oasuca
{€;} k Gazucy {E} ITo Teopeme 19.4 A* = C~'AC. PaccmorpuM u npeob-
pasyeMm xapakrepucruueckuit muorowien |A* — A\E| = |C71AC — \E| =
= |C'AC — MCTIEC| = |C7YA — XE)C| = |C7Y|A — ME||C| =
=|A - A\E||C71C| = |A - \E|. O
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ITpumep 21.1. Haiijiure cobcrBennbie uncia 1 cCOOCTBEHHBIE BEKTOPHI Olle-

paropa AT = (2z1 + 3z, 221 + 9, 1 — 319 + 273).

Pemienne . Haijinem o0pa3nl  BEKTOpOB  KaHOHHYECKOTO  Dasuca:
Aey = (2,2, 1); Aes = (2,1,0); Aes = (1, —3, 2) u 3anumeMm MaTpu-
2 3 0
Iy oneparopa B 3roMm basuce: A= | 2 1 0
1 -3 2

CocTaBuM ¥ pelmmM XapaKTepUCTUIEeCKOe YpaBHEHNe
2—X 3 0
|A— A\E| = 2 1—-X 0 = 0.
1 -3 2-=A
PackJiaibiBasi onpejiesiuTesib o TpeTbeMy CTOJIOIY, MOJIyUUM ypaBHEeHHEe
2=M(2=XN(1=X)=6)=0mumm (2—N)(\ -3\ —4) =0. Pemus ero,
HalijieM coOCTBEHHbBIE Ynciia oneparopa: A = —1, g =4, A3 = 2.

Yrobbl HaliTu COOCTBEHHbIE BEKTOPDI, /I KaXJIO'0 3HAYEHUsl A peliuM

CUCTEMY
2—X 3 0 1
(A= AE)X = 2 1—-X O ro | =0.
1 -3 2— A T3
Paccmorpum A\ = —1. Banwuiem cucremy ypaBHEHU
3%1 + 3$2 =0
To — —I
211 + 219 = (0 . Ee oGmiee permenune 4 -
T3 — —3561

r+1—-3x9+3x3 = 0
[Tomyumam cobcrBenublit BekTop ¢ = (3, —3, —4) (MOXKHO B34TD J11000# KOJI-

JIMHEAPHBIH €My BEKTOD ).

Paccmorpum Ay = 4. Banuiiem cucreMy ypaBHEHUM

—2x, 379 = 0
T9 = —1, 5%1
2x1 — 319 = (0 . Ee obiee perienne )
T3 — —0, 555'1
r1 — 35132 — 2(L‘3 =0

[Tostyumn cobcTBEHHBII BEKTOD ¢y = (2, —3, —1).

Paccmorpum A3 = 2. 3anuiiem cucteMmy ypaBHEHUI
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3.%2 =0
L1
201 — To = (0 . Ee obiiee pemenne
To =
r1 — 31’2 =0
[Tosyumsum cobersennniit Bektop ¢3 = (0, 0, 1) (x5 — cBoGOAHOE HEM3BECTHOE).
Cobersennbie BekTophl oneparopa A: ¢ = (3, =3, —4) orBeuaer cob-
cTBeHHOMY 4dnciiy \; = —1, Gy = (2, —3, —1) orBeuaer cOOCTBEHHOMY YUCITY

Ay =4,¢3=((0, 0, 1)) orBeuaer cOOCTBEHHOMY UHCTY A3 = 2.

ITpumep 21.2. Haiigure coOCTBeHHBIE UKCa 1 COOCTBEHHBIE BEKTOPHI MAaT-

3 —1 1
puibt A= | 4 —1 2
8 —4 5
Pemmenne . st marpuiis A cocraBuM U PELIM XapaKTePUCTUICCKOE YpaB-
HEeHUe
33—\ -1 1
|A— \E| = 4 —1-X 2 = 0.

8 —4 5=
PackyaibiBasi onpejieTuTesb M0 MEPBOMY CTPOKE, MOJYUUM ypaBHEHUE
B=XN)((=1=XN)B=XN)+8)+1(4(b—N)—16)+1(—=16—8(—1—=X)) = 0 nm
— M+ 7A2— 11X +5 = 0. Pemus ero, naiijieM cobCTBEHHbIE YUCJIa, ONIEPATOPA:
A2 =1, A3 =5.

Yrobbl HalTU COOCTBEHHBIE BEKTOPHI, JIJIsi KaXXJI0M0 3HAYCHUS A pelmM

CUCTEMY
3—A —1 1 T
(A= AE)X = 4 —-1-X 2 xy | =0.
8 —4 5— A X3
Paccmorpum A = 1. BanuieM cucreMy ypaBHEHUt
2I1 — X9 + T3 — 0
4oy — 229 + 223 = 0 . Ee obmiee pemenue rs = xo — 217

I
o

8x1 — 43?2 + 4.%‘3
[Tosyunin, aro cobcTrBeHHOMY YUCIy A = 1 OTBEYalOT JIBE JIMHEHO He3aBH-

CHMBIX cOOCTBEHHBIX BekTopa ¢ = (1, 0, —=2) u & = (0, 1, 1).

Paccmorpum A = 5. 3anuiieMm cucreMy ypaBHEHMI
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—2331 — X9 + T3

Ty = 2.%‘1
4$1 - 61‘2 + 2563

0 . Ee obiiee perienne
r3 = 417
8331 — 4:62 =
[Tosryumnu coberBennblit BekTop ¢3 = (1, 2, 4).
Cobersennbie BeKTOpb oneparopa A: ¢ = (1,0,—2) u & = (0, 1, 1)
orBedatoT cobcrBernomy unciy A = 1, ¢35 = (1, 2, 4) orBedaer coOCTBEHHOMY

qucay A = 5.

PaccMmorpuM cBoiicTBa COOCTBEHHBIX UMCEJ U COOCTBEHHBIX BEKTOPOB JIH-
HeitHoro oreparopa A.

IIpengioxxenune 21.2. Eciu coberBennblit Bekrop T # 0 orBedaer cod-
CTBEHHOMY UHCJIy A, TO JiJisi JII0OOTo uucyia o # 0 BeKTOp o Takxke Oyjer
COOCTBEHHBIM BEKTOPOM.

D10 Bepho, Tak Kak A(aT) = AT = a(A\T) = A(aT).

Teopema 21.3. Jluneiinas koMOMHAIIMSA COOCTBEHHBIX BEKTOPOB OLIEPATO-
pa A, oTBeUAOINX OJHOMY COOCTBEHHOMY UHCJYy A, TaKKe SIBJIsIeTCsS cOO-
CTBEHHBIM BEKTOPOM 3TOI'0 OIE€paTopa.

HokazaresbeTBo. Eciiu T # 0 u iy # 0 — coOCTBEHHBIE BEKTOPBI, OTBE-
JaIOIINe OJHOMY YUCIY A, TO JJIst JIIOObIX uncesn o u [ BekTop aT + [y # 0
Takzke Oyjer cobcrsennbiM BekropoMm. Jeitcrsurensio, A(aZT+f7y) = a AT+
BAY = a)T + BT = MaT + 07). O

CanencrBue 21.4. MuoxxecTBO COOCTBEHHBIX BEKTOPOB, OTBEYAOIIUX O/I-
HOMY COOCTBEHHOMY YHUCJIYy A BMECTE C HYJIEBbIM BEKTOPOM 00Opasyer JIMHeil-
HOE IOJIIIPOCTPAHCTBO B IpocTpancTBe R,,.

Onpegenuresb |A— AE| siBjisieTcsi MHOrOYJIEHOM CTEIIEHU 7 OTHOCUTEJIbHO
A. o reopeme Besy, ecin \g — Koperb MHOrOWIEHa, TO ecTh P()g) = 0, TO
P(A) = (A= X0)*Q(N), e Q(A\g) # 0. Ecim k = 1, T0 \g — mpocToii KOpeHs
MHOTouJieHa, ecjii k > 1, T0O \y — KOpeHb MHOTO4JIeHA KPATHOCTH k.

Hmeer MecTo Teopema.

Teopema 21.5. Ecin \g — KOpeHb XapaKTepUCTUIECCKOIO MHOIOUJICHA
KpaTHOCTH k, TO eMy COOTBeTCTByeT He Oosiee k cOOCTBEHHBIX BEKTOPOB.

Teopema 21.6. CobOcTBeHHBIE BEKTOPBI T1, L9, . . . , Ly, JAHEHHOIO Olepa-
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Topa A, oTBedalome pasindHbIM COOCTBEHHBIM THCIAM A1, A9, ..., Ay, JIW-
HEHO HE3aBUCUMBIL.

