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1. BBEJJEHUE

CoBpeMEHHBII HAay4YHO-TEXHUYECKHA MPOTrPEecC HEpPa3pbIBHO CBSA3aH C
pa3paboTKOl M MpPUMEHEHHWEM HOBBIX MaTepuajoB. VIMEHHO MaTepuanbl CTald
OCHOBOM IIPU PEUICHUM MHOTMX MH)KEHEPHBIX 3a7ad IO CO3JaHMIO CIOKHEUIIEH
PaIHO3JIEKTPOHHON anmaparypbl. [lo 3TOM npuyMHE Ba)XXHO 3HATH OCHOBHBIE
CBOMCTBA MaT€PUAJIOB AJIEKTPOHHOU TEXHUKH, UX BO3MOKHBIE COUECTAHUS.

B HacTtosmee BpeMs HOMEHKIATypa MaTepUajoB, MCIOIb3YEMBIX B
ANIEKTPOHHOM IPUOOPOCTPOEHUHU, HACUUTHIBAET HECKOJBKO ThICSIY HAMMEHOBAaHUM,
U OTOT CIHUCOK MPOJOJDKAET yBennuuBaThea. [loaTOMy mepen HadamoM pelieHHs
3a/1ayy MO CO3/IaHHI0 HOBOT'O 3JIEKTPOHHOTO NMPUOOpa WK YCTPOUCTBA HEOOXOAUM
BBIOOp MaTepUalioB, MPEANOJaraéMbIX IJs HCIOJIb30BaHUS B pa3pabotke. Kak
MpaBuUjo, OTOOp 1O OJHOMY I[apaMeTpy HE JaeT YIOBJIETBOPUTEIHLHOTO
pe3ynbTaTa: yAOBJIETBOPSA MOCTaBICHHBIM TPEOOBaHUSAM IO OJAHUM CBOWMCTBAM,
OTM MaTepuajgbl MOTYT OKa3aTbCid HENPUMEHUMBI 10 Jpyrum. Ilostomy
MPaBUJIBbHBIN BHIOOP MaTepuaoB MPOBOJUTCS IO PsAy HapameTpy U CBOWCTB H,
3HAYUT, pa3pabOTUUKaM 3JIEKTPOHHOW ammapaTypbl HEOOXOIUMO 3HaTh OCHOBHOM
Ha0op yXe MMEIIIMNXCA MaTepHAJIOB, a TAKXKE 3aKOHOMEPHOCTH UX U3MEHEHHS B
Pa3IMYHBIX YCIOBUAX OJKCIUTyaTauuu. KpoMe 3HaHUsA UMEIONIUMXCS MaTepUaoB
3a4acTyl0 TMPUXOAUTCS CHHTE3UPOBATh HOBBIE MAaTepHallbl € TpeOyeMbIMU
CBOMCTBaMH. Peanmzamus STOM 3agauv BO3MOJKHA JIMIIb NPU YCTAHOBJIECHUU
TECHOW CBSI3M MEXKJIY MHUKPOCKONMYECKMM CTPOCHMEM BEIIECTBA M €r0
MaKpOCKOITMYECKUMH CBOMCTBAMMU.

Cpenu MarepuanoB 3JIEKTPOHHOM TEXHUKH 0CO0O€ MECTO B 3JIEKTPOHHOM
OpUOOPOCTPOEHUN 3aHMMAIOT KPUCTAJUIBL. DTO CBSA3aHO C TEM, 4YTO oOjagas
Pa3IMYHBIMU CBOMCTBAaMU, KPUCTAIUIBI JAIOT BO3MOXHOCTh IMOCTPOEHUSI MPpUOOPOB
no (GyHKUUOHATBLHOMY MPEeOOPa30BAaHUIO DJIEKTPUUECKUX CHUTHAJIOB 33 CYET

HCIIOJIB30BaHUA HX (1)I/IBI/IIIGCKI/IX cporictB. K Takum KpuctaijiaM OTHOCATCA



MOJYNPOBOJHUKHA ~ PAa3jIMYHOTO  XHUMHYECKOTO  COCTaBa,  IbE303JICKTPUKH,
ONTUYECKA AaKTUBHBIC KPUCTAJUIBI, MHUPOIICKTPUKH, CETHETOAICKTPUKH U T.1.
[IIupokoe mprUMeHEHWE KPHUCTaNIOB B JJIEKTPOHUKE CTAaBUT 3a/ady TOJATOTOBKU
CICIMAIIMCTOB, CIIOCOOHBIX HE TOJBKO TPAMOTHO paboTaTh C yXKe HMEIOIIeHcs
ammapatypoil, HO W pa3pabaTeiBaTh TpHUOOPHI U YCTpoiicTBa ¢ Ooiee
COBEpIICHHBIMUA XapaKTEPUCTUKAMH M 0OoJjiee MIMPOKUMH (PYHKIIMOHATHLHBIMH
BO3MOXKHOCTSIMU. DTO TPEIIoJiaracT HajJudue y CHEIUAIUCTOB MO DJIEKTPOHHOU
TEXHUKE TJIyOOKMX (yHIaMEHTAIbHBIX 3HAHWK 110 Pa3IUYHBIM  00JIACTAM
TBEPJOTEIIBHON JJICKTPOHWKH, B OCHOBE KOTOPBIX JIKaT KpHCTALIorpadus,
KpucTaiiou3uka u GU3NKa TBEPOTO Tea.

VYyebHoe mocoOue cocTouT U3 JByX dacTeil. IlepBas wacTe mocoOus
«OcHOBBI  KpucTauiorpadud M KPUCTALUIOQU3UKW» TOCBSIICHA OCHOBHBIM
cocobaM  ONMHUCaHUS  CTPYKTYpPHl  DJIEMEHTApHOW  SIMEUWKW,  IPHHIIUITBI
(opMUPOBaHHSI TOUYCHYHBIX TPYII CHMMETPUU KPHUCTAJUIOB, C TIO3UIUH TEOPUU
CUMMETPUH OIMCAaHa CTPYKTypa KpPHCTAJUIOB, a TaKXKe H3JIO)KCHBI OCHOBHBIC
MOJIO)KCHUST MAaTeMaTHYeCKOTO anmapara KpPUCTALIOPU3UKH — TEH30PHOTO
ucunciaeHus. [lpm 3ToM [UIsI TOHUMaHUS H3JIaraeMOT0 Marephalia JaeTcs
¢usnyeckass MHTEpHIpeTanus KaKIOW W3  PacCMaTPUBAEMBIX  OINPEAIIH.
PaccMoTpeHbl  CBOWMCTBAa TOYEUYHBIX JJICMEHTOB  CHMMETPHH, PUHITUIIBI
COCTaBJICHUSI cTepeorpauueckoldl MPOCKIIMM H  MEKIYHAPOJHOTO CHMBOJIA
TOUCYHOU rpynmbl. CUMMETpUs (PU3NICCKUX CBOWCTB KPHCTAJUIOB H3JIaracTcs C
pUMEHEHHEM (PYHIaMEHTATBLHBIX IPUHIIUIIOB KPUCTATIO(PU3HKH.

Bo BTOpoit yactu mocobust «OCHOBBI KpucTaIorpadun u (GU3UKHA TBEPIOTO
Tena» copMyTUpOBaHbl OOIIME MpaBHUiIa OMPEICICHUS CUMMETPUIHBIX CBOHCTB
TEH30pa W €ro paHra, OINHUCHIBAIONICTO (DU3UYECKHE CBOWCTBA KPHUCTAIIIOB,
MOKA3aHbl CHOCOOBI MaTEMaTHYECKOTO OIMCAHUS W TpeJcKa3aHus (PU3NICCKUX
SIBICHUH B KPHUCTALUTHICCKUX BEIIECTBAX C MPUMEHEHUEM 3JIEMECHTOB TEH30PHOTO

HCYUCIICHU. 3I[€CB KC IIPUBCACHO OIMMCAHUC KOHKPCTHBIX (I)I/ISI/I‘—IGCKI/IX CBOMCTB



KpHUCTaJUIa, ONMKUCHIBAEMBIX TEH30paMH MEPBOT0, BTOPOTO, TPETHETO U YETBEPTOTO
PAHTOB, KOTOPBIE MCIOJIB3YIOTCSI UM MOTYT ObITh HMCIOJIb30BaHbI B 3JIEKTPOHHOM
npudbopocTpoeHurd. B moclienHUx TiaBax BTOPOM 4YacTH Yy4eOHOTro MocoOus
PacCMOTpPEHBI CBOMCTBA MKUJIKUX KPUCTAIIIOB U CBEPXIIPOBOJAHUKOB C MO3UIUN HX

HCIIOJIB30BAHUS B 3JICKTPOHHOM HpI/I60pOCTp0€HI/II/I.

2. OCHOBHBIE CBEJIEHUSA O MATEPHUAJIAX
JEKTPOHOM TEXHUKHU

2.1. Knaccuguxkanus MaTepraJioB 110 CBOMCTBaAM

MaTepI/IaHI)I, HCIIOJIb3YCMBIC B BJIGKTpOHHOﬁ TCXHUKEC, IMOAPA3ACI/LIIOT Ha

QJICKTPOTCXHHUICCKHC, KOHCTPYKOHMOHHBIC W  MATCpHaJIbl  CIICOHUAJIIBHOI'O
Ha3HA4YCHMU:.
SHGKTpOTGXHI/I‘-IeCKI/IMI/I Ha3bIBAIOT MaTCpHaJlbl, XapaKTCPpU3yCMBIC

ONPEEICHHBIMU CBOMCTBAMH 110 OTHOLICHHUIO K O3JIEKTPOMATHUTHOMY IIOJI0 M
IIPUMEHSAEMBIE B TEXHUKE C YYE€TOM 3THUX CBOMCTB. [IpakTmuecku pasinuyHbie
MaTepUaJIbl TOJBEPrarOTCA BO3IACHUCTBUSAM KAaK OTIEIBHO JJIEKTPUYECKUX WIIH
MAarHUTHBIX TOJIEM, TaK U UX COBOKYNMHOCTHU. [I0 mOBEIEHHI0O B MarHUTHOM IIOJIE
JJEKTPOTEXHUYECKUME  MaTepualbl  IMOJAPA3ACISIIOT  HA  CUTbHOMACHUMHbLE
(MarHeTuku) u crabomacHumHule. llepBbie HAILTU OCOOCHHO IMIMPOKOE IPUMEHEHUE
B TEXHUKE Onarogaps MX MarHUTHBIM CBOMCTBaM. [10 MOBEACHHIO B DJIEKTPUIECKOM
[OJIE MaTepuaibl MOAPA3ACIAIOT Ha MPOBOJHUKOBBIEC, MOJYIPOBOJIHUKOBBIE U
JIUDIICKTPUYECKHUE.

BOJIBIIMHCTBO  JJIEKTPOTEXHUYECKUX MATEPUAJIOB MOXHO OTHECTH K
CJIa0OMarHUTHBIM WJIA TIPAKTUYECKH HEMarHuTHbIM. Cpe MarHeTUKOB Pa3InyaroT
MPOBOJSAIINE, MOJYNPOBOJAIINE U MPAKTUYECKH HENPOBOMSIIME MArHETUKH, YTO

onpeacirICT YaCTOTHBIM AWaIta30H UX IIPUMCHCHUA.



IIpoBOAHMKOBBIMM  HA3bIBAIOT MaTepUaibl, OCHOBHBIM JJIEKTPUUYECKUM
CBOWMCTBOM KOTOPBIX SIBIIIETCSI CHJIBHO BBIpaKEHHAsl 3JIEKTPOIMPOBOIHOCTh. MX
MPUMEHEHUE B TEXHUKE 00YCIIOBIEHO B OCHOBHOM 3TUM CBOWMCTBOM, OMPEACIIAIOLIIM
BBICOKYIO  YACTBHYIO  JJIEKTPUYECKYI0  MPOBOJUMOCTh MPH  HOPMAJIBHOU
TEeMIeparype.

IHorynpoBOAHUKOBBIMH HA3bIBAIOT MaTepUalIbl, SBISIOMIUECS O YJEIbHOU
MPOBOAMMOCTH TIPOMEKYTOUYHBIMU MEXKY MPOBOAHUKOBBIMU U JUAJICKTPUYECKUMU
MaTepuajlaMd ¥ OTJIMYUTEIbHBIM CBOMCTBOM KOTOPBIX SIBJISIETCS CHJIbHAS
3aBHCHUMOCTb yJIE€JIbHOW MPOBOAMMOCTH OT KOHUEHTpAlMM U BUAA NpUMECEH WM
pa3MUHBIX JEPEKTOB, a TakkKe B OOJBIIMHCTBE CIIy4aeB OT BHEIIHUX
HHEPreTUYECKUX BO3IECHUCTBHI (TeMIlepaTypbl, OCBELIEHHOCTH U T. I1.).

JIM3JIeKTPUYEeCKUMH  Ha3bIBAIOT MAaTEpHUalibl, OCHOBHBIM 3JIEKTPHUYECKHM
CBOWMCTBOM KOTOPBIX SIBIISIETCA CIOCOOHOCTh K TMOJSpHU3AIMM U B KOTOPBIX
BO3MO’KHO CYIIECTBOBAHUE JJICKTPOCTATUUYECKOTO MOJisd. PeanbHbll (TEXHUUECKUA)
TVRJIEKTPUK TeM ONIMKe K WeaTbHOMY, Y€M MEHBIIIE €ro yJelbHas MPOBOJIUMOCTD H
yeM crnabee y HEro BBIPAKEHBI MEXaHW3MbI TOJSIPU3AlliU, CBSI3aHHBIE C
paccerBaHUEM SJICKTPUUECKON IHEPTUH U BBIJCIICHUEM TETUIOTHI.

[Ipyn npuMeHEeHUH IUAJIEKTPUKOB - OJHOTO M3 HamOoJee OOIIMPHBIX KIACCOB
AIIEKTPOTEXHUYECKHX MAaTEepPHalioB - YETKO OMpeAeTuiack HEoO0XOIUMOCTh
MCIIOJIb30BAHNS KaK MTACCHUBHBIX, TAK M aKTUBHBIX CBOMCTB 3TUX MAaTEPUAIIOB.

Ilaccuenvie CBOMCTBA TUANEKTPUUECKUX MATEPHAIOB MCTIOIB3YIOTCS, KOT/Ia UX
NPUMEHSIOT B KAuecTBE OHIICKTPOM3OIIIIMOHHBIX MaTEPHAJIOB M JTUDJICKTPHKOB
KOHJICHCATOPOB OOBIYHBIX THUTIOB. DIEKTPOU3OJSIIIMOHHBIMUA MaTepraiaMy Ha3bIBAIOT
IVDJICKTPUKH, KOTOPHIE HE JOMYCKAIOT YTEUKU DJIEKTPUUIECKUX 3apslioB, T. €. C UX
MOMOIIIBIO OTJIEIISIOT JIEKTPUUECKUE TIETH APYT OT APyTa WM TOKOBEIYIIUE YaCTH
yCTPOMCTB, MPUOOPOB U AMMapaToB OT MPOBOISIINX, HO HE TOKOBEIYIINX YacTen
(oT kopmyca, OT 3eMiid). B 3TuUX ciydasx IuAIJIEKTpUYECKas MPOHUIIAEMOCTh

MaTepuaia He Urpaer ocoOOl poyid WM OHAa JOJKHA ObITh BO3MOXHO MEHBIIEH,
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4YTOOBI HE BHOCUTHB CXEMbI NApa3uTHBIX eMKocTeil. Eciu marepuan ucnonbzyercs
B KAueCTBE JMAJIEKTPUKA KOHJIEHCATOpa OMNPEJCIIEHHOW €MKOCTHM M HauMEHBIINX
pa3MepoB, TO MPHU MPOYUX PABHBIX YCIOBUSIX KEIATEIbHO, YTOOBI 3TOT MaTepua
uMen OOJBIIYIO TUAIEKTPUUYECKYIO TPOHUIIAEMOCTb.

Axmuenvimu (yIpaBIsieMbIMH) AUAJICKTPUKAMU SBIISIIOTCS CETHETORJIEKTPUKH,
BE303JIEKTPUKH,  MUPOIICKTPUKH,  IIEKTPOITIOMUHOPOPHI, MaTepHaibl IS
U3JTydaTesied U 3aTBOPOB B JIA3€PHOM TEXHUKE, SJIEKTPETHI U JIpyTHE.

IIpoBoAHUKH. YCIOBHO K NPOBOJHMKAM OTHOCSAT MATEpUAbl C YAECIbHBIM

DJICKTPUIECCKHUM CONPOTHUBIICHUEM p < 1 0° Om M, a K JUDJICKTPUKaAM - MaTePHUaJIbl, Y
KOTOpBIX p >1 08 Om-m. IIpu 3TOM HagO 3aMETHUTH, YTO YIAEIBHOE CONPOTHUBIICHUE

XOpOIIMX IIPOBOAHHUKOB MOJXKET COCTaBIISITH BCETO 1079 Om'M, a y Jydymmx

JUDJIEKTPUKOB IIPEBOCXOIUTH 10'® Om- M. Viensroe COIIPOTUBJICHUE MOJIYIIPOBOJI-
HUKOB B 3aBUCUMOCTH OT CTPOEHHS M COCTaBa MAaTEPHUAIIOB, & TAKKE OT YCIOBHM UX
OKCILTyaTallud MOJXKET H3MEHATHCS B IIpEaenax (1 072 +108) Om M. Xopomumu
MIPOBOJHUKAMHU DJIEKTPUYECKOTO TOKA SIBJISIFOTCS METaUIbl. M3 BCEX XMMHMUYECKUX
OJIEMEHTOB JIAIIb [BAALATh IISTHh SIBIIIOTCS HEMETAJUIAMH, MPUYEM [ABEHAALATh
AJIEMEHTOB MOTYT IPOSIBIATH  IOJYNPOBOJHUKOBBIE CcBOMCTBA. HoO Kpome
AJIEMEHTAPHBIX BEILIECTB CYIIECTBYIOT THICAYM XUMHUUYECKHUX COECIUHEHHM, CILJIABOB
WIM KOMIO3WIIMH CO CBOWCTBAMM HPOBOJHUKOB, IIOJYNPOBOAHUKOB WJIU
TUDJIEKTPUKOB. YETKyI0 IpaHMIly MEXIYy 3HAYCHHUSIMHU YIEIBHOTO COIPOTHBIICHUS
Pa3IMYHBIX KJIACCOB MATEPUAJIOB IPOBECTH CJIOXKHO. Hampumep, mHorue moiy-
POBOJIHUKH TPHU BS3KUX TEMIIepaTypax BeayT ceOsi MoJ00HO AudeKTpukam. B To
K€ BpeMs AUAIEKTPUKU I[PU CUIIBHOM HAarpeBaHUM MOTYT IPOSBIIATH CBOWCTBA
NOJIyIPOBOJHUKOB. KadecTBEHHOE pas3nuune COCTOMT B TOM, YTO JJII METAJIOB
IIPOBOJAIICE COCTOSIHHE SBISETCA OCHOBHBIM, a [ IIOJYIIPOBOJHUKOB U

AUDJICKTPHUKOB - B036Y)KJICHHBIM.
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Pa3BuTHe 351€KTPOHHON TEXHUKHU MOTPEOOBANIO CO3JaHUsI MAaTEPUANIOB, B KOTO-
phIX crnenuduyeckrue BBICOKOYACTOTHBIE CBOMCTBA COYETAIOTCS C HEOOXOIMMBIMU
(Gu3MKO-MEXaHUYECKMMH  TMapameTpamu.  Takue  maTepuanbl  HA3bIBAIOT
8bICOKOUYACMOMHBIMU.

JUis TOHMMaHUs SJEKTPUUECKUX, MArHUTHBIX M MEXaHWYECKUX CBOMCTB
MaTepuajoB, a TakkKe IMPUYMH CTApEHUS MAaTEpUaJOB HYXHBI 3HAHUS UX
XUMHUYECKOro u (a3oBOro cocraBa, aTOMHON CTPYKTYpbl U CTPYKTYpPHBIX

nedeKToB.

2.2. Buanl XuMH4YecKOH CBA3H

OCHOBHBIMM 3JIEMEHTAPHBIMM YAaCTHI[AMH, W3 KOTOPBIX IOCTPOECHBI BCE
M3BECTHBIE HAM BEILECTBA, SBJISIOTCS MPOTOHBI, HEUTPOHBI U 3JIEKTPOHEI.
CHexTpbl YEAUHEHHBIX aTOMOB XAPAKTEPU3YIOTCS ONPEICIICHHBIMUA JIMHUSMU U
Ha3bIBAIOTCA JIMHEWYAThIMU. J[UCKpeTHas (JuHeluartas) mpupoja dHEPreTUIeCcKoro
CIIEKTpa M30JMPOBAHHBIX AaTOMOB MOATBEPKIAETCS  AKCIEPUMEHTAMU IO
WICCIICJIOBAHUIO MOTJIOICHUS U U3Ty4Y€HHUS apOB Pa3IMUYHBIX BEIIECCTB.
ATOMBI, HOHBI, MOJIEKYJIbI. ['a3bl, )KUJIKHE U TBEPHAbIE TEJIA MOTYT COCTOATH
U3 arOMOB, MOJIEKYJ] WM HOHOB. Pa3mepsl aTroMOB mOpsAAKa OJHOTO WU

0_10M). IIpu cOmMMxeHun aToMOB [0 PACCTOSHUS

HECKOJIbKMX aHrcrpem (1
NOpsAAKAa  HECKOJbKHX  aHICTPEM  MEXAY HHMH  IPOSBISIFOTCA  CHUJIbI
B3aUMOJECUCTBUS. B 3aBUCMMOCTH OT XapakTepa ABUKEHHS JIEKTPOHOB B COCEIHUX
aToMax OdTH CWIbI MOTYT OBITh CHUJAMH OTTAJIKWUBAaHUS WM TPUTDKEHUs. B
MOCIIETHEM CITydae aTOMbI MOTYT COCIUHSITHCS C BBIJCIICHUEM DHEPTHH, 00pasys
YCTOMYMBBIE XUMHUYECKUE COCIUHEHUS. OJIEKTPOHbI BHYTPEHHUX MOJIHOCTHIO

3allOJIHEHHBIX 000J0YeK HE Y4YacTBYIOT B OOpa30BaHUU XUMHUYECKHX CBA3CH.

XUMHUYECKHE CBOWCTBA AaTOMOB ONPEICISIIOTCI CTPOCHUEM BHEIIHEH, HE
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[OJTHOCTHIO 3AII0JJHEHHOM 3JIEKTPOHAMHU 000JO0YKHU. DIJIEKTPOHBI, HAXOAAIIUECS
BO BHEILIHEH 000JI04YKe, Ha3bIBalOT BaJCHTHBIMH.

Pa3nuyaroT HECKOIBKO BUAOB XMMUYECKOM CBA3U.

I'omeonouasipuas (KoBajieHTHasi) cBsA3b. llpm STOM CBA3KM y BEIIECTB
00BEIMHEHNE aTOMOB B MOJIEKYJIy JIOCTHIaeTCs 3a CYET JJIEKTPOHOB, KOTOPHIE
CTaHOBSITCSI OOMIMMHU JUIs map aToMoB. [IIOTHOCTH OTPHUIATENBHO 3aPSHKEHHOTO
ANEKTPOHHOI0 00JIaKa MEXy MOJOKUTEIBHO 3apSHKEHHBIMU SIAPAMH OJy4aeTCs
HaunOounbwien. [Ipumep - monekyna H,. Takyro cBA3b Ha3bIBalOT T'OMEOIOJISIPHON
WIH KOBaJICHTHOM. IlepekpbiTe 5SJIEKTPOHHBIX O0O0JIAKOB, NPUBOJALIEE K
0000LIECTBICHUIO 3JIEKTPOHOB, HE CBOJUTCS K IPOCTOMY HAJIOXKEHHIO JAPYT Ha JIpyra
JBYX 3JIEKTPOHHBIX OpOUT, a COMPOBOKIAAETCS MEepepaclpeeICHUEM 3JIEKTPOHHOM
IUIOTHOCTH U U3MEHEHHUEM HSHepruu cucteMbl. [Ipu 000OIIECTBICHUH AJIEKTPOHOB
MIPOUCXOJIUT BTATUBAHHUE AIEKTPOHHBIX 00JIAKOB B MPOCTPAHCTBO MEKIY SApPaMHU.
[lossBneHHE COCTOSAHUSA C TOBBIIIEHHOM IUIOTHOCTBIO JJIEKTPOHHOIO 3apsiia B
MEXbSIIEPHOM MMPOCTPAHCTBE U MPUBOJAUT K BOSHUKHOBEHUIO CHJI IPUTSIKEHUS.

B ocHOBe romeomnoyisipHON CBSI3W JICKUT OOMEHHOE B3aUMOACKHCTBUE WU
oOMeHHbIN 3 (deKT, 00yCIOBICHHBI OOMEHOM aTOMOB AJIEKTPOHAMH U WUMEIOIIHIMA
KBaHTOBYIO0 mpupoay. CHIIbI Takoro B3aWMOJACHCTBHS Ha3bIBAIOT OOMEHHBIMHU
CUJIaMU, a UX SHEPrus - 0OMEHHOM 3Hepruen. Baxkueliei 0cOOEHHOCThI0 OOMEHHBIX
CWJI SIBISIETCA WX CHJIbHAs 3aBUCHUMOCTb OT HANpaBJIEHUS CIHWHOB 3JIEKTPOHOB,
OCYIIECTBIISIFOLUX CBSI3b MEXKIY B3aUMOJACHCTBYIOIIMMHU atroMamu. CBsa3b Oyner
CUJIBHOM TOJIBKO B TOM ClIy4yae, €Clid CIUHBbI aHTUIApaJIeNIbHbI. [ 'oMeononspHbie
CBSI3M OIpEAENCHHBIM 00pa30M OPUEHTUPOBAHbI B NMPOCTPAHCTBE M OOpa3yroOTCs
TOJILKO MEXy ONMKaWIIUMU COCETHUMH aTOMaMH.