Hamnbosiee TpOCTBIME JTMHEHHBIME ONEPATOPAME  SABJISIOTCS  ONEPaTO-
pbl, KOTOpbIe HUMEIOT 7N JIMHEHHO HE3aBUCUMbBIX COOCTBEHHBIX BEKTO-
pOB  €1,€9,...,E,, OTHOCHAIIMUXCH K Pa3JIMIHLIM COOCTBEHHBIM YKUCJIAM
A1, A2y .oy Ap. IpuHSIB BEKTODBI €1, €9, . . . , €, 32 Ha3UC (9TO MOKHO CJIEJIaTh,
TaK KaK OHU JIMHEWHO He3aBI/ICI/IMb1), M BBIYUCUB nxX 00pasel Ae; = \;e;, Haii-

JIeM MaTpHUILy JIMHEHHOT'O ollepaTopa B 9ToM Oasuce

A0 .00
0 XA ... O
0 0 ... M\

CupapeiiuBa Teopema

Teopema 21.7. Marpuna JimHeiiHOTO oniepaTopa B 6a3uce, COCTOSIIEM U3
COOCTBEHHBIX BEKTOPOB 3TOI'0 OllepaTOpa, MMeeT JiMaroHaJbHbIH BuU/I.

Bepno u obparHoe yTBepXKIeHHe:

Teopema 21.8. Eciun marpuima JjmHEHHOro omeparopa A B HEKOTOPOM
Oazuce sABJIIETCS JIMaroOHaJIbHOM, TO BCE BEKTOPbI 3TOI0 6a3uca — cOOCTBEHHBIE
BEKTOPbI JINHEHHOI'O OIepaTopa.

U3 Teopem 21.7 m 21.8 cienyer BaxKHoe yCJOBHE, JOCTATOUYHOE JIJIs TO-
ro, 4to juisi oneparopa A cymecrBoBas 6a3uc, COCTOANMI U3 COOCTBEHHBIX
BEKTOPOB.

Teopema 21.9. Eciu onepatop A nmeer n pa3iudHbIX JeHCTBUTEILHBIX
cOOCTBEHHBIX 3HAYEHUI, TO B JIMHEHOM 1pocTpancTie R, cymiecrByer 6a3uc
13 COOCTBEHHBIX BEKTOPOB JIMHEHHOrO oleparopa W MaTpHIla olIepaTopa B
9TOM Dazuce uMeeT JUaroHaJbHbIA BUJI.

Teopema 21.10. CobcrBennble Unc/ia JUHEHHOTO orneparopa 00J1a1aior
CJIeYIOITUMU CBOMCTBAMMU:

1. CymMa coOCTBEHHBIX THCES MATPUINIBI A paBHA CJIe/ly 9TOH MaTPHIILI,
TO €CTh CyMMe €€ JIMarOHaJIbHbIX 3JIEMEHTOB.
2. IIpousBeenne cOOCTBEHHBIX UNCET MATPUIILI A PABHO OIPEIETUTEITIO

9TOA MATPUIIBI.
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Teopema 21.11. Yucsio, OTJIMYIHBIX OT HYJIsI COOCTBEHHBIX UKUCEJI MaTPH-
bl A, paBHO ee panry. B gacrHocru, Bce coOCTBEHHbBIE dmcjia MaTpuiibl A
OTJIMIHBI OT HYJsI TOJBKO TOI/A, KOra Marpuia A HeBBIPOXKIeHHASI.

Teopema 21.12. 1. Eciin \g — cobcTBEHHOE YMCJIO HEBBIPOXK IEHHON MaT-
punpl A, 7o 1/\g — cobersentoe uncno Marpunpt AL

2. Ecim \g — cobersennoe wmeno marpunsl A, o AE — cobersemmoe
ancso marpuisl AF st mo6oro nesoro k > 1.
Teopema 21.13. Ilycrs marpuna jmHeiHoro oneparopa A — cummerpu-
yeckas. lorma
1. Bce cobcTBeHHbIE UMCIa, CAMMETPUYIHONR MaTPUIIBI JIeCTBUTEIHLHDI.
2. CoberBeHHbIE BEKTOPHI CUMMETPUIHON MaTPHILhI, COOTBETCTBYIOIIUE
Pa3JIMIHLIM COOCTBEHHBLIM 3HAUEHUSIM, OPTOIOHAJIbHBI.

st mpuMepa paccMOTPUM  MaTpPWIy BTOPOro mopsiaka. Ilycth A =

a b
b ¢

— cCHMMeTpHYecKas MaTpulla IMopsjka 2. XapaKTepUCTHIECKOoe

a—A b
ypaBHEHuUe Jijisi 9T0# Marpuiibl umeer Buj| [A — \E| = b N 0
C —_
i A2 — (a+c)A+ac—b? = 0. JuCKpUMEHAHT IOJTyYeHHOr0 KBaIPATHOTO
ypashenns D = (a — c)? + 4b? neorpunaresen. 3HaUnT, ypaBHeHue UMeeT

JIBa AeMCTBUTENbHBIX KOPHS.

ITpumep 21.3. Haiijiure cobcTBeHHbIE UKCa B COOCTBEHHBIE BEKTOPHI Olle-

0 —11
patopa A= -1 3 2
1 2 3

Pemenune . Marpuma A — cummerpudeckast. [Tokaxkem, 910 coOCTBEHHBIE
YUCIa 9TOM MaTpullbl JIERCTBUTE/IbHBIE, 8 COOCTBEHHbIE BEKTOPA, COOTBET-
CTBYIOIIUE PA3TUIHBIM COOCTBEHHBIM YHCJIAM, TTOMAPHO OPTOTOHAJBHBI.
CocTaBuM ¥ permM XapaKTepUCTHIeCKoe ypaBHEeHNe
- -1 1
A=AE|=| -1 3—-X 2 = 0.
1 2 3-=A

PackaibiBasi onpeJieTuTe b M0 MEPBOMY CTOJIOIY, MOJYUUM ypaBHEHHE
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—XA34+6X2—=3X—10 = 0. Pemus ero, Haiijiem cOOCTBEHHbIE YHUCIIA ONEPATOPA:
A = —1, Ay = 2, \3 = 5. Haiiziem coOCTBEHHBIE BEKTOPDI.

CobcrBennbie BeKTOpbI onepatopa A: ¢ = (2,1, —1) orBeuaer cobeTBeH-
HOMY ancsty A\ = —1, ¢ = (1, —1, 1) orBedaer cOOCTBEHHOMY YHCITY Ao = 2,
¢3 = (0,1, 1) orBevaer cobcTBEHHOMY THCITY Ag = b.

[IposepuM, 4T0 COOCTBEHHDBIE BEKTOPLI OPTOrOHAILHLL. Tak
(¢i,62) =2-1+1-(-1)—1-1=0, (¢,c3) =2-0+1-1—-1-1=0,
(62,73) =1-0—1-14+1-1=0.

I3 paBencrsa HyJI0 CKAJISPHDLIX IIPOM3BEICHUN CJIEAYyeT MONApHAs OPTOrO-

HaJIbHOCTb BEKTOPOB.

ITpumep 21.4. B nekoropoii hbupme KOHTPOJUPYIOIKE TPUOOPHI IKCILIya-
TUPYIOTCs He GoJiee TPex JieT, TPUIeM €XKerojHO (B HAvaJIe rojia) 3aMeHsIeT st
30% 1tpubopoB, MpopabOTaBIIKX K 3TOMY BPEMEHM 2 T0Ja, U BCe NPUOOpHI,
npopaborasiiue 3 roja. [Ipubopsi, ipopaboTaBiiiue 10/ 3aMEHe He 1O/JIEXKAT.
Haiiiure ycToiamBoe pacipe/iesieHue mpruOOpoB IO CPOKaM IKCILIYATAIUN, TO

eCTh pacrpejiesienne ne MeHsoleecs n3 roga B TO/I.