Morekynbl € TOMEOINOJSIPHOM CBSI3bIO OBIBAIOT HEMOJSPHBIMUA WIJIM  TIO-
JSPHBIMU (JAMIIOJIBHBIMHA) B COOTBETCTBUM C CUMMETPHUUYHBIM WM ACUMMETPUYHBIM
CTpoeHHEeM. MoJeKybl, B KOTOPBIX IEHTPbl MOJOXKHUTEIbHBIX M OTPULIATEIbHBIX

3apAa0OB COBIIAAar0T, HA3BIBAIOT HENOJAPHbIMU. Eciu xe B MOJICKYJIaX HOCHTPLI
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MPOTHUBOMOJIOKHBIX T10 3HAKY 3apsiI0B HE COBIAJAIOT M HAXOIATCSI HA HEKOTOPOM
pacCTOAHUU JApPYyr OT Jpyra, TO TaKUE MOJICKYJIbl Ha3bIBAIOT HOJAPHLIMU WIH
OUNONbHBIMU.

[Tpumepamu MOAOOHBIX BEILIECTB SIBJISIOTCS ajiMa3, KpeMHUM, TepMaHMi, KapOoua
kpeMmuus (SiC) u apyrue. B 3Tux BelecTBax KakIblii aTOM 00pa3yeT YeThIpe CBSI3H
co cBouMH Ommkadmumu coceasiMu. KoBalleHTHast CBs3b XapaKTepHU3YeTCs
BBICOKOM TPOYHOCTHIO. [IOATBEpKIACHUEM STOMY SIBISIETCS BBICOKAs TBEPAOCTh U
BBICOKAsl TeMITepaTypa IJIaBJICHHUS TaKUX BEIIECTB KaK ajaMa3, KapOu KpeMHUs.

I'ereponosisipnass (MOHHas1) CBSI3b BO3HUKAET BCIEACTBHE MEPEXOJa
BAJICHTHBIX JJICKTPOHOB OT METAJUIMYECKOTO aroMa K METAUIOMJHOMY U
AIEKTPOCTATUYECKOTO TMPUTSHKEHUSI PA3HOUMEHHO 3apsKEHHBIX MOHOB. OJTOT BHUJI
XUMHYECKOM CBSA3U PEAU3YETCS B HMOHHBIX KpUCTAUIAX. THUIHAYHBIM IPUMEPOM
WOHHBIX KPUCTAJUIOB SIBJISIOTCS TaJOUIHBIE COJU IICJIOYHBIX METAIUIOB. MOHHBIE
PELIETKN XapaKTEPU3YIOTCS BBICOKUM KOOPAWHAIMOHHBIM YHUCJIOM, MOKA3bIBAIOIIAM
KOJIMYECTBO OJIMXKANIIMX MOHOB MPOTUBOIOJIOKHOTO 3HaKa. B MOHHOM KpucTaiie
KOMOUWHAIIMM TIPOTUBOMOJIOKHO 3apsHDKCHHBIX HOHOB HEJb3sS OTOXKIECTBIIATH C
VHJIMBUIYaJIbHBIMA MOJIEKYJIAMUA BCJICICTBHE PETYJISIPHOTO YEPENOBaHHS B Y3Jax
PELIETKHM MOHOB PA3IMYHOrO copta. [IpaBuiabHEe CYNTATH MOHOKPUCTAILT HOHHOTO
COCJIMHEHHUSI OJTHOM THUTAHTCKOM MOJIEKYJIOM, B KOTOPOM Ka)Iblil MOH HCIBITHIBACT
CUJIBHOE BO3JIEMCTBHUE CO CTOPOHBI COCETHUX YACTHII.

Mertajindyeckasi CBSI3b CYIIECTBYET B CHCTEMax, IIOCTPOEHHBIX W3
MTOJIOKUTEIBHBIX ~ aTOMHBIX OCTOBOB, HAaXOIAIIUXCS B Cpele CBOOOJHBIX
KOJUIEKTUBU3UPOBAHHBIX JJIEKTPOHOB. [IpUTskeHMEe MeEXAy MOJOKUTEIbHBIMUA
aTOMHBIMA OCTOBaMU M DJJICKTPOHAMHU OOYCJIOBIMBAET IIEIOCTHOCTh MeETajlia.
MeTtam4eckyro CBSI3b MOYKHO pacCMaTpuBaTh O HEKOTOPOM CTEIEHU Kak
KOBAJICHTHYIO CB$S3b, IOCKOJIbKY, B HX OCHOBE JIE)KUT 000OIIEeCTBICHUE
BHEIIHUX BAJICHTHBIX 3JIEKTPOHOB. Crieriuduka METaIIUISCCKON CBI3HU COCTOUT

B TOM, 4TO B 0606IHCCTBJ'IGHI/II/I QJICKTPOHOB YHAaCTBYIKOT BCC aTOMbI KpHUCTAJlJIA,
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U 0000IeCTBICHHBIE AIEKTPOHBI HE JIOKAIU3YIOTCS BOJM3M CBOMX aTOMOB, a
CBOOOJIHO TIepeMENIaloTCsa BHYTPU BCEH peleTKH, 00pa3ys «dJIeKTPOHHbIN ra3». He
uMesl JIOKAJIM30BAHHBIX CBSI3EH, METAUTMYECKUE KPUCTAILIBI (B OTIMYKE OT MOHHBIX)
HE pa3pylIalOTCs MPU H3MEHEHHHM IIOJIOKEHUI aTOMOB, T. €. UM CBONCTBEHHA
IUIACTUYHOCTh TIpU JlehopManax. brarogaps Hamuuuio CBOOOIHBIX AJIEKTPOHOB
MeTaJlIbl 00J1a/1at0T BBICOKUMHU 3JIEKTPO- U TETUIOIPOBOIHOCTHIO.

MoJexkyasipuas cBs3b (cB3b Ban-nep-Baanbca) naOnronaercs y psana
BELIECTB MEXIYy MOJIEKYJIAMH C KOBAJICHTHBIM XapaKT€POM BHYTPHUMOJEKYJIIPHOTO
B3auMoJeicTBUA. Hamuune MeXMOJIEKYISIPHOTO MPUTSKEHUS B 3TOM  Cydae
BO3MOXXHO TIPHU COIJIACOBAHHOM JIBUKEHUW BAJIEHTHBIX 3JEKTPOHOB B COCEIHUX
MoJieKylax. B 1000l MOMEHT BpeMEHHU 3JIEKTPOHBI JIOJKHBI OBITh MAaKCHMAJIbHO
yAaJeHbl APYT OT JIpyra U MaKCUMajIbHO MPUOIMKEHBI K MOJOKHUTEIBHBIM 3apsaam
(sapam). Torma cuiibl TPUTSHKEHUS BAJICHTHBIX DJIEKTPOHOB SJIPOM COCEIHEU
MOJIEKYJIbl OKAa3bIBAIOTCSl CUJIbHEE CHJI B3aMMHOTO OTTAJKHBAHHUS 3JIEKTPOHOB
oOonovek 3tux MoJekyn [logoOHoe npUTsKEHHE MEXAY QIyKTyHpPYIOIIUMU
ANEKTPUYECKUMU JTUTOJISIMU MOJIy4HJIO Ha3BaHUE JTUCIIEPCUOHHOTO
B3aumoeicTeus. CBsa3b Ban-nep-Baanbca sBnsiercs HanOosee yHUBEPCAIBHOM,
OHA BO3HHMKAeT MEXIy JIOObIMU YacTULIAMH, HO 3TO HaubOojee crnadasi CBS3b,
AHEPTHUsl €€ MPUMEPHO Ha JBa MOPSIAKA HUKE YHEPTUU HOHHOW U KOBAJIEHTHOM CBSI-
3eil, IlockoNbKY AMCIEPCHOHHOE B3aUMOJICHCTBUE OKA3bIBAETCS OYEHBb CIAOBIM,
MOJIEKYJIIPHBIE CBA3M YETKO MPOSIBISIOTCA JIMIIb B TEX Ciy4asx, KOrjJa OHH
BO3HUKAIOT MEXAY aroMaMu WJIA MoJIeKylaMHu. MOJeKysipHas CBsI3b JIETKO
paspyliaeTcsi TEIUIOBBIM  JBUMXKEHUEM. [lo3ToMy MOJEKyJsipHble KPHUCTAUIbI

MCXaHHUYCCKHU HCITPOYHBIC.

2.3. Knaccupukanus MaTepuaoB 10 CTPOCHUIO
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Kpucmannor u amopguvie mena. B ornuuue oT KUIKOCTEH, TBEpJble Teia
obOnanaroT ynpyrocteio ¢popmsl. [IpukinaasiBas K TBEpAbIM TeJaM BHELIHUE CHUJIbI,
MO>XHO MU3MEHHUTH €ro (opmMy TeM CHIIbHEE, 4eM OOJIbllle MPUIIOKEHHBIC YCUITHUS.
[Ipu sTOM ecnu He mepeiiieH HEeKOTOPhId YpOBEHb JeopMaliiu, TO MPU CHATHU
Harpy3kd TBEPAOE TeEJIO NPUHUMAET CBOIO IIEpBOHAYaIbHYIO (opmy. OTH
KaueCTBEHHbBIC PA3JINYUs KUJIKOTO U TBEPAOTO COCTOSIHUM BellecTBa 00YCIOBIICHbI
pa3IMuMeEM B UX CTPOCHUU M B XapaKTEpe TEIUIOBOIO ABMKEHHUS MOJEKyl. B
KPUCTAJUIMYECKOM COCTOSIHUM TBEPIOIO TEjla aTOMbI HaXOIATCSA B OIPEICIICHHBIX
IIOJIOKEHUSAX paBHOBecHs. [0 IEMCTBMEM BHEIIHUX CUJI aTOMBI CMELIAIOTCA W3
ATUX MOJIOKEHUMN U MPU CHATHH HArpy3KH BO3BpAIAlOTCA B HUX 00paTHO, €CIIU 3TU
CMEILICHUS] HE TMPEBBIIIAIOT XapaKTEPHOU JJIsI JAaHHOTO TeNla BEJIIMYHUHBL. DTUM U
00yCJIOBIIEHa YIIPYTOCTh (POPMBI TBEPIBIX TEIL. B TtBEpAOM KpucTaILIe aTOMBI
pacrojararoTcs B ONPEIEICHHOM MOPSIAKE BO BCEM TeJie. ATOM, HAXOISALIUNCS B N-
HOM CJIO€ OT LIEHTPAJBHOTO aTOMa, BCErJa HAaXOAUTCS OT HETO Ha PacCTOSHUM,
TOYHO B 2 pa3a MEHBILIEM, YEM aTOM 21 -TO CJO0sl. ATOMBI PacroiaratoTcs B y3iaax
IIPaBUJIBHOW NPOCTPAHCTBEHHOM CETKHM, TaK HAa3blBAEMOW KPUCTAJUIMYECKON
pemetku. [ns ar000ro HampaBiieHHUsS B TPOCTPAHCTBE, MPOXOJAIIETO uepes
LEHTPbI ATOMOB, PACCTOSHUS MEXAY LEHTPAMU JIBYX COCEIHUX aTOMOB OCTarOTCS
HEM3MEHHBIMH BJOJb BCEW MPsSMON (HO OTIMYAIOTCSA JUIsl pa3sHBIX MpsMbIX). B
COOTBETCTBHUU C JTHM M MHOT0oOpa3Hbie (PU3WYECKHe CBOWCTBA — YIpYyTHE,
MEXaHUYECKHE, TEIUIOBBIC, JJEKTPUUYECKHE, ONTHYECKME U JpPyrue CBOMCTBA
KPUCTAJJIOB OYAYT Pa3IMYHBIMU 110 PA3TUYHBIM HAIIPABICHUSM.

Kpucrannmaeckue Tema Takke MOTYT OBITh  MOJpa3lelieHbl  Ha
MOHOKPHUCTAJUIbl U MNOJUKPUCTAIUIBI. MOHOKpPHUCTA/UT - TBEPAOE TEJIO, YACTHULIBI
KOTOpPOTO0 O00pa3ylT E€IWHYI0 KPUCTAUIMUECKYI0 pemeTky. OnpeaeneHHbn
MOPSIZIOK B PACMOJIOKEHUM YaCTUIl PACTIPOCTPAHSIETCS Ha BeECh 00beM
MOHOKpHUCTA/UIA.  YTOPSAOYEHHOE BHYTPEHHEE PACHOJIOKEHHE YacTULl B

MOHOKpHUCTAJIC TIPHUBOAUT K TOMY, YTO W CTO0 BHCIIHAA (1)opMa ABJIAACTCA
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NPaBWJIBHON. YTJIBI MEXAYy BHEINIHMMH TPAaHSIMH MOHOKPHCTAJsIa OKAa3bIBAIOTCS
NOCTOSTHHBIMHA. K MOHOKpHCTaZIaM OTHOCSITCS MPUPOJHBIC KPHUCTAUIBI (KBapil,
ayMa3, TypMaJjvH), KPYIIUHKH COJIH, caxapa.

[Tomukpucramn - TBEpIOE TENO, COCTOSIIEE W3  OECHOPSI0YHO
OpPHUEHTUPOBAHHBIX MOHOKPHCTAJLIOB.

TpeTbuM BHIOM TBEPJOTO TeJa SABJISIFOTCS KOMIO3UTHI. ATOMBI B KOMIIO3UTaxX
pacroyiaraloTcsi  TPEXMEPHO  yIOPSJAOYSHHO B ONpeACNieHHOW  olriactu
IPOCTPAHCTBA, HO 3TOT MOPSIIOK HE MOBTOPSIETCS C PErYISPHON MEPUOIUIHOCTHIO.
KoMIO3uThI COCTOST U3 Pa3IudHbIX, CBA3aHHBIX JPYT C IPYrOM MaTEpHAIIOB.