Pemenne . Beejem obosnauenns: mycTb ;¢ — 9UCJI0 IPUOOPOB, KOTOPBIE K
HadasLy t-ro roja npopaborasn ¢ jer. Boipasum u,, qepes u; ;1 (i =1, 2, 3).
K nawasy rexymiero roga 1 roj mpopaboraror Te mpubopbl (X THCIO 000-
3HAYMM Yepe3 Uy ), KOTOpble ObLIN 3aMEHEHbI B HavaJe MPEJbIyINero, To
ecrb 30% npubopos, 1popaboTaBIIMX K Havaly HPeblLyHero roja 2 roja u

100% mpubopoB, TpOpabOTABIINX K HAUAIY IPEABLIYINEro rofa 3 roja:
urg =0 w1 +0,3 - ugp1+1-usg;1,

K nauaJsy rekyiero roja 2 roja npopaboraior re npubopbl (ux 4ucsio 06o-
3HAYUM T€pe3 Ug ), KOTOPbIe K HAUAJIY IPEBIIYIIEro roja npopadoranu 1

roji (OHU He ToJIIeXKaT 3aMeHe):
gy =1-upp—1+0- 11 +0-us;_1,

K mauasy Tekytiero rojga 3 roja mpopaboTalT Te mpubopbl (UX Iucso 0bo-

3HAYMM 4epe3 Ugy), KOTOPbIE K Hadasy MPEJBIIyIIero roja npopaborain 2
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roji U He ObLIM 3aMeHeHbl, To ecTh 70% or uucia npubopos, HpopabOTABIINX
2 roja:
ugy =0 w11 +0,7 - ugy_1+0-usg;_1,

ObozHauuB yepes

Uyt 0 0,3 1
U= | ugy A=11 0 O
Ugt 0 0,7 0
Oy IUM ypaBHEHUE
Aty = uy.

Pacrpenenenne npubopoB OyjieT yCTOHYUBBIM, €C/d He OyIeT H3MEHSIThCS
BEKTOD U, TO €CTh U;_1 — Uy W NIPU HEU3MEHHOM IIPOIEHTHOM COCTaBe I10

rojilaM cJjiy2k0bl BEKTOD U OYJIeT yJIOBJIETBOPSTH YPaBHEHUTO
Au = .

3HaunT, 9T00LI CYIECTBOBAJIO YCTONIMBOE pacipeenenne Marpuna A momk-
Ha UMeTh 1 cobcTBenHBbIM uncyioM. Haiijem cobcTBennbie ncia MaTpuIibl A.

st 9TOro cocraBuM XapaKTepUCTUIECKOE YpaBHEHUE.

—-A 0,3 1
IA-=XE|=| 1 =X 0 |=0 < —=X+03X1+0,7=0.
0 0,7 =\
D10 ypaBHeHue uMeeT €JIMHCTBEHHDLIN MeiCTBUTEJbHDBII KOPEHDb A= 1.

Haitjilem rernepb coOCTBEHHBIE BEKTOPbI, OTBEYAIOIIUE COOCTBEHHOMY YUCJIY

A= 1

-1 0,3 1 1
(A-1-E7 =0 <& 1 -1 0 T =0 <
0 0,7 —1 xs3
—x1+0,3r9+23 = 0 —0, 7z + 23
T — T =0 & r1—x9 = 0 &
0,709 —x3 = 0 0,7r9 —x3 =
r1 = X a
o= e 1 € R s z=| a |,as#0
0,709 —x3 =

rg = 0,7x 0,7a



Bamanme 21.1. [Iposepbre, uro BekTop @ = (1; —1; —1; —1) aBusiercs cob-
1 1 1

1 -1 -1
-1 1 -1
1 -1 -1 1

CTBEHHBIM BEKTOPOM JIMHEHHOrO oneparopa A =

—_ = =

Saganue 21.2. HaiijuTe coOCTBEHHBIE UKNCIa W COOCTBEHHBIE BEKTOPDI JIN-

reitrnoro oneparopa AT = (3x1 + 4x9; bxy + 2x9).

Saganue 21.3. Haiijute coOCTBEHHDBIE UKNCIa U COOCTBEHHBIE BEKTOPDI JIN-

Heitnoro omeparopa AT = (4x; — xo — x3; 6x9; 221 + Hxo + 23).

aganue 21.4. Haiigute coOCTBEHHBIE UKNCIa W COOCTBEHHBIE BEKTOPDI JIN-

Heitnoro oneparopa AT = (142 — vy — x3; 201 — 29 +4xg; x1 — 8xe + 1113).

3aganme 21.5. Haitjiure cobcrBeHHbIe YKCia 1 COOCTBEHHBIE BEKTOPDI JIK-

neiinoro omneparopa AT = (5x1 + 2x9 — 3x3; —x1 + x3; 1 + 229 — T3).

aganme 21.6. Haitjiure cobcrBeHHbIE YKCIa U COOCTBEHHBIE BEKTOPDI JIK-

Heiinoro omneparopa AT = (3x1 + xo; —4xy — x9; 41 — 819 — 213).

§22. Ksagparuynabie pOpMBbI.

HpI/I pemennn pa3JIMYHbIX IIPUKJIA/JHBIX 3a/Ja4 9aCTO IIPUXOJUTCA MCCIEI0-

BaTh KBaJpaTUIHbIe (POPMBI.

Onpepenenne 22.1. Keadpamuunoti gopmoti L(x1,xo,. .., x,) OT 1 mEpe-
MEHHBIX Ha3bIBACTCS CyMMa, KaXK/blil YIeH KOTOPOil sIBjsieTcs Jinbo KBaJipa-
TOM OJIHOM M3 NePEMEeHHbIX, JIMOO NPOU3BEICHUEM JIBYX PA3HbIX IEPEMEHHBIX,

B3STBIX ¢ HEKOTOPBIM KOI(MDDHUITMEHTOM.

L(ZEl, o, ... ,ZEn) = Z Z Qi T (221)

i=1 j=1
Bynem cumrarn, uro kKoaddunuentsl KpajpaTuinoil ¢opmbl a;; — Aeil-
CTBUTEJIbHbIE YUCIA, IpudeM a;; = aj;. Marpuna A = (a;5) (i,7 =1,...,n),
cocTaBJIeHHas U3 KOA(MMUIMEHTOB KBa,IpaTUIHON (DOPMbBI, HA3bIBACTCS MAI-

puuet xeadpamuunot gopmo.. Matpuna A saBiIsgeTcss CHMMETPUIHOIA.
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B marpuaHoiil 3anucu KBajpaTudHas (popMa nuMeer B/l
L=XAXT,

rie X = (21,2, ...,%,) — MATPHUIA-CTPOKA, [IEPEMEHHBIX.

IIpumep 22.1. 3anuimmre B MaTPUUHOM BHJE KBaJIpPaTUIHYIO (HOPMY

L(x1, 29, 3) = b} — 8w119 + 142973 + 325 — 923

Pemenwne . Haiijlem marpuily kpajiparudnoit ¢popmbl. Ke jpuaronasibabie
9JIEMEHTBI PaBHBI KO PUIMEHTaM MPU KBaJIpaTax MepeMeHHbBIX, TO ecThb 4,
1, —3, a pyrue — MOJIOBUHE COOTBETCTBYIONUX KOIDPUITMEHTOB KBAPATHY-

Hoit (popmbl. [ToaTomy mMarpuia KBajipaTudaHoi (POPMbI UMEET BHU /L

5 —4 0
A= -4 3 7 1 KBaJPaTUIHYIO0 (POPMY MOXKHO 3aIIUCATh
0o 7 =9
5 —4 0 I
L(l’l,xg,xg) = (l’l,:ljg,xg) —4 3 7 i)

0 7 -9 xs
BroisicHuM, Kak U3MeHsIeTCsl KBaJipaTudHas (popMa IIPU HEBBIPOXK IEHHOM
JINHEITHOM 1IpeodPa30BaHNK IIEPEMEHHBIX.
[Iycts  MaTpuipi-cTosioNer  nepeMenubix X = (71,2, . . . ,:zjn)T u

Y = (y17y27 R yn)T
HGBprO)K,ZLeHHaH ManI/Hla HOpH,ZLKa .

cesazanbl coornomennem X = CY, mne C = (¢;5) —

Teopema 22.1. Ilpu nesvipostcdennom AUHETHOM NPEOOPA30BANUL NEPe-

mennoir X = CY mampuua weadpamuunot dopmor npurumaem 6ud
A* = CTAC.
n n
Ksagparuunas dopma L(x1, Z2,...,2,) = Y, D G;jT;Tj HA3BIBACTCS Ka-

i=1j=1
HOHUYECKOT (I/IMeeT KAHOHUYECKUT sud), ecin a;; = 0 npu ¢ =+ 7.
n
L= ana:% + aggx% + ...+ annxi = Z aiixg. (22.2)
i=1
Marpuiia KBagpaTrudHoit popMbl, 3aJaHHON B KAHOHUYIECKOM BU/IE, SIBJISIETCS
JIMaroHaJbHOM.

CupasejijinBa Teopema.
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Teopema 22.2. Jlwbas keadpamuyunas dopma ¢ nomoubio HeGupOHcIeH-
H020 AUHETH020 NPEOOPA30BAHUA TNEPEMEHHLT MOHCEM OLIMb NPUEEIeHa *

KaHOHUYECKOMY 6UdY.

IIpumep 22.2. IIpuBejure K KAHOHUYIECKOMY BHJIY KBaJpPaTUIHYIO (DOPMY
L(x,y) = 322 — 122y + 2y° .

Pemenue . CravaJia BbljIe/IMM [TOJTHBIH KBaIPAT IIPH IEPEMEHHON X:
L(z,y) = 3(2? — 4oy + 4y?) — 12y + 2¢% = 3(x — 2y)? — 104>

[Tosyausu, 9T0 HEBBIPOXKJICHHOE JIMHEHHOE TTpeodpa3oBaHne r1 = x — 21,
Y1 = y UPMBOJUT JaHHyo KBaapaTuunyio opmy K suiy: Lyi(x1,y1) = 327 —
1042

Mo Ho 1peobpazoBaTh KBaJIpaTUIHYIO (POPMY ¥ JIPYTUM CITOCOOOM.
L(z,y) = 2(y* —6xy+92%) —1822+22% = 2(3x—y)?— 1522 Urak, BbiIoHuB
peoOpa3oBaHue To = T, Yo = 3T — Y, TOJYIUM JPYTroil KAHOHUIECKWI BU]T
KBa/IpaTUIHON (POPMBbI
L(z2,y9) = —1525 + 2y3.
ITpumep 22.3. IIpuBenure K KAHOHUIECKOMY BHJIY KBaJAPATUUIHYIO (DOPMY

L(x1, 29, 13) = 22 — 3w129 + 411703 + 20973 + 25 .

Pemntenne . ChavaJjia BbIIeJIMM TTOJIHBIH KBaJIpaT MPHU epeMeHHol T, a 3a-

TEeM IIPU HEePEeMEHHON To:
2 2
L = [x% — 21 (%(3.732 — 4:153)) + (l(gl'g — 4$3)> ] — (%(33:2 — 4x3)> +

2
20913 + x% = (xl — %:132 + 2:1:3> — %x% + 6x913 — 4x§ + 2x973 + :z:% =

2
(x1 — %$2 + 2x3) — % (az% — %1’2%3 + 28116:@2)) + % : %x% — 323 =

[\

2 2
<:1:1 — %SBQ + 2x3) — % <$2 — 1@6:1:3) + %7ZE§

[Tonyauiu, 4TO HEBLIPOXKICHHOE JIMHEHHOE IIPeodpa3oBaHue
Y1 =21 — %l’z + 213, Yo = X2 — %1’3, Ys = T3
IPUBOJUT JTAaHHYIO KBaJIPATUIHYIO (DOPMY K BHUIY:

Li(y1, 92, 93) = yi — %Z/g + %932,

MoxHo npeodbpazoBatTh KBajpaTuinyo GopMy u JIpyrum criocodom. Tak,

BLITIOJIHUB NIPEo0pa3oBaHue 21 = Ty, 29 = 21 + To + T3, 23 = %xl + 9,
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MOJIYUUM JIPYTOil KAHOHUYIECKUI BUJI KBAJIPATUIHON (DOPMBI

Lo(21, 22, 23) = %ZZ% + 23 — 25

Mbr BEAMM, 9TO KAHOHWYECKWH BUJ| KBAJAPATUIHON (DOPMBI HE SIBJISIETCST
OJIHO3HAYHO onpejeaeHHbiM. OjiHa U Ta Ke KBajparudHas (popMa MOXKeT
OBITH IIPUBEJICHA K KAHOHMYECKOMY BHJY PasHbIMHU criocobamu. OJHAKO I10-
JIyUeHHbIE PA3JIMYHBIMU CIIOCODAMKU KaHOHUYECKHEe (POPMbI 00JIa1al0T PSIIOM

ODIIMX CBOMCTB.

Teopema 22.3. (3akoH mHepHuu KBaApaTudHbix dopm) HJucio caa-
20EMBIT C TLOAOINCUMEALHUMU (OMPUUATEALNMU ) KOIPPuLuenmamu Karno-
HUYeCKk020 6uda K6aIPAMUYHOT POPMBL He 3a6UCUM 0, CNOCObL NPUGEIeHUA

Keadpamuunot Gopmovl x 2momy 6udy.

CrielyeT OTMETHTD. UTO paH2 Mampuss k6adpamuumnots Gopmol, Ha3bIBaE-
MBIl TaKXKe par2om keadpamuunoti popmol, paBEH TUCIYy OTAUIHBIX OT HYJIs
KO PUIMEHTOB KAHOHUYECKOI'O BU/Ia KBA/PATUIHON (DOPMbI U HE MEHSIETCs
P JIMHEHHBIX TTPeoOpPa3OBAHUSIX.

BexTopbl OpTOHOPMUPOBAHHOIO 0a3uca, B KOTOPOM KBajparTudHas (pop-
Ma MMeeT KAQHOHWMYECKNH B/, HA3bIBAIOTCS 24a8HbLMU OCAMUYU KGadPamuyrot
dopmor. I'naBHbIE OCH KBAIPATUIHON (DOPMBI COBIIAIAIOT ¢ OPTOHOPMUPOBAH-
HbIM 0a3MCOM, COCTOSIIIINM M3 COOCTBEHHBIX BEKTOPOB, KAHOHUYIECKHE KO-
gunenTs — ¢ COOCTBEHHBIMU YUCJAMU MATPUILbI KBAJIPATUYHON (POPMBI.

B mpumepe 21.3 maTpuia gBigeTcd CAMMETPUYIHOR, MOITOMY e€e MOXKHO
paccMaTpUBaTh KaK MaTpuILly KBaaparudanoi dopmbr L(w,y, 2) = 3y 4322 —
2xy + 2xz + 4yz. CobcrBeHHbIE Ync/ia U COOCTBEHHBIE BEKTOPHI TONH KBa,/I-
parugnoit opmbr: ¢ = (2,1, —1) orBedaer cOOCTBEHHOMY UHCITy A; = —1,
¢ = (1,—1,1) orBeuaer cobcrBeHHOMY UnCay Ao = 2, ¢3 = (0, 1, 1) orBeuaer
cobcreernnomy unciy A3 = 5. [To reopeme 21.6 BeKTOpPbBI €1, Co U C3 JIMHEHHO
He3aBUCHMBI. PaHee MbI MOKa3aJu, 9TO 3TH BEKTOPHI MOTMAPHO OPTOrOHAJhb-

Hel. Hopmupyem BekTopa:

el =+v4+1+1=+/6, rornac| =
G| = V1+1+1=+/3, rorna ¢ =

2 1.1},
V6 V6 V6
1. 1.1},
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3l =v0+1+1=+v2 rorua ¢ = O;L;L.
[ V2 Aa C3 NGRNG)

Bekropbl ¢}, 5, €5 00pa3yoT OPTOHOPMUPOBAHHBII Ga3uc.

Teopema 22.4. Pane xeadpamuunoti hopmvl He MEHACMCA NPU HEBDIPOIHC-

DEHHDIT NUHETHDIT NPEodPa306aHUAL.

Kpagpartuanas dbopma  L(x1,Zs,...,2,) HA3BIBACTCA NOAOHCUMEALHO
(ompuyamenvro) onpedesernot, ecam MU BCEX 3HAYCHUSAX MEPEMEHHbIX, U3
KOTOPBIX XOTsI ObI OJHO OTJUYHO OT HYJIsI, CIIPABEJIIMBO HEPABEHCTBO

L(zy,29,...,2,) >0 (L(z1,22,...,2,) <0).

Teopema 22.5. Jlaa mozo, wmobv, keadpamuunas gopma L(x1, e, ... Ty)
OviAa noaodCUMENvHO (ompuyamenvro) onpedesernot neobrodumo u do-
CMamouro, ¥mobvl 6ce cobcmeenmve Yucaa A; mampuuv, A xeadpamuunot

dopmol Golau nososcumessHDL (OMPULAMENDHDL).

B psje ciydaeB npu yCTaHOBJEHWM 3HAKOIMOCTOSIHCTBA KBaJIPATHIHOM

dopmbl yj100HO ObIBAET HPUMEHUTH CJIEJIYIONIMI KPUTEPUIi.

Teopema 22.6. (kpurepuit CusibBectpa) /a4 mozo, wmobvl keadpamu-
HaA HOPMG ObLAG NONOAHCUMEALHO 0NPedeseHHot HeodLToduUMO U JoCmamo -
HO, 4MOOVL 8CE 24A6HBIE MUHOPYL MAMPUULL IMOT PHOPMBL OBLAU NOAOIHCU-
meavhor, mo ecmov Ay > 0, Ay > 0,..., A, > 0. Keadpamuunas dopma
bydem ompuyamesvHo onpedesennotl, ecat 3HAKY 2AG6HLLT MUHOPOE Yepe-

dyromes, npuvem Ay < 0.