Cmekna u opyeue amopgnvie mena. He Bce TBepiple Tela MMEIOT KpHC-
TAUTUYECKYIO CTPYKTYPY, XOTS KPHUCTAJUIMYECKOE COCTOSHHUE OOJILIITMHCTBA
TBEPJBIX TEN SBJISICTCS €CTECTBEHHBIM, IIOTOMY YTO YHEPTHUA MPHU YIOPSIA0UYECHHOM
PaCIOJIOKEHUH aTOMOB MEHBIIIE, YEM B CITy4ae WX HEPETYJISPHOrO PACIOJIOKEHHUS, a
mobasi cucTeMa CTPEMUTCS TIEpEeHTH B COCTOSHUE C MHUHHMAJIBHOM CBOOOJHOM
sHeprueil. OJgHaKO aroMbl HE BCerJa HMMEIOT BO3MOXHOCTH PacCIoyiaraThCs
YIOPSZIOYEHHO B TIpollecce 3arBepaeBaHus. llpenarcrBue sToMy - pe3Koe
YMEHbIIIEHUE CKOPOCTH JU(PPYy31un aTOMOB MPH OXJKICHUM Cpefbl. TBepabIe Tena,
KOTOPBIE XapaKTEPHU3YIOTCSA CIy4yalHBIM XAaOTUYHBIM PACIOJIOKEHHEM YaCTHII,
Ha3bIBAIOT aMmop(HBIMH. B oTiuyme ot kpuctaiioB amop(HbIe TeIa U30TPOITHBI O
CBOICTBaM, HE UMEIOT OIIPEACIICHHON TeMIIepaTyphl IJIABICHUS U XapaKTePU3yIOTCs
JIOCTaTOYHO IIUPOKUM TEMIIEPAaTypHbIM HHTEpPBAJIOM pasMsardenus. Harnsmaeim
MpUMEPOM aMOP(HBIX BEIIECTB MOTYT CIYXHUTh CTEKJa M MHOTHE IJIaCTHKU. B
CTeKJaX TPU OTCYTCTBUU TICPUOAMYHOCTH B CTPOCHHUM MOXKHO HAOIIOIaTh
OTIPEJICIICHHBIN OUMNCHULL NOPSAOOK, T.€. 3AKOHOMEPHOE PACIIOIOKEHUE ONFKANUIITIX
coceliel OTHOCHUTENBHO Kaxaoro aroma. CTeKII000pa3HOE COCTOSHHE MOYHO
paccMaTpuBaTh KaK COCTOSHUE CHJIBHO TEPEOXJIAXIACHHOW JKUIKOCTH, T. €.
KUIKOCTH C  BBICOKOM  BSI3KOCTBhIO. BBICOKast  BSI3KOCTh  OrpaHUYMBACT

IM(PQPy3MOHHYI0O ~ aKTMBHOCTH ~ aTOMOB M MPENATCTBYeT  0Opa30BaHUIO
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KpHCTaHHHqCCKOﬁ (1)8.351. O,ZIHaKO TaKO€ COCTOAHHUEC TCPMOIMHAMHNYCCKHU
HCYCTOI‘/’I‘II/IBO. HOSTOMY IIpu OTKUI'C MOXKCT IMMPOUCXOIUTL «PACCTCKIIOBBIBAHUC)

Marcpuaja, T. €. IICPCXod B Ooiee YCTOﬁqHBOG KPHUCTAJINIMICCKOC COCTOSAHHUC.

YACTbH 1
«OCHOBBI KPUCTAJIVIOI'PA®UH
N KPUCTAJNJIO®UIUKN»

3. OCHOBHBIE ITIOJIOKEHUA

3.1 Crpykrypa KpHucTaLIa M ero pemerka

Kpucrannorpagus - 370 001acTh HayKHy, B 3aJ1a4y KOTOPOI BXOAUT ONKCAHUE
U OOBICHEHHE CTPYKTYpbl KpPHUCTAJUIOB HAa OCHOBE 3aKOHOB CHUMMETPUU U
MIPOCTPAHCTBEHHBIX COOTHOIIEHHUI PACCTOSIHUN MEXKY ATOMaMH.

N3BECTHO, YTO YaCTHIIBI, U3 KOTOPBIX CIIOKEHBI KPUCTAJIIBI, PACIIOJIOKEHBI B
MIPOCTPAHCTBE 3aKOHOMEPHO W CHMMETPUYHO B BHUJE IMPABWIBHBIX CETOK M
peuieTok. BenencTBue 3Toro CMMMETPUYHBL U (PU3UYECKHE CBOMCTBA KPUCTAIIIOB.
CumMeTpust CTPYKTYpbl KPUCTAJIOB - 3TO CIEACTBUE JUHAMUYECKOTO PABHOBECHUS
MHOTHX CHJI M IPOLECCOB, B KOTOpPHIE BKJIIOYEH KpucTawl. [losToMy BHemiHee
BO3JICHCTBHE (AIEKTPUUYECKOE MOJIE U T.J.) MOXKET HAPYIIUTh 3TO PABHOBECHE W,
CJIEI0BATENIbHO, U3MEHUThH CBOMCTBA KPUCTAIIIOB. ITO 0OCTOATENHCTBO OTKPHIBAET
IIUPOKME BO3MOXHOCTH IIO YIIPABICHUIO CBOWCTBAMHM KPHUCTAJUIOB IIyTEM

BHEIITHETO BO3AEUCTBUS.

CrencTBueM 3aKOHOMEPHOCTH M CUMMETPHUU CTPYKTYPbI KPUCTAJIIOB SIBJISIFOTCS

HUX OAHOPOAHOCTDb, JUCKPETHOCTh, CHMMETPUYIHOCTD U AHU30TPOIIHOCTD.

1. Oonopoonocms KpucTajsia TPOSIBISAECTCS B CYUIECTBOBAHUU TakK
Ha3bIBAEMOT0 PAINyCa OJTHOPOJHOCTHU: KaK Obl B JAHHOM KPHUCTAJLJIE HE Pa3MeniaTh

iap 3TOr0 pajguyca, B HEM Hapsay C J000H TOYKON 00sA3aTENbHO CONEPIKHUTCS
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OJIMHAKOBO PACIOJIOKEHHAsT Touka. Tak, B 1mape ogHopoaHocTu kpucramia NaCl
comepxutcs nBa sgapa Na, nBa sanpa Cl. Panguyc OJHOPOJHOCTH OOBIYHO
COCTaBJISIET HECKOJIBKO aHTCTPEM, T.€. SIBJISETCS BETUYMHOM MOpPSIKA MOCTOSHHON
pElETKY KpUcTala.

2. Jluckpemnocms. B TO xe BpeMsi KPUCTal TUCKPETEH - JIIOOYI0 TOUKY
KpHUCTaUIa MOKHO OKPY>KUTh IIApOM JUCKPETHOCTH CTOJIb Majoro pajguyca, 4To
BHYTPU HETO HE OKAXKETCS HU OJHOU TOYKH, € aHaTOTUYHOM. /[ pa3HBIX TOuek
KpUCTAJUIa PaJUyChl JUCKPETHOCTH PA3JIUWYHbl, HO BCE OHU MEHBIIE paauyca
OJTHOPOJHOCTH.

3. CummempuyHocmplo HaA3BIBAIOT OJMHAKOBOCTh CBOMCTB KpHUCTaJla B
Pa3HBIX HAIIPABJICHUSIX B HEM.

4. AHuzomponueii Ha3bIBA€TCS HEOJMHAKOBOCTH CBOWCTB KpHCTauia B
pPa3HBIX HANpaBJICHUSAX. AHU30TPOIHUS CBSI3aHA C TEM, YTO B CTPYKTYypE KpHUCTasuia
B Ppa3HBIX HaNpPaBJICHUSX Pa3IUYHBI PACCTOSIHUS M CHUJIBl CBSA3M 4YacTUIl (HO

OJINHAKOBBI B CAMMETPUYHBIX HAIIPABJICHUSX ).

3.2 Kpucramiorpadpuueckasi cucrema KOOpAMHAT

CTpyKTypy KpUCTAJUIa MOXHO BOCHPOM3BECTH, €CIM TMEPEHOCUTH Ha
OTIPENICTICHHOE PACCTOSHHE, MUMEHYeMOe IepPHOAO0M TPAHCJISLUMHU, BHIOPAHHBIN
NeMEeHT  (YacTHuIly, OJJEMEHTapHyl sueiiky u T.1.). CuMMmerpuyeckoe
npeoOpazoBaHue, C TOMOIIBIO KOTOPOTO BHIOPAHHBIN 3JIEMEHT, HE MIOBOPAYHBASICH,
MOBTOPSIETCSI B MPOCTPAHCTBE, HA3BIBACTCS TPaHCJAsUen. Sueiika, cTopoHaMu
KOTOPOW SIBIIAKOTCSL DJIEMEHTAPHBIC TPAHCISLWM, HA3BIBACTCA JJIEMEHTAPHOU
siyeiikoi. [IpuHsATO 0003HAYaTh IJIMHBI JIEMEHTAPHBIX TPAHCIAIUN OyKBaMu ai,

a,, as, a yribl MeXIy HUMH @, f, ¥ (cMm. puc.l a, 6).
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Puc. 1

Jlns npoBeneHUsT MaTeMaTUYECKUX ONEPAlMi 110 OIKMCAHUID CTPYKTYPbI
AJIEMEHTAapHOU SYEMKM U KpHUCTaIa KaK MPOCTPAHCTBEHHOTO 0Opa3oBaHUs
HEO0OXOJAMMO BBECTH CHCTEMY KOOPJMHAT, B KOTOPOW JaHHBIA KpUCTaul OyaeT
paccMaTpuBaTbCs. DTO TMO3BOJUT OJIHO3HAYHO OINPEIEIATh MOJOXKEHUE JIH000T0
aToMa B pPEUIETKE, YCTAaHABJIMBATH COOTHOIICHUs, CBS3bIBAIOIIME KOOPAMHATHI
aTOMOB B JJIEMEHTapHOM suedike W T.n. Ecnu 3a Hadamo KoopAWHAT BBIOMpATh
KaKoM-Tn00 y3es peleTky, a OCH KOOP/IMHAT HAMPABIIIEM 10 TPEM HaIpaBICHUSIM
JJEMEHTAPHOW TPAHCHSALMH, TOJYYUM KPHUCTALIOrPAGUYECKY0 CHCTEMY
KOOPAUHAT Ui JAaHHOIO KpUCTALIA. ECTECTBEHHBIMM €IMHULIAMU H3MEPEHUMN
BJIOJIb COOTBETCTBYIOIIUX OCEH SIBJISFOTCS IJTMHBI BEKTOPOB TPAHCIIALIMU. 3aMETHM,
YTO MO PAa3HbIM OCAM KOOPAMHAT OHM MOTYT 3HAYUTEJIBHO pPa3iIuyaTbCs IO
BenuunHe. Ha puc.1, 6 mokaszana kpuctaimorpadudeckas cucteMa KOOPAHHAT C
yKa3aHueM OONICTPUHSITHIX O00O03HAYCHHWI OCEH, TPAHCIAIMA U YIJIOB MEXIY
HUMM.

Takum o0Opazom, €MHCTBEHHOMN OCHOBOM TSt BBIOOpA
Kpuctauiorpauyeckoi  CHUCTEMBbl ~ KOOPJWMHAT  KpHUCTAJIa  SABJISIETCS  €ro

IIPOCTPAaHCTBCHHAA PCIICTKA.
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3.3 B3auMHbIi BEeKTOpHBIN 0a3uc 1 00paTHas pernieTka

Wrak, 1151 BBIMOJHEHUS MAaTEMAaTUYECKUX OTEpaIil MO OMUCAHUIO CTPYKTYPhI
KpHUCTaJUIa, BBIMOJHEHUS YHCICHHBIX OIEHOK B KpHCTallie HEOOXOJMMO BBECTU
CBSA3aHHYIO C HUM KpHUCTaiorpaduueckyro cucremy koopauHaT. OgHaKo B psije
OPaKTUYECKH BaXXHBIX  CIIy4aeB JUIsl  ONHCaHusi  (PU3NYECKUX  SIBJICHUU
KPUCTAJUIOTPAPUUYECKON CUCTEMbI KOOPIWHAT HEAOCTATOYHO U LEJIeCO00pa3HO
BBECTH JIPYTYIO CHCTEMY KoopauHAT. K TakuMm ciaydasm OTHOCHUTCS, HalpuUMeEp,
U3YYEHHE  MEpPeHOoca  AJIEKTPOHOB B PEMIETKE,  COMPOBOXKIAIOIIETOCS
MHOTOYHCIICHHBIMU HMX CTOJIKHOBEHHMSIMU C pemeTkor. [Iponecc CTONKHOBEHUS
OMHCHIBACTCS 3aKOHAMHU COXPAHEHHUS HHEPTUM M HMMITYJbCa, HO B KBAaHTOBBIX
CHUCTEMax HWMIYJIbC 3aMEHAETCS Ha KBa3UUMIIYJbC, KOTOPBIM yYHUTHIBAET
JNBOMCTBEHHOCTh MPHUPOJBI JJIEKTPOHA: OH W 4YacTuua, U BojHA. [locnennee
NPUBOJUT K OMNPEJCICHUI0 KBAa3UMITyJbCa OJJICKTPOHA-BOJNHBI pP= K, T1e

k =2x/A. 3nech k — BOJIHOBOW BEKTOP, A - IIMHA BOJHBI, KOTOPOH OMUCHLIBACTCS

COCTOAHHUC OAHHOI'O 3JICKTPOHA. 3aM€TI/IM, 4dTO pasMCPHOCTb BOJIHOBOI'O BCKTOpaA —

oOpatHasi aiuHA. V3MeHeHUe KBa3WUMITYJbCa NIPH CTOJIKHOBCHHSIX HEOOXOIMMO
paccMaTpuBaTh B MPOCTPAHCTBE KBa3HUMITYIbCOB ( Ky, K V> k), T.e. hakTuaeckn

paccMaTpuBaTh CTOJIKHOBEHHUS SJIEKTPOHOB B «0OpaTHOI» pemerke. Ho uTo 310
Takoe — oOpaTHas pelieTka U Kak €€ BBECTH?

Hapsany c OCHOBHBIM KOBapUaHTHBIM 6azrucom (6azucom
Kpuctauiorpaudeckod CHUCTeMbl KOOpPAMHAT KpHUCTaUla) B psAle CIydyaeB

11eJIecCO00pa3HO BBECTH €IIe OJMWH 0a3uc, MMEHYEMBbI KOHTpaBapHaHTHBIM, C

(1 22 2B

0a3uCHBIMU BEKTOpaMH & ', a , a '. Ero Ha3pBalOT 0a3ucoM o00paTHOM

PCHICTKU KPUCTAJJIA MW ONpCACIAIOT YCPE3 CKaJIApHOC IMPOU3BCACHUC C

BEKTOpaMH KOBapHaHTHOTO Oa3uca
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3.1)
C ucnone3oBanueM cuMbona Kporekepa
1 =
5P :{ a=p
0 a=p

9Ty CHUCTEMY MOJKHO II€penucarb Tak: [éa-éw )):55 . (a, pg=1 2 3). Jlannast

3alUCh TIOKa3bIBaeT, YTO J0OOW KOHTpaBapHaHTHBIM Oa3HUCHBIM  BEKTOP
-1

(HampuMep, a ') MEePHEHIUKYJIIPEH K JIPYTUM JBYM KOBapHaHTHBIM BEKTOpaM

(a2, az) 1 COCTaBJAET OCTPBIM yroia ¢ OJJHOMMEHHBIM KOBAapUAHTHBIM Oa3MCHBIM

—(1 o
BEKTOPOM (a( )). JIeliCTBUTENBHO, €CITN CKAJIAPHOE MPOU3BEAEHUE OOJbIIE HYJIS, TO

Yo MEXKYy BEKTOpaMH MCHBIIIC IIPAMOTIO.

(1)

Tak KaKk BEKTOp @' ' MEPHEeHAUKYISIPEH BEKTOpaM a2, a3, TO OH MapasuiesicH
UX BEKTOPHOMY IIPOU3BEACHUIO U, CIEJOBATEIbHO, €r0 MOYHO OIPEIEIUTh

CICAYIOITUM 00pa3oM:
— 1 - —
a( ) =K-[a2 ><a3].
(3.2)
3nece K — k03)PUIHUEHT NTPONOPLUHOHAIBHOCTH, KOTOPBIM  HEOOXOIUMO

onpenenuts. YToObl HaWTH KOA(DPUIMEHT MPONOPIUOHAIBHOCTH, MOJCTABUM B

(1)

BBIPAXKEHHUE: (51 -5(1)j =1 Beipaxenue (3.2) I @'’ U HOTydUM:

K-(Eu -léz ><53J):1.
(3.3)
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3amMeTuM, 4TO O00BEM DJJIEMEHTAPHOM sS4YEeWKHM B KOBapMaHTHOM Oa3uce paBeH
CMEIIIAaHHOMY TMPOU3BEJACHUIO Oa3UCHBIX BEKTOPOB: V=(51 ~[§2 ><53J)=h-8, 51
paBeH IUIOLAaM OCHOBaHMS S Ha ero BbicoTy h. Ilostomy u3 (3.3) ciemyer: K
=1/V wu Torma, ucxoas u3 BbipaxkeHus (3.2) U aHAJIOTUYHBIX €My JJISI JAPYTUX
BEKTOPOB OOPATHOM PEIICTKH, MTOTYUUM:
5(1) = [52 ><53]/ Vv, 21(2) = [53 x ai ]/ Vv, 5(3) = [51 xég]/v.

(3.4)

Boipaxenusi (3.4) mokaspiBaioT, 4TO Oa3uCHBIE BEKTOPHI OOpPATHOM perieTKu
HalpaBJ€Hbl [0 HOPMaIM K  KOOPAMHATHBIM  IUIOCKOCTSM  MIPSIMOWU
KPUCTAJUIMYECKOM pEeHIeTKU, a UX JUIMHBI paBHbI OOpaTHBIM BEJIWYHUHAM
MEKIUIOCKOCTHBIX PAaCCTOSIHUM B NPSAMOU peuieTke h. [[elCTBUTENBHO, COIIACHO

(3.4) umeem
a=S/V=S8/Sh=h".

Brerauciaum CMCHIAaHHOC IIPOU3BCACHUC 0a3UCHBIX BCKTOPOB O6paTHOﬁ

-1 [=(@ =3 y
PELIETKHU: (a()-[a( )xa( )D, BOCITOJIb30BABIINCH (POPMYJION ISl BBIYMCIICHUS

JBOMHOTO BEKTOPHOTO TMPOU3BEACHHUS YEpPe3 PA3HOCTh [JIByX CKAISPHBIX
MPOU3BEACHUIM:

|Ax|BxC|=B-(A-C)-C-(A-B).

[IponenaB HEOOXOIUMBIE OTIEPAIINH, HAWIEM:

(5“’ iy x5<3>D v,

T.€. 00BEM DJIEMEHTAPHOU SUYeKM 00paTHOM PEIIETKU paBeH OOpaTHOW BETMYMHE
00bEMa 37IeMEHTAPHOU STYEUKHU TPSMOU PEIIETKH.
Mo>HO MmoKa3aTh, YTO Oa3UCHBIE BEKTOPHI MPAMOW M OOpPATHOM pPEIIeTOK

CBSI3aHBI MEXK]1y COOOM CJICIYIOIMMHU COOTHOIICHUSMH (TIPUBOIUTCS 0€3 BBIBOJIA):

21 = v.[a@) x5<3>} ap v.{;@) xa“)} a3 = V-F?“) xa@)} . (35)
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o —(i
[Tapajutenienurien, MOCTPOCHHBIA HA  BEKTOpPax a( ), HAa3bIBACTCA
KpUcCTaLIOrpaduueckol  3jieMeHTapHOW  sidyelikoii o0paTHOM  pelIeTKH.
[ToBTOpSIst €€ B MPOCTPAHCTBE, MOXKHO MOCTPOUTH OOPATHYIO PEIIETKY KpUcTasuia.

Nmest nBe Tpoilku Oa3MCHBIX BEKTOPOB, MX MOXHO CBSI3aThb MEXIY COOOM.

bazucHbie BeKTOphl OOpAaTHOM PEIIETKH MOXHO Pa3lIOKHUTh MO 0a3ucy MpsaMou

PCHICTKHU:
_1 — — —
a1()=g11.El,1+g12.a,2+g13.5173
_2 — — —
3 ):g21‘a1+g22.32+g23'33
_3 — — —
2 )=931-a1+932-ag+g33-a3

HJIX B COKpAaICHHOM BHUIC!:

d =gy . (3.6)

KOC)CI)(l)I/IL[I/ICHTBI gaﬂ Ha3bIBAIOTCA KOHTPaBAapUAHTHBIMH KOMIIOHECHTaAMHU

METPUYECKOTO TeH30pa. UTOOBI BBIICHUTh HMX CMBICI, YMHOXHM CKaJIsIPHO,
Hanpumep, crpaBa obe yacTu paBeHCTBa (3.6) Ha BEKTOp OOpaTHOUN pEeHIeTKH -

—(7):

a
(é(a) é()/)j _ 9P '(5/3 ‘5(7))’

_(I) —

HO T10 ONIPEAEIICHUIO [a -a jj = &jj. Micmonp3yst 310, Mosy4nm:

[5(0!) '5(7)j = g% '5,87/

U OpU f =y UMEEM:

g% - [5(06) 'é(ﬂ)j'

Takum o06pa3zom, KOHTpaBapUAHTHBIE KOMIIOHEHTHI METPUUECKOTO TEH30pa PABHBI
CKaJIIPHBIM TIPOU3BEJECHUSM COOTBETCTBYIOIIUX KOHTPAaBapUAHTHBIX Oa3MCHBIX

BCKTOPOB. Tak kak CKaJIPHOC TTPOU3BCACHUC HCUYBCTBUTCIIBHO K IICPCCTAHOBKC

muoxuTeneit, 1o g% = gP% | uro ykasbiBaeT Ha CHMMETPUYHOCTH TeH30pa g% |
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Teneps mpoBeneM 00paTHOE Pa3IOKEHHE: PA3JIOKUM Oa3UCHBIE BEKTOPBI
IpsIMOi peleTku 1mo 6a3ucy oOpaTHOM peleTKH:
- —( —(2 -3
at = g11 a )+g12 a )+Q13 %
T () Z(2) Z(3)
az=gz1-a +gpgz2-a +go3-a .
T (0 2(2) 2(3)
a3 =gz1-a +9gzz2-a +9g33-a

()

.

B cokpallleHHOM BHJI¢ 5TH YPAaBHEHHS MOXKHO IEpENucaTh Tak: dg =Jyp3 -4

KOB(I)(I)I/IL[I/ICHTBI Pa3JIOKCHHA HA3bIBAIOT KOBApUAHTHBIMU KOMIIOHECHTAMHU
METPHUHYECCKOI0 TCH30pa U MOT'YT OBITH BEIYMCIICHBI KaK CKAJIAPHBIC ITPOU3BCACHUA

0a3MCHBIX BEKTOPOB MPSIMO#l PEHICTKH:

90p =20 -ap ) (3.7)
HaGopsl uucen g,p u g™ 06pa3yioT MaTpHIbl, IpHYEM OHH OOPATHBI JIPYT
apyry. Eciu 0603HaunTh H 9ap H =G, T0 H g% H =1/G uTorya gyp - gbr =57

N3 BeipakeHuit (3.7) ciaeayet BaKHBIN BBIBOJ: KOBAPUAHTHBIE KOMIIOHEHTHI

METPHYECKOTO TEH30pa Qyp LEINKOM ONPEJCIAIOTCS MapaMeTpamu  SIMCHKH

(nuHamu peOEp M yriaMu MEXIy HUMM): ay, d,, as, &, B, ¥ (cM. puc.1, 6):

2

a a1-a-cosy aq-az-cosp
G=| ay-ao-cosy ag ar-az-cosa |,
&y-az-Ccosf ap-ag-cosa a§

T.C. €CJIM HM3BCCTHbBI KOMIIOHCHTBI MCTPHYCCKOI'O TCEH30pad, TO MOXKHO HaWUTH

IIapaMeTphl JIEMEHTAPHOU Y€K B IPSIMOU PELIETKE:

a1 =1g11; a2 =\/922; a3 =/933;

923 913 912 )
o = arccos —2£2—— | ff=arccos —=2— | y =arccos| —=5—
L/sz'gssj $(\/911 'gssl 5{\/911 'szJ
V =,/det|G]|.

Takum 00pa3oM, €CJIM U3BECTHBI KOMIIOHEHTHI METPUUECKOT0 TeH30pa G, TO

110 IPpUBCACHHBIM BbBIIIC BBIPAKCHUAM MOKHO BBIYHMCIUTDb BCC IMapaMCTpPhbI pr[MOﬁ
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PCUICTKU. Ho kak onpeaAcINTb KOMITIOHCHTEI Qaﬁr) Nx MoxxHO HaﬁTI/I, €Clin

M3BECTHBI KOHTPABAPHAHTHBIEC KOMIIOHEHTBI METPHUYECKOro Tersopa g® . 3Hauwr,
3a71a4a ONPENENICHUS IapaMETPOB JJIEMEHTAPHOW SYEUKH MNPSIMOM PELIETKH
KPHCTa/Ia CBOAUTCSA K OKCIICPUMEHTATBHOMY ompenencHuio Bemmunn g%’ . Kax
3TO CAENATh?