IMpumep 22.4. Tana ksajgparuunas dopma L(zy, 19) = 1323 — 62129+ 523
JlokakeM, 9To OHa SIBJISETCS 3HAKOOMPEIEIEHHON (TO €CTh MOJOKHUTETbHOI

VI OTPHIATETHHOI ).

13 -3
Pemenune . Sanumem marpuily KBajgparuaroit (hopmbr A =
-3 5
1 criocob. Haitjiem coberBernble uncyia 3Toit MaTpuisl. s sToro pemmum
13—X -3
xapakrepucruieckoe ypapaenue |[A—\E| = 0, 1o ectb 5 5 =

i A2 — 18\ + 56 = 0. IMosmyunsn, aro A\ = 14, Ay = 4. Tak Kak KopHH
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XapaKTEPUCTUIECKOTO YPABHEHUsT ITOJIOXKUTEIBHBI, TO KBaJApaTuIHas (popMa,
HOJIOXKUTETLHO OIPEJIeJICHA.
2 cnocob. Cornacno kpurepuio Cunbectpa Ap = 13 > 0, Ay = 56 > 0.

SuaunT, KBajpaTndnas popMa MOJOKUTETHHO ONpeIeeHa.

IMpumep 22.5. lana kpagparudnas dopma L(xy, 1o, 13) = 423 — 61129 +
4x1w3+425+ 323, lokaxkeM, 9TO OHa ABJIACTCA 3HAKOOIPEIGTCHHOM (TO eCTh

TOJIO?KATEJILHON UJTH OTPUIATENHHOM ).

4 -3 2
Pemienne . Haiinem marpuiy ksajgparuuanoit opmot A = | =3 4 0
2 0 3

Cormacuo kpurepuio Cumbectpa A = 4 > 0, Ay =7 > 0, A3 =5 > 0.

Kpajiparnanasi ¢popma, TOJIOKUTEJIHLHO ONPEJIeICHA.

§23. Mogenp JIeonTheBa MHOr0OOTpacC/IeBOro GaJjiaHca.

DddexkTuBHOE BeeHrne MHOIOOTPACIEBOIO XO3SHCTBA HPEJIIOIAraeT HAJIK-
ype OajiaHca MeXJly OTJIeJbHBIMU OTpacjsaMu. [Ipu aToM Kaxkjast OTpac/b
BBICTYTIAET JIBOSIKO: C OJHON CTOPOHBI — 9TO MPOU3BOINTENH TTPOLYKIUH, 8 C
JIpyro#t — norpeduresib CBOE HPOAYKIUU U HPOJLYKIUHU, IPOUBBEJIEHHON JIPY-
ruMu oTpaciasiMu. HarispHoe BeIpazkeHne 9TUX B3aUMOCBsI3eil MexK 1y oTpac-
JISIMU OTParkaeTcst B Tab/IUIAX, HA3bIBAEMbBIX MaAOAUUGMU MEACOMPACALEO20
banranca. Vjaest oopaborku Takux rtad/ui Oblia ¢chopMyJMpoBaHa B TPyLax
COBETCKUX YKOHOMHUCTOB, HO MaTeMaTU4ecKasl MOJIeJIb MEeXKOTpacjeBoro Oa-
JlaHca ObLia pa3paboraHa aMepuKaHCKUM sKoHOMuUCTOM Bacunnem Bacuiibe-
sudem Jleonrbebim (B 1925 1. Jleonrhes smurpuposas uz CCCP). B 1936
roay B crarhe "Quantitative Input and Output Relations in the Economic
System of the United States" on Bmepsbie onmcas nmpuMeHenne JaHHONH MO-
nesn B sxonoMmuke CIIIA. B 1963 romy 3a paboTbl B 00J1aCTH SKOHOMUKH
JleonTheBy OblLTa npucyxkjaeHa HobemeBckast mpemus.

Pazjinuator 3aMKHYTYIO ¥ OTKPBITYIO MOjiesin JIeOHTheBa.

MbI paccMOTpUM yIPOITEHHBIH BaApHaHT OTKPBLITOH Mojenn JleoHThesa.

[Ipeanonoxkum, 9TO paccMaTpUBaAIOTCI T OTPacjeil ITPOMBIILIEHHOCTH,
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KaskJiaslk U3 KOTOPBIX MPOU3BOJUT CBOIO MPOAYKIMIO. Kcam BCs TPOLyKIIAn
UJIeT Ha BHYTPHUIIPOU3BOACTBEHHOE HOTPEOICHUE STOH OTPACIbIO U JIPYTUMU
OTPACJISIMU, TO OIMCHLIBAIOIIAA TaKyI0 CUCTEMYy MOJieJib JIeOHTheBa Ha3blBa-
eTcsl 3aMKHYMOT, €CJIA YKe JaCTh MPOAYKIIMH [IPeIHA3HATEHa, JIJIsT BHEITPOU3-
BOJICTBEHHOTO 1MOTPEOsICHUs (JIMUHOIO U ODIIECTBEHHOIO), TO TAKyI0 MOJIE/b
JleoHTheBa, HA3BLIBAIOT OMKPLLMOTL.

PaccmorpuM mporiece pou3BoJCTBA 33 HEKOTOPBIH Meproji BpeMeHn (Ha-
IpUMeEp, 3a 1oj).

Beejem coiepytormue obos3uauenus:: x; — oommit (BagoBblil) 00beM MpoJIyK-
nun 4-toii orpacin (i = 1,2, ..., n); x;; — 00beM HPOAYKIUH §-TOi OT-

pacsiu, 1orpediisieMblii j-T0# OTpac/bio B 1ponecce npousBojcra (i,j =

1,2, ..., n); y; — 06beM KOHEYHOrO MPOJYKTA i-TOH OTPACIU JIJIs HEIpO-
M3BOJCTBEHHOrO0 IoTpebaenus nin X = (11, Ta, ..., T,)! — BEKTOP BAJIOBOTO
BITYCKa HpoayKiun, Y = (Y1, Y2, ..., Yn)? — BEKTOP KOHEYHOrO HPOJLYKTA.
[IpousBojicTBeHHOE Koneunoe | Basobrit
oTpedIeHIe noTpebJIeHNe | BBIIYCK
r1l T2 T3 -.- Tip Y1 I
L21 T22 T13 ... T2p Y2 L2
Tnl Tp2 Tp3 ... Tnpn Yn T

[IpuBeierHyto Bbillle TAOJINILY HA3BIBAIOT MAOAUUET MEHCOMPACAEBO20 0~
AAHCE.
Tak kKak 00beM MPOAYKIHK JIIOOOH OTpacu paBeH CyMMapHOMY OO0beMy

HPOJLYKIIMH, TOTPEOJIsieMOil BCEMU 1. OTPAC/IsIMU, U KOHETHOI'O MPOJLyKTa, TO
n

vi=>» ity (=12 .., n) (23.1)
j=1

Ypapuenus (23.1) HA3BIBAIOT COOMMOUENUAMU OANANCA.
BeneM xoappuruenmor npamoir 3ampam Aad mexnoso2ueckue Kodphdu-

UueHmsl
'Tz'j
a;; = —L 23.2
= (232)
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MOKA3bIBAIOIIME 3aTPAThl MPOJIYKIUUA 2-TOM OTpaC/iM Ha MTPOU3BOJICTBO €J11-
HUIbI LPOJIYKIMU J-TON OTPACIIU.

SanuineMm ux B BUJE MATPHUILI A, KOTOpas HA3LIBACTCS MAMPUUET NPAMOLT

3ampain
ailr a2 ... QAip
a21 A929 ... Q92p
A= (23.3)
ap1 Ap2 ... QApp

Koadpduimen sl npsgMbIX 3aTpaT HEOTPUIATEbHbI U Ha NPOU3BOJICTBO JIFO-
00t TPOIYKIINK HEIIOCPEICTBEHHO 3aTPAINBAETCS IIPOJIYKITNs XOTsI ObI OTHOIO
BH/JIA.

Marpuily, Bce sjieMeHTbl KOTOPOW HEOTPUIATE/IbHbI, U B KaXKJIOH CTPOKE
UJTU CTOJIONE KOTOPO#i XOTs ObI OJMH SJIEMEHT OTJIUYEH OT HYJIs, B 9KOHOMHUKE
HA3bIBAIOT Heompuyamervnot n 3anuckiBalor A > 0. 910 o3Hagaer, ITO
MaTpPUIA NPSIMbIX 3aTpar A Heorpunaresbua. AHAOTMYHO, BEKTOP BaJOBOTO
BBIITYCKa MPOAYKIINA U BEKTOP KOHEUYHOI'O MPOAYKTa TaK>Ke HeOTPUIATETHHBI
X=20Y >0

3yuasi passure aMEpUKAHCKON 9KOHOMUKHU B 1IPEIBOCHHbI 1epro (30-e
rogpl XX Beka), JleoHTheB 0OpaTu BHUMAaHUE HA TO, UTO B TEUCHUE DA
JerT Koa(pDUIMEHThI NPAMBIX 3aTPAT @;j OCTAIOTCs MOCTOSHHLIMU U HE 3a-
BUCIT OT 00'beMa, BBIIYIIEHHON NPOJAYKIUMU, YTO OOYCJOBJIEHO TPUMEPHbIM
IIOCTOSIHCTBOM HCIIOJIb3YEMbIX TEXHOJIOIU. DTO 00EeCIIeUnBaACT AUHETHYI0 3a-

BUCUMOCTD MaTEePHUAJIbHBIX 3aTpPaT OT BaJIOBOT'O BbLIIIYCKa IIPOJAYKIIUN:
xz’j = aija:j (234)

CootHolenust bajanca NPpUMYT BHU]

( n
T, = Z a1;7; + Y1
j=1
>
Ty = A2jTj + Y2
< = (23.5)
n
Ty = QAnj Ly + Un
\ J=1
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WJIn B MaTPUYIHOM BUIE

X=AX+Y (23.6)

Cucrema ypasuennit (23.5) HaspiBaeTcs auneinol 0aAanc080T M0JeAbIO, &
BXO/ISAIIIE B CHCTEMY YPaBHEHUSI — 0aAGHCOBDLMU.

OcHoBHasg 3ajiada Me>KOTPAacJIeBOT0 OaJlaHCa cocmoum 6 0OmbvlcKa-
HUL MAKO20 6EKMOPL 6a.N06020 6HINYCKE NPodyKyuy X, Komopould npu us3-
secmnoll mampuye npamor sampam A obecnevusem sadarnvli 6exmop Ko-
newnoz20 npodykxma Y .

Ilepenumiem ypasuenue (23.6) B BujIe
(E-A)X =Y. (23.7)

Eciu marpuna E — A meBblpoxkjeHHast, TO ecth |E — A| # 0, 1o pemenune

CHUCTEeMbl MOXKHO HaiiTu 110 popmyJie

X=(E-A)Y (23.8)
BbISICHIM S5KOHOMUIECKHUH CMBICT 37eMenToB MaTpurpl (E—A)~! = (s;;). 3a-
JIAJIAM €JIMHUIHBIe BEKTOPBI KOHETHOrO npojaykra Y; = (15 0; ... O)T, Yy =
0; 1; ..; 0T, ..., Y, = (0;0;..;1)T. Torga cooTBETCTBYIOIIE BEKTO-
Pbl BaJIOBOTO BBIMYCKA TPOAYKIMU HaxoauTcss 1o (opmyrte (23.8) u Oy-
ayT pasubl X1 = (8115 215 ..} Sn1)T, Xo = (812 8225 oj Su2)T, ooy Xy =
(5103 8205 -5 Snn) T TlOMy UMM, 9TO KasK A1 JIeMEHT s;; Marpuipl (E—A)™!

— 9TO KOJIMYECTBO BAJIOBOT'O BBIMYCKA MPOAYKIIMH ¢-TOW OTPaAC/n, HEOOXOI1-
MO€ JIJIs BBIIIYCKa €JIMHUIIBI IPOAYKITUU J-TOH OTPaC/IN.

Heorpunarensnas marpuna A > 0 HazbiBaeTcst npodyxmueroti, eCm Jiist
JII00OT0 HEOTpHUIATEILHOr0 BeKTopa Y > ( cyliecTByeT HeOTPHUIATeIbHBIH
BekTOp X > 0, sByisgromuiics pemrenneM ypasuenus X = AX + Y. pyrumu
cjoBaMu, HeoTpuiareabHast Mmarpuia A > 0 saBisiercs npodykmuenot, ecu
CYIIECTBYET HeoTpuiareabubiii Bekrop X > 0 Takoit, aro AX > X.

Mogenb JleonTbeBa siBiisteTcss npodykmueHnoti, €CJIn MaTPHUIA IPIMbIX 3a-
TpaT ITOW MOJEJN MPOJLyKTUBHA.

Anamms momenn JleonTheBa ommpaercs Ha CBOWCTBA HEOTPHUIATEILHLIX

matpuil. Teopuio Takux MaTpull pazpadborayu marematuku Ileppon u @po-
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Oenmnyc. [lpuBeeM HECKOIBKO CBOMCTB HEOTPHIATELHBIX MATPUIL (OMpeie-
JleHne Hepas/IoXKUMOit MaTpullbl npusejeno B §1 1).

1. Ecin xBajgparnas maTpuna A meorpunareabHa U HEPA3I0KUAMa, TO Cy-
IMeCTBYeT, U HMPUTOM €IMHCTBEHHOE, MOJOXKHUTEIbHOE IeHCTBUTEIHLHOE COD-
CTBEHHOE 9HUCJIO A* 9TOH MATPHUIbI, KOTOPOE HE MEHBIIEe MOIYJS KaryK0r0
COOCTBEHHOTO THCJIA A 9TOM MATPHIIBI, TO €CTh JIJIst BCeX A mmeeM A* > |Al.
DTO cobOCTBEHHOE YUCI0 A* HazbiBaeTcs wucaom Ileppona—DPpobernuyca mat-
purnb A.

2. Ecan kBanmpartnas marpuiia A HeoTpuiaTeJbHa W HEPA3JIOXKKIMA, TO
CYIIECTBYET MOJOXKUTEIbHBI cOOCTBEHHBIH BeKTOp X MaTpuibl A, orBeda-
foruit uncay Ilepporna—®pobennyca sroit Mmarpuiibl. COOCTBEHHBIH BEKTOD
eJINHCTBEHHBIN (C TOTHOCTHIO JIO TIOCTOSTHHOTO MHOYKUTEJIS ).

3. Hucyo Ileppona—®@pobennyca HEOTPHUIATEILHON HEPa3I0KUMONE KBaJI-
PATHOI MATPHUIBI MPUHAJJIEIKAT TPOMEXKYTKY MEXKJIy HaMMEHbIIed 1 Hau-
OOJIBIIEH CyMMAaMU 9JIEMEHTOB CTOJIONOB (CTPOK) MATPHIIHI.

Vcmonb3yst cBoiicTBa HEOTPUIIATEILHON MATPHUILI, MOYKHO JIOKA3aTh KPHU-
TEPUH IIPOJLYKTUBHOCTH TONH MATPHUIIDIL.

Teopema 23.1.(IlepBsiit KpuTepuii mpogyKTUBHOCTHU.) Eciu marpu-
ma A > 0 u JjIsi HEKOTOPOT'O MOJIOKUTETBHOTO BekTOpa Y * ypasaenue (23.6)
umeet perrenne X * > 0, To marpuna A npojyKTHBHA.

Teopema 23.2.(Bropoii kpurepuii mpoayKTuBHOCTH.) Marpuna
A > 0 npoJyKTHBHA TOIJA U TOJLKO TOrjla, Korja marpuna (E — A)~! cy-

meCTByEeT U HEOTPUIlATE/IbHA.