Ecniu wuccrnenyercs cTpoeHHe Kakoro-nu0o o0O0beKTa, TO B KadecTBe
HCCIEAYIOIIET0 WHCTPYMEHTA BCErJla MCHOJIB3YIOT TaKOW, TI'€OMETPUYECKUE
pa3Mepbl HCCIEN0BATENbCKOM YacTH KOTOPOTO MEHBIIE XapaKTePUCTHUUECKUX
pPacCTOSTHUM B 00BEKTE: TaK, UCCIAEAYSd U PEMOHTUPYS MEXAHU3M YaCOB, YACOBLIUK
UCIIONB3YEeT  MajoradapuTHblE  OTBEPTKH, TOHKHME  MHUHLUETBI W T.JA.
XapakTepuCTUYECKHE PACCTOSIHUS B KPUCTAUIE ONPENEISAIOTCS NEePUOIaMHU
TPAHCISIIUA W peajbHO OHM COCTABIISIIOT BEJIMYMHBI OT €AWMHUL 10 JECsITKa
anrctpeM. OTBEpPTOK W MUHIIETOB TAKUX Pa3MepOB HET — MOYKHO HCIIOJIb30BATh
TOJIBKO 3JIEKTPOMAarHUTHOE U3IyYE€HHE - UMEHHO OJHO OOJaJaeT pa3pellarollei
CIIOCOOHOCTBIO, ONpenensieMor ee JUIMHOW BOJHBL. [103TOMY 4YTOOBI «yBUAETHY
BHYTPEHHEE CTPOCHHUE DJIEMEHTApHON SYEHKH HEoOXOJAMMO HAamNpaBUTh Ha
KpUCTaJUI HE CBeT (ero JUiMHAa BOJIHBI COCTAaBIISICT TBHICAYU aAHICTPEM), a
ANIEKTPOMATHUTHOE H3JIyYeHUE C JIJIMHOM BOJHBI MEHEE OJHOr0 aHrcTpeMa.
TakoBbIM SIBIIsIETCA PEHTI€HOBCKOE M3NydyeHHue. HanpaBuB MOTOK PEHTTE€HOBCKOTO
M3JIyYEHHUS] Ha MCCIENYEMBbI KpUCTAI U (PUKCUPYS OTPAXKEHHOE H3ITy4YEHUE
(MMEHHO TaK MbI BUJAMM OKPYKAIOIIMN MHUpP — (DUKCUPYEM OTPAXEHHBIN CBET),
MO>XXHO BHUJETh, YTO OTPAXKEHHBI PEHTIC€HOBCKUW MOTOK MPEACTABISIET COOOM
pe3ynbTar Oudpakiuu TraMma-u3iaydyeHus  KaK OT CHUCTEMbI MapajulelbHbIX
iockocTer. [IoCKOIbKy OTpakKeHHE KBAHTOB PEHTIEHOBCKOIO M3JIYyYEeHHUS OT
aTOMOB B KpHUCTa/UIe MPOUCXOJIUT B IMPOCTPAHCTBE KBA3MUMIYJbCca, TO B
OTPaKEHHOM MOTOKE COJIEPKUTCS MH(DOpMALKA O TapaMeTpax 0OpaTHON PEIIETKH.

Takum 00pa3oM, aHaIM3Upys KapTHUHY OTPaXEHUS PEHTTEHOBCKOTO

M3JIYy4YCHHUS OT KpHCTAIa, MOXKXHO BBIYHUCIINTL IIApaMCTPhI O6paTHOﬁ PECUICTKU.
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3Has HX, COCTABJIACTCA MaTpHlla KOHTPaBApHMAHTHBIX KOMIIOHCHT MCTPHUYCCKOTIO
TCH30pPAd, HaAXOAUTCA 06paTHa51 en Marpuma, I10 KOMIIOHCHTAM KOTOpOﬁ
BBIYUCIIAOTCA IIapaMCTPhI HpHMOﬁ PCIICTKH. Onuca"HHOE BBIIIE IMPUMCHCHHC
O6p&THOI>i pPeHICTKN HE ABJACTCA CAMHCTBCHHBIM — CYIICCTBYOT MW IOPYIHC

IMPUMCHCHMUA.

3.4 CumBOJIBI y3JI0B, HANIPABJIEHUH U IUVIOCKOCTel

B Kpuctasuiax. Muaexkcsr Musiepa

ITpenmonoxum, 4TO B KpHUCTaUle YCTAHOBJIIEHA KpHUCTaLIOrpapuyeckas

cCUCTEMa KOOPAMHAT, HA4YaJI0 KOTOPOW MOMEUIEHO B KOHKPETHBIA y3€N PEIIETKU

kprctanna. ITocKoIbKy HaM M3BECTHBI TPH OCHOBHBIE TPAHCISIMHU ai, a2, a3, TO
MOJIOKEHUE JII000TO y371a B PEIIETKE OMPENEseTcs €ro paguycoM - BEKTOPOM,
POBEJCHHBIM M3 Hauajla KOOPAUHAT B paCCMaTPUBAEMBIN y3€:
R=m-a +n-a2+p-as,

rae m, n, p — TOJIOXKUTEIbHBIE U OTPHUIIATENIbHBIC IIeJible 4ucia. B naHHOM
BBIpQXXEHUU UHGPOPMAIIUIO O MOJIOKEHUH PACCMATPUBAEMOTO aToOMa HECYT YHCIia
m, n, p. [loaToOMy MOXXHO XapakTepU30BaTh aTOM TOJIbKO ATUMHU uuciiamu. HabGop
U3 TPeX YMCEN B JBOMHBIX KBaJpaTHBIX CKOOKax [[m, n, p]] Ha3pIBalOT CHMBOJIOM
y3J1a, a yucia m, n, p — uHAekcamu Musuiepa y3na. Eciu ducia oTpuiniaTeiabHebIe,

TO 3HAK «MHHYC» CTAaBHUTCA HaJd COOTBCTCTBYIOIIMM HWHACKCOM MI/IJ'IJ'Iepa,

Hanpuwmep, [[1 2 1]].

3.4.1 CumBoJa u nHaeKkcbl Muiiiepa

KPHCTALJIOrpa)uuecKoro HanpaBJjaeHHUs
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HayuuBimmch omnpenensrth MOJIOKEHUE TOYEHHOr0 OOBEKTa B KpHUCTAILIE,
nepeiieM K onpeneNeHruI0 KOOpAMHAT JIMHEHHOTO 00bekTa — HanpaBieHus. Haa
3a/laya 3aKJI04YaeTcs B TOM, YTOOBl HAWTH yHOOHYI0 MaTreMaTudeckyro Gopmy
3ajaHusl  BBIOpAHHOTrO HampaBiieHus B Kpuctamie. Kpucramiorpaduueckoe
HaIpaBJIeHUE - 3TO MpAMas JUHUS, MPOXOJIAIas Mo KpalHel Mepe depe3 JBa y3ia
pemieTkd. BBuay O€CKOHEYHBIX pa3MepoB paccMaTpUBaeMOro KpucTaia
KpUcTayuiorpaguyeckue HarpaBieHUs, ONMUCHIBAEMbIEe NMapaJlICIbHBIMU MPSMbIMU
JUHUSMHU, OINKCBHIBAIOT OJHO HANPABJICHUE. 3HAYUT, €ro MOXKHO 33/1aTh
KOOpAMHATAMHM 3TUX JBYX y370B. HO s ympomieHusi 3amucu OJMH M3 HHX
MPUHUMAIOT 32 HAadaJlo cucTeMbl koopauHat - [[000]] u3-3a TOro, 4To BO3MOKEH
napaJiebHbI MEepeHoc cuctembl koopauHaT. [losTomy kpuctammorpaduyeckoe
HaIpaBJeHUE MOJHOCTHIO OINpPECISICTCS JISKAIIUM Ha HEM Y3JIOM, OJIMKANUIIIUM K
Hauany koopauHart. CHMBOJ  KPHCTAJIOrpaguyeckoro HamnpaBJieHUs
3alUCHIBAIOT B OJMHAPHBIX KBAJpaTHBIX CKOOKax: [mnp]. Yucna m, n, p Ha3pIBaAIOT
uHaekcamu  Muiuiepa  kpucrauiorpaguyeckoro  HampasjeHus.  Tax,
kpuctaiuorpadpuueckue ocu OX - [100], OY - [010] u OZ - [001] .

COBOKYITHOCTh KpUCTAUIOTparuecKuX HaMpaBlIeHUN, KOTOPbIE MOTYT OBbITh
COBMEILICHbl  ONEpalMsIMA  TOYEUYHOM CHUMMETPUU  JAHHOTO  KpHCTalia,
3aIIMCHIBACTCS B YIJIOBBIX CKOOKax - "< mnp>" (Hampumep, COBOKYITHOCTh pedep
KyOa mmeeT mHAeKchl Muiiepa <100>). Ecnu xakoe-nmubo w3 yucen m, n, p -
OTPUIIATEIBHOE, TO 3HAK MHUHYC MHUIIYT HAJ COOTBETCTBYIOIIUM HWHJIEKCOM,
HanpuMmep, <100>. Ecmu mezexkcsl Mumiepa MMeIOT OOIIMIA MHOXHTENb, TO
CUMBOJI D3TOTO KpHCTALIOTpadUuecKoro HAMpPaBJICHHUS TOMyYaloT JeJICHUEM
HUCXOAHBIX HWHJIEKCOB Ha TIOCTOSIHHBIA MHOXUWTENb. Hampumep, CHUMBOI
kpuctamiorpadudeckoro HanpasiaeHus [20 40 60] ormedaer ToXKe HampaBliCHUE,
9yT1O ¥ cUMBOJI [1 2 3], KOTOPBII MOTyUYeH JeNeHneM UHAEKCOB Muiepa Ha o0muit

MHOKUTEJIb, paBHbIN 20.
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3.4.2. CumBoJ M HHAEeKcbl Muiiepa

KPHUCTALIOrpapuIecKoi MI0CKOCTH

[Ipeanonoxum, 4TO HaM HEOOXOJUMO YKa3aThb BBIJEICHHYIO MO KAaKHUM-TO
COoOOpakeHUsIM IJIOCKOCTh B KpucTajuie. BcTaeT Bompoc: Kak €€ OTJIMYUTHh OT
Ipyrux Kpuctramiorpapuyeckux miockocteit? IlycTs 3Ta MiIoCKOCTh HE MPOXOIUT
yepe3 Hayajao KOOpPAMHAT. SICHO, YTO TMOJO0KEHUE IUIOCKOCTH OJHO3HAYHO
ONPENEIACTCA  LICJOYMCIECHHBIMU  OTPE3KaMHU,  OTCEKaeMbIMH €0 OT
KpucTauiorpaguieckux ocei (cM. puc. 2). [Ipu 3ToM BO3MOKHBI TPH CIIyYas:

l. mmockocTh HE mapauiesibHa HU OJTHOM M3 KOOPAUHATHBIX OCEH;

2. TUIOCKOCTH MapajuieibHa OJHOM U3 OCel, OTCEKask OT APYTUX JBa OTPE3KA;

3. IUIOCKOCTh NapajuielibHa ABYM OCSIM KOOPAUHAT.

B npunnune, ecay ykasblBaTh JUIMHBI OTPE3KOB, OTCEKAEMbIE IIJIOCKOCTBIO OT
KOOPJIMHATHBIX OCEH, TO TUIOCKOCTh OyAeT OJHO3HAYHO HUJEHTU(UIIMpOBaHA
3aMuChi0 MHAEKCOB Muiuiepa KpucTamorpaduueckoi TIOCKOCTH, HampuMmep, B
BHUJIC (1 1 1) BMOJIHE mpuemiieMa. OJHAKO €CIU MJIOCKOCTh MapajieabHa OJHON WU
JBYM KOOPJMHATHBIM OCSM, TO OTCEKAaeMble OTPE3KH OT OTUX Ocell OyayT
OCCKOHEYHBIMH M, CIIeJIOBATEIbHO, MpejyiaraeMasi 3aluch HHAEKCOB Musuiepa
TaKOW IUIOCKOCTU OyAeT, Hampumep, UMeTh BHI: (o oo 1). Ilpu mpoBenenun
MAaTeMaTU4YECKUX BBIUMCIEHUN C TAKUMH MHJIEKCAMU MO BBIYHCIIEHUIO [TAPAMETPOB
KpHUCTasia Hen30eKHbI OECKOHEUHBIE Pe3yIbTaThl, @ 3HAYUT U HEOTPEICICHHOCTH.