0,1 0,7
IIpumep 23.1. Ilokaxkem, uro marpuia A = 0.5 0.3 SIBJISIETCS
0,9 —-0,7
npoaykrupHoit. Marpuna EF — A = uMeer 0OpaTHYIO.
-0,5 0,7
. _ 1 0,7 0,7 2,5 2,5
Haitnem ee: (E — A)™ = 028\ g5 00 ) — | 28 45 | OTa Mat-
) ) 4 14

puTia SIBJIgeTCS HeOTPHUIATeIbHOM, CIeIoBATeLHO TI0 TeopeMe 23.2 MaTpHIla,

1K BajgparHas MaTpuLa A Ha3BIBACTCS PA3A0NHCUMOT, €CIIU CONTIACOBAHHBIMI IEPECTAHOBKAMY CTPOK U CTOJIGI[OB €6 MOXKHO
A1

0 A
HyﬂeBaﬂ MaTpHua. B IIPOTHBHOM CJ‘Iy‘Iae MaTpHIla. Ha3bIBAETCs HepaS-/lOOfCUMOﬂ.

IPHUBECTH K BUAY ,rae A; m Az — KBaJpaTHBIE MATPUIHI HE 00A33TEIHLHO OJHOTO W TOTO 2kKe mopsamka; 0 —
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A TpoyKTHBHA.
Teopema 23.3.(Tperumit kpurepumii npoxykruBuoctu.) Marpuia
A > 0 npoJyKTUBHA TOLJA ¥ TOJLKO TOIJa, KOIAa cXouuTcs psajg B+ A +
(0 ¢]

A2+ ... = > A" u ero cymma pasna (E — A)7L. 2
n=0
113 TpeThero Kputepus MpoOyKTUBHOCTH CIEYET, ITO €CJTH CyMMa, SJIeMEeH-

TOB JIE06OT0 cToJbIA (110007 CTPOKH) HEOTPUIATEILHOM MaTPHIbl A MeHbIIe
1, ro marpuna A upojykrusna. B croumocrHoit mojiesin 6ananca 1o o3Hada-

€T, UTO €CJIX CyMMAapHBIi BKJIaJ BCEX OTpac/ieil B BBIIYCK 1 PyOJisi HPOJLYKITHH

oTpacJin j Menbiie 1, To orpacih j pearabesnbra (npu Jgwobom j = 1,2, ..., n).
0,1 0,2 0,4

IIpumep 23.2. JInga matpunst A = | 0,5 0,2 0,1 CyMMa 3JIeMeH-
0,3 0,4 0,2

TOB B KaXKJI0# cTpoKe 1 B KakjoM croJjibie Menbiie 1. [Tosromy marpuna A
IIPOJIYKTUBHA.

Teopema 23.4. Ecin kBagparnast marpuia A #veorpunarennbua n Hepas-
JIOXKUMa, TO JiJIsi OTKPbITON Mojiesn JleonTbesa unciio [leppona—Dpobennyca

9TOIM MaTPHUIlLl MeHblle 1, Jisg 3aMKHYTOIl MOJieJIi OHO paBHO 1.

§24. JluneitHbie Mogesiu oOMeHa.

B srom mpaparpade Mbl pacCMOTPHUM IKOHOMHUUIECKYIO MOJENh, B KOTOPO
IPUMEHSIETCS TOHSTHE COOCTBEHHOI'O YUCIa U COOCTBEHHOI'O BEKTOPA, MATPH-
I[bl. DTO AUHETHAA MODEAL 0OMEHA WIIA MOOEND MEACIYHAPOIHOT MOP20BAU.
Moesb MexX1yHapPOHOW TOPTOBJIM UCIOJIB3YIOT JIJIsi YCTAHOBJIEHUsT COOTHO-
IIeHUI MeXK 1y OroPKeTaMy CTPaH, TOPIYIOIIUX MEXK/1y co00ii, 9TOOBI TOProB-
Jisl JII 9TUX CTPaH OblLIa B3aMMOBBIT'OJIHOM, TO €CTh JIJId KaKJIOi M3 CTpaH
HE JIOJPKHO ObITh 3HAYUTEIBHOTO Je(UIMTa TOPIrOBOro DajaHca.

IlycTth mmeeTcss n cTpaH, KOTopble obo3Hauum Si, So, ..., S, . Hamwmo-
HAJIbHBIN JIOXOJT KarKJI0f U3 HUX 0003HAUUM X1, X2, ..., L COOTBETCTBEHHO.
Bgrejiem koaddunmentnl a;; , 1moKasblBalolye Kakylo 4acTh HallMOHAILHOIO

JIOXOJla CTpaHa S; TPATUT Ha IOKYIKY TOBApOB CTpaHbl S;. byjneMm cuurars,

2Pan E + A+ A% + ... npeacraBiaser coboif reOMeTPUYECKYIO IPOrPECCHIO C MepPBBIM djgeHoM F u 3mamemaremem A.
Cymma Beckoredno yOnBatomeii reoMeTpudeckoif mporpeccuu pasua S = by - (1 — q) 1.
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qTO BECb HaI_H/IOHaJIbeIﬁ JOXO/J TPATUTCA Ha IHMOKYIIKY TOBApPOB BHYTPH CTpPa-

Hbl WJIM UMIIOPT TOBAPOB U3 JIPYI'MX CTPaH, TO €CThb

n

> a;=1 (24.1)

i=1
N3 xoadpdunuenros a;; cocraBuM MaTPUILY

aipr aig ... Qipn
21 A922 ... Q92p

A= , (24.2)
ap1 Ap2 ... QApp

KOTOPasi Ha3bIBACTCS CMPYKMYpPHot Mampuyet mop2o6.au.

B marpurie A cymma ssemMenToB B ji060M crosibie paBra 1 (cormacHo ¢op-
myJte 24.1).

Hust crpanbt S; (i = 1,2,...,7n) BbIPYYKY OT BHYTPEHHEHl M BHeIIHE

TOPrOBJIX ODO3HAYUM Uepe3 p;.
Pi = a1+ pp%2 + ...+ AipTy. (24.4)

st Toro, 4To0OBI TOPIOBJIsd ObLIa cOaJAHCHPOBAHHON, HEOOXOIUMO HOTPEOO-
BaTh 0e37ePUIUTHOCTD TOPrOBJIN JIJIsl KaXKJI0H CTPaHbl S;, TO €CTh BbIPYUIKa

JIOJKHA OBITH He MEHbBIIEe HAIIMOHAJILHOTO JIOXOJA
pi = T (1=1,2,...,n)

Hokakem, 9TO ycjaoBueM 0e3/1epUIUTHON TOPTOBJU ABJISIOTCS PABEHCTBA,
pi=x; (i=1,2,...,n).

[Ipenmomoxum, 910 A71d Beex ¢ = 1,2, ..., n BBITOJHAIOTCI HEPABEHCTBA
pi > x;. Torma, 3amenstst p; WX BhIpakeHusMu n3 (Gopmyr (24.4), moayanm

CUCTEMY HEPABEHCTB
r
a1xr] + apxs + ... +apx, > X1

a1 Ty + A22T2 + ...+ ATy, > T2 (24.5)

| 4171 + Qoo + ...+ appt, > Ip

B cucreme (24.5) ciioKnM HEpaBEHCTBA U MPUBEEM TTOJ00HBIE

$1(CL11 + a9 + ...+ CLn1) -l-le(alg +aop+ ...+ an2) + ... -l-xn(am + a9y +
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coit Q) > T2+ T
Tak KaK CyMMbI, CTOSIIME B CKOOKaX, paBHbI 1, TO MoJIydaeM MPOTUBOPEIUBOE
HEPABEHCTBO

T+ x0o+...+tx,>21+220+ ...+ 2.

Takum o6paszom, npejnoiokenne p; > x; (1 = 1,2,...,n) HEBEPHO, U 3HA-
aut, yeaosue p; > wx; (i = 1,2,...,n) npumer Bujg p; = x; JJIs BCEX
i=1,2,...,n (C 93KOHOMHIECKOI TOUKN 3PEHUST OUCBUJIHO, ITO BCE CTPAHBI
HE MOI'YT OJJHOBPEMEHHO IOJIyYaTh IPUObLID).

MbI oka3aJnan

Yr1BepxKaenue 24.1. YcioBueMm 0e37epUIUTHON TOPIOBJIU SIBJIAIOTCS Pa-
BEHCTBA P; = X; JUIsA Bcex ¢ = 1,2, ..., n.

O6oznaunm vepes X = (11, X9, ..., T,)] — BEKTOpP HAIMOHAJLHBIX JIOXO-
JioB crpal. Torja B MaTpuvHOM BHJIe YCI0BUE 0€3ePUIIUTHOCTA TOPIOBJIK

INPpUMET BU/J]

AX =X (24.6)

Takum obpa3oM, 3ajiada O COOTHOIIEHUN DAJIAHCOB CTPpaH — TOPrOBHIX MapPT-
HEPOB CBEJIACh K HAXOXKJICHUIO COOCTBEHHOIO BEKTOpa MarTpuibl A, oTBeua-
forero coocrsennomy umcyay A = 1. CymecTBoBaHue TaKOro cOOCTBEHHOTO
BEKTOPA CJICIYET U3 T€OPEMBI

Teopema 24.1. Eciin B marpuiie A cymma 3J1IeMEHTOB B KaxKJIOM CTOJIOIE

paBHa 1, TO cyiiecTByeT COOCTBEHHBI BEKTOD, OTBEYAIONINil COOCTBEHHOMY

qucay A = 1.
ITpumep 24.2. Ilycrb 3ajiana crpyKTypHast MaTpuiia TOPIOBJIM TPeX
1/2 1/3 1/2
crpan A = 1/4 1/3 1/3 | . Haiizem nanmonaJjbHBIC JOXOIBI 3THUX
1/4 1/3 1/6

CTPaH.

Perenne. Tak kKak cymMma 3JieMEHTOB MaTPHIbI B KaXKJIOM CTOJIOIIE paBHA
1, To cymecrByer cOOCTBEHHBI BEKTOD, OTBEYAIONINA COOCTBEHHOMY UUC/IY
A = 1. O6osnaunm X = (x1,22,73)7 — HCKOMBII BEKTOD HaIMOHAJDL-

HBIX JOXOJ0B JaHHbIX CTPaH M HaI'/JI,Z[eM 9TOT BEKTOpP, PE€IInB yYPpaBHEHUE

(A— E)X =0.
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~1/2 1/3  1/2 o

Nmeem (A — E)X = /4 -2/3 1/3 xo | =0
1/4 1/3 —5/6 ) \ a3
[Tepermmmem MATPUIHOE ypaBHeHue B BUJIE CHCTEMBbI

—lx1 + l$2 + l$3 =0
%Il——ZEQ-F—l’g = 0.
le + SZCQ — 6273 = O
Tperbsi cTpoka sBJIsieTCs JIMHEHHON KoMOMHalMEell HepBbIX JIBYX CTPOK,
[I03TOMY, CUCTEMY JIETKO MPUBECTU K BUJLY
—3.7)1 + 21’2 + 3.%‘3 =0
3x1— 8y +4xs = 0
Haiijiem obiee peiienue cucrembl T = %[Eg, Ty9 = %xg. CobcrBeHHblif
BEKTOP MaTPHIbl UMeeT B X = (%c, %C, c).
[TonydeHHbIil pe3yabTaT O3HAYaET, UTO cOAJAHCHUPOBAHHOCTL TOPLOBJIK
MEXKJIy BBIODAHHBIMU CTPAHAMHU JIOCTUTAETCS TP BEKTOPE HAIIMOHAJIHLHOIO

JIOXOJ1, (?C’ 66 C), TO €CTb IIPA COOTHOUICHUU HAIMOHAJbHBIX JIOXOJI0B

%:%:1mu32:21:18.

97



Jluteparypa

1]

2]

3]

4]

5]

6]

7]

8]

Jluneitnas ajrebpa. AHajgurndeckas reoMerpusi (JiJisi SKOHOMUIECKHX
creruaygbHocTeit) Yuebnoe nocobue. / WU.9. I'punmmon, JILA. T'yrosa,
JI.W. Marasunnukosn, A.JI. Marasuaaunkosa; PenepaabHoe areHCTBO 10
obpazoBanuio, ToMCKUIT 10CY/IaPCTBEHHDBIN YHUBEPCUTET CUCTEM YIIPaB-

Jlenus u pajguosekrponnku. — Tomck: TYCYP, 2007. — 247 c.

Marazunnukos, JI.W. Beiciiasg maremaruka. JluneitHas ajredbpa u aHa-
JUTHYeCKas reomerpusi: yuebnoe nocobue. / JL.V. Marasunnukos, A.JI.
Marasunnukosa; Munucrepctso obpasosannst Poccuiickoit Oegeparnn,

ToMcKkuii TocyTapCTBEHHBIN YHUBEPCUTET CUCTEM YIIPABJIEHUS W PaJIUuo-
snekTponnkn. — Tomek: TMIIJIO, 2003. — 176 c.

TosioBuna, M.U. Jluneiinas aJjirebpa M HEKOTOPbIE €€ NPUJIOKEHUS. —

Mocksa: Hayka. — 1979. — 392 c.

Beknemuiies [.B. Kypc anajaurudeckoit reoMeTpuu 1 JIMHEHHON aJired-
pol. — MockBa: Hayka. 1974. -320 c.

Kypomt A. I'. Kypc Boicmieii anredpbi. — Mockpa: @uamarrus. — 1963.
432 c.

Wineun B.A. Jluneitnas anrebpa. soi. 6. / B.A. Wibun, 3.1 Tlo3ausxk;
Mocksa: Hayka. — 1978. — 304 c.

Magbnes A.1. Ocuosbl sinneitnoit aaredbpol. — Mocksa: Hayka. 1975. —
400 c.

Byrpos 4.C. DiemenTs! auHeiiHoi ajaredpbl 1 aHAJIUTUYIECKONR TeOMeT-
pun. / d.C. Byrpos, C.M. Hukosnnsckuii; Mocksa: Hayka. — 1980. — 176 c.

98



9] T'punmmon 1.9. Muorodaensl ot ojiHO# epMEHHO# (TeOpust U TPAKTH-
Ka). Yuebnoe nocobue. / N.9. T'punmimnon, .C. [punimon; Tomckuii

FOCY,ILapCTBeHHbIﬁ YHUBEDPCUTET CUCTEM YIIPaBJI€CHUA U PAJUOIJIEKTPOHU-

ku. — Tomck: TYCYP, 2011. — 78 c.

|10] Kpemep H.ILI. Beicimas mMaremaTuka jijist SKOHOMHCTOB: Y YeOHUK JJisI
syzos / H.II. Kpemep, B.A. [Tyrko, U.M.Tpumun, M .H. ®pujman;
Mocksa: FOHUTH, 2003. — 471 c.

|11] AxTamos A.M. Maremaruka /il COIMOIOTOB U 9KOHOMHUCTOBY debHOE

nocobue. — Mocksa: PUSMATJINT, 2004. — 464 c.

[12] Kopmynosa H.I1. Maremaruka B skoHomuke. Yuebroe nocobue. / H.I.

Kopirynosa, B.C. ILnscynos — Mocksa: Bura-IIpecc, 1996. — 367 c.

[13] Cosomosrukos A.C. Maremarnka Jist 9KOHOMACTOB. YuebHUK. B 2 .
Y.1. / A.C. Cononosrukos, B.A. Babaiiues, A.B. Bpaunsios; — Mocksa:

Quuancet u crarucruka. 2001. — 224 c.

[14] Unenncon A.B. Anamuruueckast reomerpus. Jluneiimas agrebpa. Yueo-

roe nocobue. B 6 . T. 1 / A.B. Unenncon, M. A. Biiomkuna; — Mocksa:
MHO®PA-M. 2000. —200 c.

99



OrsaBJjieHue

§1.
§2.
§3.
§4.
5.
6.
§7.
§8.
§9.

§10.
§11.
§12.
§13.
§14.
§15.
§16.
§17.
§18.
§19.
§20.
§21.

§22.

Matrpuipl. HelicTBust ¢ MATPULAMEA. . . . o o o o v oL 3
[lepecranoBKU. . . . . . . . . . . ... 10
OnpeesuTesin. . . . . . . . . o e 11
ObpaTHast MATPHATIA. . . . . . . o o o e e 19
MaTpudable YPABHEHHIA. . .« v v v v v v v e e e e e 23
Cucrembl JIMHERHBIX YPaBHEHWH. . . . . . . . . . . . . . . .. 24
[IpaBumo Kpamepa. . . . . . . . . . . ... ... ... ..., 28
Meton laycea. . . . . . . . . .. L 30
Apudwmerndeckre BEKTOPbI U JICHCTBUS HAJl HUMHA. . . . . . . 32
JIuneiHasi 3aBUCUMOCTDb BEKTOPOB. . . . . . . . . . . . . . .. 34
JIMHEHHBbIE MPOCTPAHCTBA. . . . « .« o o o oo oo e 38
bazuc nuneitnoro npocrpanctra. [logmpocrpancrea. . . . . . 41
Paur MaTpumbl. . . . . . . ... 44
Teopema Kponekepa-Kanemmm. . . . . . . . . ... ... ... 49
UccnemoBanue cucreM JUHEHHBIX YpaBHEHUH. . . . . . . . . . 50
Cucrembl JIMHERHBIX OJIHOPOJIHBIX YPaBHEHUWH. . . . . . . . . . 57
Merpuueckue u eBKJIMJIOBbI IPOCTPAHCTBA. . . . . . . . . . . 61
DopmyJibl TIepexojia OT OJHOr0 Dasuca K JIPYyromy. . . . . . . . 63
JIMHEHHBIT onepaTop. . . . . . . . . . ... 67
OJIEMEHTBI TEOPUU MHOTOUJICHOB. . . . . . « .« o o o o o v o . . 72

CobcTBeHHbBIE YnC/Ia U COOCTBEHHBIE BEKTOPBI JIMHEHHOIO OIIe-
PATOPA..  + v v v e e e e e e e e e e 75
Kpajparuunbie GOPMbBI. . . . . . . . . .. 84

100



§23. Mogennb JleonTheBa MHOrOOTPACIEBOIO DaIaHCA.

§24. Jluneitabie Mojiesin oOMeHa.

101

89
94