3HauUT, BBOAUTH MHACKCH Musuiepa i KpUCTauiorpauieckoil miIoCcKOCTH,
yKa3blBasg OTCEKAEMBIE €10 OT OCEHd KOOPAMHAT LIEJOYHCIEHHBIE OTPE3KHU,
HerenecooOpasHo. bynem uckate apyroit
Croco0 OJHO3HAYHOW WIEHTU(DUKAIIAN

KpUCTaLIOrpadudecKoi IOCKOCTH.
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IlepBbIi ciiyyal. SICHO, 4TO BEKTOpPHI 51 = p1 .at; ;_92 = ,o2 .ap; ;7)3 = p3 .a3-
LEJIOYUCIICHHBI, T.K. PACCTOSTHHUS MEXKIY Y3JIAMU U3MEPSIOTCS B LEIbIX BEIIMUMHAX,
MPONOPLUHOHATBHBIX JJIMHAM BEKTOPOB TPAHCIALMHI 1O OcsiM. [103TOMY BEKTOpBI
G1=P1—P3: G2 =P2-P3 1 03 =Qqp — 4

Puc.2. TAKK€ LEJIOYNCIICHHBI U JIEXKAT B
paccMmar-
pHUBAaEMOM IUUIOCKOCTH, @ HUX BEKTOPHOE MPOU3BEIACHUE MEPIEHIUKYISIPHO

INIOCKOCTU. JIBa BEKTOpa ¢y H Qo OIHO3HAUHO OINpPEAEIAIT IOJNIOKEHHE

IJIOCKOCTH, HO YKa3blBaTh MJIs HMACHTH(PUKALMHN IJIOCKOCTH KOOPJIHUHATHI JBYX
BEKTOPOB HEYJOOHO J1a U HEpa3yMHO — 3TO 1ecTh Hudp. IlonbiTaemcst oThICKATH
cnoco0 ykasarh €€ MoJoKeHHe 0oyiee KOPOTKOM 3anucbio. BBUYy NMPOU3BOJIBHOTO
BBIOOpa Hayajla KpUCTALIOTpa(hUUECKO CUCTEMBI KOOPAMHAT BCE MapaljiebHbIC
IJIOCKOCTH HEPa3IuYMMbl U IMOTOMY IOJOKEHHE pPacCMATPUBAEMON IIIOCKOCTU
MOXXHO OXapakKTepu30BaTh HOPMalbI0O K HEW (puc.2), KOTOpBIH ompeiensercs

CIEAYIOIIUM 00pa3oM:
n==-|a1xa, |
AR
3nech g ynoocTBa BBEAEH HOPMHUPOBOUYHBIN KOddduireHT 1/V , paBHbINA 00beMy

AJIEMEHTapHOU SYEUKU OOpaTHOM pemIeTKH. BhIUMCINM 3TOT BEKTOpP, UCMIOIB3YS

BBIPAXEHUS 11 BEKTOPOB ¢, 62 U py, Po, P3:
B:&'[(i_%—/?’s)X(E—l_?s)]:%'[(‘f‘51‘p3'53)X(P2‘52‘p3'53)]=
L R TR N RE MV R SR B

1

R R SR I e W P

Hcnons3ys BeIpakeHUs I BEKTOPOB OOPATHON PEIIETKH Yepe3 BEKTOPHI MPSIMOU

PCHICTKHU, AaHHOC BBIPAKCHUC MOKHO IICPCIINCATh TAK:

n=p _p2‘5(3)+p2_p3,5(1)+p1 e _5(2)-
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O603Ha4YMB yepes 1y, 1y U 13 KOAIOPUIUEHTHI MPONOPIIHMOHATBHOCTH, HAHJEM:

n=n-a"+ny-a2 +ng.a°,

Takum oOpasoM, nanas TOro, 4YTOOBI OXapakTEPHU30BaTh IOJOKEHUE
KpUCTAIIOTpaduiecKoi TNIOCKOCTH, JOCTaTOUYHO yKa3aTh BEKTOP HOPMaJH K 3TOU
IJIOCKOCTH. 3HAYUT, KO3PQPUUHUEHTBI 1y, N, U N3 MOXKHO paccMaTpuBaTh Kak
UHIeKcbl Muiuiepa KpucCTA/LIOTPa@UYeCKON IJIOCKOCTH U, CIIEIOBATEIBHO,

CHUMBO.J1 Kpl/ICTaJIJIOFpa(l)H‘IeCKOﬁ INIOCKOCTH MOXHO 3allucarb B BHIAC:
(o ).

Bropoii cnyyaii. ITycts paccmatpuBaemasi INIOCKOCTh MapajjienbHa ocu X. JTO

O3Ha4acT, 4YTO Yy IIJIOCKOCTH HMCCTCA BCCro JBa OTPE3KaA:. pPo :,02-32 u

Ps3 :p3 83, a caMa IUIOCKOCTh MapallelbHa BEKTOpam al u go =po—pP3.-

Hopwmans k HEN ecTh BEKTOD:
n=y e
4

OTKYJ1a HAXOJIUM:

2

-a Wi n=n,-a%,

— -2
n=p°-a +p
rne m=0, no= p3, ng = p2- uHIEKCh Muiiepa  KpucTtamuiorpaguieckoi

IJIOCKOCTH, MIPOXOSIIEH Yepe3 0JIHY KOOPJIMHATHYIO OCh.

Tperuit cayuaii. [lo yciioBuro 3aaum IIOCKOCTh NapajuiesibHa ocaM X U Y u

OTCEKaeT OT ocu Z oTpe30K. OHa napajuienbHa BEKTOpaM &y U ap, IOTOMY
O O I €
n=—-laixaz|=a .
4

~(a)

CrnenoBarenbHO, B BBbIpaXEHUU r_7=na-a nmeeM: =0,n0=0, n3 =1 - 3TO
MHJAEKCHl MuJepa mIoCKOCTH, MPOXOAIIEH YePe3 IBE KOOPAUHATHBIE OCH.
Takum 0o6pa3oMm, KOOpIMHATHI BEKTOpa HOPMAIH K KpuUCTauiorpaduuecKou

IIJIOCKOCTHU OJHO3HAYHO YKa3bIBAKOT ITOJIOKCHUC BI)I6paHHOI>‘I IIJIOCKOCTH U ITIOTOMY
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MOTYT paccMaTpUBaTbCAd Kak ee HMHJEeKChl Muiepa B mpsimoil pemérke. OHuU

3aMHUCHIBAIOTCSA TaK K€, KaK W MHJAEKCHl HAIpaBJEHHUSA, HO B KPYIJIBIX CKOOKaX:
(n1 no n3). Opnako He crneayer 3a0bIBaTh, YTO HHIEKCHl Muiepa

KpUCTAUIOrpaPUUYECKON TIIOCKOCTH OTHOCSITCS K BEKTOPY B OOpaTHOM pelIeTKe U
YTO OHU OOPATHO MPOMOPIUOHAIBHBI IJIMHAM OTPE3KOB, OTCEKAEMBIX TIOCKOCTHIO
OT KOOPAMHATHBIX OCeH B MpsIMOM perieTke. [ nepBoro ciyvas

1

1 1
Minp:ng=pPoP3 PR3 PR =< 5 5"
p' p° p

JI1st BTOPOTO cilydasi: nNo :ng = P p? = iz : LS YMHOXkasi Bce TPU KOOPIUHATHI
p- P

Ha BHIOPAaHHOE 4YHMCJIO, HMX MOXHO BCETJA C/AeaTh  IIEIOYMCIEHHBIMH.
KoopvHaTHbIe TUIOCKOCTH TPSIMOW DPEUIETKH XapaKTEPU3YIOTCS CIIELYIOIMMU
uHgekcamu Musuiepa: (100)-YOZ; (010)-XO0Z, (001) - XOY.

Takum 06pa3oM, BBeIEHHE OOPATHON PELIETKH YIPOIIAET 3alMCh KOOPIMHAT
KPUCTAUIOrPapUUECKOil  TUIOCKOCTH, WCKJIIOYUB BO3MOKHBIE OECKOHEYHBIE
3HAYEHHSI MHJEKCOB 10 OTAEIBHBIM OCAM, C KOTOPBIMH JI@HHAs IUIOCKOCTh HE
TIEPECEKAETCS, & TAK)KE YMEHBIIMB YUCIIO 331aBaeMbix mUdp 10 Tpex. [losromy
WCIIOJIb30BAHUE TIPEJICTABIEHUs 00 OOpaTHOM pelIeTKE TO3BOJISET BCEra
MOJIy4aTh KOHEYHbIE 3HAYEHHs WHAEKCOB MUIUIEpa ¥ TEM CaMbIM HCKIIOUYHThH
BO3MOJKHBIE HEOIPEIENIEHHOCTH MPH MaTeMaTUYeCKOW 00paboTKe MapamMeTpoB

ITIIOCKOCTH.

3.5. TEOPUA CUMMETPUN KPUCTAJJIOB

3.5.1. DneMeHTHI TOYEYHOH CHMMETPHHU KPHCTAJLIOB
Oxpy>Karomuii HaC MUP B CBOEM YCTPOMCTBE MOJYMHEH MHOTUM 3aKOHaM, B

HYaCTHOCTH, IIOAAaBJIAIOIICC OOJBIIMHCTBO 00OBEKTOB MaTCpUaJIbHOIO MHpa UMCIOT

T€OMETPUUYECKH MPaBWIbHYIO (hopmy. ['OBOPST, YTO OHM UMEIOT «CUMMETPUUIHBIN
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Bua». Kak nmpaBuiao, CUMMETpUYHBIM BHMJ  MaTEpUaJIbHOTO  OOBEKTa
CBUJIETEIIBCTBYET O €0 CIOKHOM BHYTPEHHEM CTPOCHUH, IMTEIBHOU 3BOJIIOLUY.
VY cTaHOBIIEHO, YTO BCE CUMMETPUUHBIE (PUTYypbl MATEPUAIIBHOTO MUPA MOTYT OBITh
CBEZICHBl K KOMOMHALIMSIM KOHEYHOTO 4YHCJIa MPOCThIX N€OMETPUYECKUX (PUryp:
cdepsl, Kyba, nmupamuasl U T.A. [ onucaHus K€ CUMMETPUU 3TOro Habopa
reOMEeTPUUECKUX QUryp TpeOyeTcs KOHEUHOE YHCIIO JIEMEHTOB cuMMeTpuH. [log
AJIEMEHTAaMU CUMMETPUHM TE€OMETPUYECKOW (UIyphl IOHUMAIOTCS  TaKHE
AJIEMEHTApHbIC JEUCTBUS HaJ HEH, B pe3yJbTaTe BBIIOJHEHUS KOTOPBIX (urypa
COBMENIAETCS cama ¢ COOOM.

I'eomeTpnueckoii cuMMeTpHMell KpHUCTALUIOTpa(UUecKOro MpOCTPaHCTBA
Ha3bIBAETCSl CBOMCTBO IIPOCTPAHCTBA COBMELIATBCS C CaMHM COOOH IIyTeM
CUMMETPUYECKUX MpeoOpa3oBaHUM, K KOTOPBIM OTHOCATCA: OTpa)KeHUs,
BpallleHHs1, NepeHockl. CHMMeTpUYecKre MpeoOpa3oBaHusl IEATCS HA KOHEUHble
(WM TOYEUHBIE), MPU KOTOPBIX XOTA OBl OJHA TOYKAa MHPOCTPAHCTBA OCTAETCA
HENOJBWXKHON, U Oeckoneynvle. llepBble COOTBETCTBYIOT INpeoOpa3OBaHUAM
CUMMETPUHU JJIEMEHTapHBIX SYEEK KPHUCTAUIOB, a BTOPbIE - CHUMMETPUH
MPOCTPAHCTBEHHBIX CTPYKTYP.

BaxHbIM  CBOWCTBOM  BCE€X CHMMETPUYECKHX

npeoOpa3oBaHUll  SIBISIETCS ~ CIEAyIOIIee: TpU  BCeX

npeoOpa3oBaHUSX  CHUMMETPUHM  PACCTOSIHUSL  MEXIY

TOYKaMHu (UTYpPhl HE U3MEHSAIOTCS, T.€. HE MPOUCXOAUT
m pacTspKeHus, u3ruda, KpydeHus Kpucraiia. Paccmorpum
Puc. 3 TOYEUHBIC MPeoOpa30BaHUS CUMMETPUH.

I[lnockocTh cumMmeTpuu (e€ Hamuuue B Qurype
0003HAYaIOT CUMBOJIOM «m») — 3TO TUIOCKOCTh, KOTOpas NeIuT (Urypy Ha JBe
3epKajgbHO paBHbIE YacTu (puc. 3). [IMOCKOCTh CUMMETPUN MOKHO NPEACTABIATH
cebe Kak 3epKaJio BHYTpH (UTYpHI: BCE, UYTO HAXOJIUTCSA TMEpe] 3epKaJioM,

OTPa3UBIINCh B HEM, TOYHO COBMEINAETCS C TOW YacThi0 (PUTYPBI, KOTOpas
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HaXoJUTCA 3a 3epkajoM. [I[puMepoM MIOCKOCTH CUMMETPUHM SIBIISIETCS TUIOCKOCTb,
Jessiast si0JI0KO 0 €ro Cep/IleBUHE Ha JBE PaBHBIC YACTH, a TAK)KEe BEPTUKAJIbHAs
IUIOCKOCTb, MPOXO/IAIIAsl BEPTUKAIBO 110 CepeArHE uepe3 uenoBeka. Ecnu Hopmaib
K TUIOCKOCTH HampamieHa 1o ocu X (puc. 4), TO 3Ty IVIOCKOCTh 0003HAYAIOT 71y,
eciy 1o ocu Y, To my u T.4. Ha pucyHkax, oToOpakaroIux 31€MEHTbl CHMMETPUU
(GUryphl, JIOCKOCTh CAMMETPUU PUCYIOT TOJICTON JIMHUEH.

IlenTpoM cumMeTpum (ero 0003HAYAIOT JATHHCKOW OYKBOU « [ » U MHOTAA

Ha3bIBAIOT LEHTPOM HMHBEPCUHU) HA3BIBAETCS 0cO00as TOYKAa BHYTPH (UTYPBI,

Z\
mx
m, -
mZ Y
X
Puc. 4 Puc. 5

XapaKTepu3yloascs TeM, 4yTo Jito0asi MpOBEJICHHAs Yepe3 Hee MpsiMasi BCTpedaeT
OJIMHAKOBbIE (TOBOPAT, «TOMOJIOTUYHBIE») TOYKU MO 00€ CTOPOHBI OT HEE W Ha
paBHBIX paccTosHUsX (puc. 4): A - A, B - B (cMm. puc. 5). JlelicTBHe CHMMETPHE
LIEHTpa UHBEPCUHU - 3TO OTPAKEHUE B TOUKE, B KOTOPOH OH HaxoauTcs. OObBIYHO
3TO T€OMETPUUECKHUM LIEHTP PUTYPBHI.

Och cummeTpumM n - oro nopsiaka (e€ Hanuuue B Gurype o003HA4aroT
CUMBOJIOM « M ») — 3TO MpsAMas JIMHUSA, IPU MOBOPOTE BOKPYr KOTOPOW Ha
HEKOTOpbIA yron ¢urypa coBmemiaercss cama ¢ coOoil. Haummenbliuii yron
MOBOPOTa paBeH: « =27m/n. Bcero moBOpoTOB y OCU 1 - WITYK: A, 2a, 30, ..., NOL.
[IpumepoM oOCH HYETBEPTOTO MOPSAIKA SBISETCS OCh, MPOXOASIIAs dYepe3 JIBE

IPOTUBOJIOKHBIE TPAHU KyOa.
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Gurypel ocu CUMMETPUM TIOKa3aH MpPaBUIbHBIN @

YEeTHIPEXYTOJIbHUK, O0JIAAIoUi OChI0 CUMMETPUU

Ha puc. 6 B kauecTBe mpumMepa HaJIUYUA Y

YETBEPTOr0 TOps/IKa, MPOXONSIIEH uYepe3 LEHTP

Gburypsl nepHneHIUKYISIPHO TIOCKOCTU pucyHka. Ha @ o
PUCYHKaX OCb CHUMMETPUU H300paKalOT B BHJIE

TOHKOW CIUIOIIHOW WJIM IIYHKTUPHOW IIPSIMOM, Puc. 6
MOJIOKEHUE KOTOPOM COOTBETCTBYET MOJIOKEHUIO OCU

CUMMETpPUHU B paccMarpuBaemort ¢urype. Ha koHmax 3Tod mpsiMoil momemniaror
3a4€pHEHHBI MHOTOYTOJIBHUK C YUCJIOM YTJIOB, PABHBIM MOPSAIKY OCH CUMMETPHUH.
Tak, Ha KOHIIAX OCHM CUMMETPUHM TPETHETO MOPSJKA PUCYIOT TPEYTrOJbHHUK, OCH
HIECTOTO MOPSAJIKA - NIECTUYTOJbHUK U T.lI. B 3leMeHTax CHMMETpUU KPUCTAJUIOB
MOPSIJIOK OCH CUMMETPHUU 71 HE MOKET ObITh PABHBIM IISITH U OBITH OOJIBIIIE MIECTH.
[Topsimok ocelt CUMMETPUM UJEATbHBIX KPUCTAJUIOB MOXKET OBITh paBeH TOJBKO 1,
2, 3,4, 6. DTo MOXXKHO JI0Ka3aTh JIByMs CITIOCOOaMHU.

Jlocuueckoe  Odokazamenbcmeo.  JloKa3aTeNbCTBOM  3TOTO  YTBEPXKIACHUS
SBJISIETCS CIIEYIOIee OOCTOSTENBCTBO: (uUrypa (B HalleM clydae dJeMeHTapHas
suelika KpUCTalula) JOJDKHA OBITh TAaKOWM CHUMMETPUHU, YTOOBI, YKJIaabIBas e€i
0I00HBIC PSAOM IS MOTYyYEHUS KPUCTAIIA, MOYKHO OBLIO OBl MJIOTHO 3aMOJHUTH
BCIO IUIOCKOCTh. Eciii 3TO yAacTces, TO 2JIEMEHTAPHBIE SYEUKU TaKOM CUMMETPUHU
OyanyT TJIOTHO TpWierarb ApYyr K Jpyry, o0pa3ys MEXaHW4YeCKH MPOYHBIN
kpuctamt. J[ysg 3TOW 1enu MOXXHO TPHUMEHUTH CIEAYIOIIHE IUIOCKUE (DUTYpHI:
M000#1 MHOTOYTOJILHUK HETPaBWIBHON (POPMBI (MMEET OCh CHMMETPHUU TOPSIKA 7
= 1), IpsAMOYTOJIbHBIM YETHIPEXYTOJIbHUK (MMEET OCh CUMMETPUU MOPSIKA 1 = 2),
PABHOCTOPOHHHI TPEYTOJbHHUK (MMEET OCb CUMMETPHUM MOpsAJKa n = 3), KBaapar
(MMeeT och CUMMETPHUU NOpsiAKa 1 = 4) U IECTUYTOJbHUK (MMEET OCh CUMMETPUH
nopsiaka n = 6). I[Ipumepom mociegHEd CHUTyallMU SBJISIETCS MYEIHHBIN YIIEH,

COCTaBJICHHBIA U3 IMECTUYTOJIbHBIX COT. Ho HEeBO3MOXHO IMPOBECTHU IIJIOTHYIO
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YIaKOBKY IJIOCKOCTHU MATUYTOJIbHUKAMH, CEMUYTOJIbHUKAMH, BOCbMUYTOJIbHUKAMHU
U T.J. — MEXAY OTACNIbHBIMU (pUrypamu o0s3aTeabHO OyAyT MYyCTOTHI. JTO JIETKO
IPOBEPUTD, BbIpe3asi MATUYTOJIBHUKUA U CKJIAJIbIBAsl UX HA TUIOCKOCTHU JI0 TUIOTHOTO
e¢ 3amosHeHus. OTCYTCTBUE IUIOTHOM YIAKOBKM MEXIY JJIEMEHTapHBIMU
syeKaMu KpUCTalla IPUBEIET K TOMY, YTO UK OyayT cilabo CBSI3aHbI JIPYT C
npyroMm. Jlroboe BHelIHEEe BO3ACUCTBUE pa3pyIIUT TaKOW KpUCTALT [0

QJICMCHTAPHBIX AYCCK.

FQOMempMHQCKOQ 00KA3amenbCmeo. HOKa)KeM, qTo B nJICaJIbHBIX

KpucTtajaiiax ImopAaa0K OCH CUMMCTPHUHU 71 MOJKCT IIPUHUMATDb 3HAYCHHUSA TOJIBKO 1, 2,

3,4,6.

a 6

A1 A2 An
/.?'t/ t

[TycTh nMeeTcs Tockas CiMMeTpudHas Gurypa, coctaBieHHas U3 00bEeKTOB

Puc.7

A;, Kaxnasi U3 KOTOPhIX MUMEET OCh CUMMETPHUHU 1 - TOTO MOpsAAKa. ITO aHAJIOr
KpHUCTaJlJIa, COCTABIICHHOTO U3 3JIEMEHTApHBIX sueeK. PaccMoTpuM B 3TOM (urype
psan o0bekTOB Ay, A, ...A,, (cM. puc.7, a). 3aech t - IepUo ] TPAHCIIUN PA.
BaxxHO MOMHUTH, YTO BBEPXY U BHU3Y OT BHIOPAHHOM II€TIH OOBEKTOB HAXOMSITCS
TOYHO TaKHE Ke IeMOYkr 00BbeKTOB. BriOepem nBa cocequux oObekTa Ay , A, U
pou3BeAEM TOBOPOT BCEH IEMOYKM Ha YroJl O CHadalla BOKPYr A; , a 3areMm
BOKPYT A,. [locie moBopoTa 00bEKT A, IEPEXOIUT B TIOJIOKEHUE B, 00BEKT 4 - B
B,. llemouka HE WUW3MEHUTCA, €CIH [UIMHA OTpe3ka BB, YIOBIETBOPSET
TpeboBanuto: B\B,=Nt, rne N - 1enoe 4yuciao. ITO yCIOBHUE O3HAYAET, UYTO IMOCIE

MOBOPOTa IIETOYKa OyAeT MMETh MEPHOJ TPAHCISAIUU, KPATHBIA HUCXOIHOMY —
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TOJIbKO B 3TOM Ciy4ae OOBEKTHl A, A, ...A, COBINANYyT ¢ 00BEKTaMH U3 APYTrOro
psana (BEepXHEro WM HUXKHero). M3 paccMOTpeHusi TpEeyrojbHUKOB puc. 7, 6

CICOYCT:

BiBo = AjA> —2A =t-2t-cosa = Nt WU 1-2cosa=N.

1-n
ITpocTeie peoOpa3oBaHms JalOT: COSa = - IIpu 5TOM |[cosa| < 1.

HN3Mmenss N, OIIPCACIINM 3HAUYCHUA YIJIa ¢, OTBCUAIOIIHUC YCIIOBHUIO CYIICCTBOBAHUA

OCH CUMMETpUH n-Toro nopsiaka (Tadmuna 1).

Tabnuua 1. Onpedenenue nopsoxa ocu cummempuu

N | -1 0 1 2 3

cos(a) | 1 1/2 0o -12 -1
o 0 60°  90°  120°  180°
n 1 6 4 3 2

Takum 00pa3oM, Auarna3zoH BO3MOXKHBIX 3HAYEHUNU 7 JEHCTBUTEIBHO
OrpaHUYEH yKa3aHHBIM HA0OPOM YHUCEN.

[Ipu paccMOTpeHUM AECUCTBUS IUIOCKOCTH CHUMMETPUM UM OCH CHUMMETPHUU
BTOPOIr0 MOPSAJKA MOKHO 3aMETUTh OOJIBIIOE CXOJCTBO B MX JEHCTBHH, €CIIU OCh
CUMMETPHUU JICKUT B IUIOCKOCTH CUMMETpuU. OJHAKO, B JEHCTBUTEIBHOCTH HX
NneicTBUS pa3nuuHbl. Hanmbosee OTYETNIMBO pa3iavuMe B UX JECUCTBUU MOYKHO
BUJIETh, €CJIM PACCMOTPETh MPeoOpa3oBaHUE CIIOKHOTO OOBEKTa O000MMU
AJeMEHTaMu CHUMMETPUM, HampuMep, JBYXIBETHOTO OOBEKTa IJIOCKOCTHIO
CUMMETPHUH M U JIEKAIIEH B TEOMETPUUECKON MNIOCKOCTH () OCBhIO CUMMETPHH C 1
=2 (puc.8).

HNHBepcHOHHOI 0CbI0 CHMMETPUM 12 - TOTO MOPs/AKA (0003HAYAIOT KaK OCh
CUMMETPHUH C YEPTOM CBEPXY, KOTOpask YKa3bIBA€T HA HAIMYME LIEHTPA CUMMETPUU

- n) Ha3bIBACTCA OCb CHUMMCTPHUHU n - TOro IopsaakKa C pacCIlOJIOKCHHBIM Ha HEU
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LCHTPOM HHBCPCHUU. SBnsisIch KOM6I/IHaHI/ICﬁ ABYX J3JICMCHTOB CHMMCTpPUHU, I
oceu CUMMCTPHUHN TPCTHCTO, UCTBCPTOIO M MICCTOI'O IMOPAIKOB MHBCPCHUOHHAA OCb
JacT Hp606pa3OBaHI/IH, KOTOPBIC HCBO3MOXHO IIOJYYUTH APYTIHMH IJSJICMCHTAMHU
CUMMCTPHUHN WU UX COUCTAHUAMU. I1o sTon IMPUYIHNHC MHBCPCHUOHHAA OChb BBIICIICHA

B OTI[CJ'IBHI)Iﬁ QJICMCHT CUMMCTpPHUH.

KoHeqyHoe cocmosHue KoHeyHoe cocmodaHue
m
HexodHoe cocmosHue / HexodHoe cocmosaHue
Obvekm
Puc.8

DNEeMEHT CUMMETPUU MOXKET MOPOJUTh HECKOJIBKO OINepanuil CUMMETPHUU:
0Chb CHMMETPHH TPETHEro mopsiaka - mopopotsl Ha yrisl 120°, 240° n 360°; ock 6 -
ra 60°, 120°, 180°, 240°, 360°. Taxum 06pasom, och 6 MOPOKAAET OCH MOPSAKA 3
(yraer mosopota 120°, 240° u 360°) u 2 (yrmer mosopora 180° u 360°).
OOpa3oBaHUE HOBBIX 3JEMEHTOB CUMMETPUU OCOOEHHO Ba)XHO MPU COYETAHUHU

HCCKOJIBKHX JJICMCHTOB.

3.5.2. CBoiicTBa 3J1eMeHTOB TOYEYHOH CUMMETPUM

[IepeuncinuM OCHOBHBIE CBOMCTBA 3JIEMEHTOB TOYEYHOU CUMMETPHUHU, KOTOPBIE
ONPENEIAOT IMOSIBICHUE JIOIMOJHUTENBHBIX 3JIEMEHTOB CUMMETPUHU IPHU HAJTUYWU

HCCKOJIbKHUX IMOPOKAAIOIMINX 3JICMCHTOB.
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1. Jlunus InepeceucHusd JIBYyX IUIOCKOCTEHU CUMMCTPUHU ABJISICTCA  OCBIO
CUMMCTPHUU C YIJIOM IIOBOPOTa « B JiBa pasa 60J'IBHII/IM, 4eM YIrojJg MCKAY
IIITOCKOCTAMMU. I[OKaSaTGHLCTBO ATOr0 CBOMCTBA CBOOAUTCA K TI'COMCTPHUYCCKOMY
ITOCTPOCHUIO ABYX MMCPCCCKAOIINXCA IUIOCKOCTEH 151 PaCcCMOTPCHUIO

npeoOpa3zoBaHKs UMHU OOBEKTA.

2. Touka mnepeceyeHUs OCH CHUMMETPUHM YETHOTO (BTOPOro) TMOpsAKa C
NEPHEHANKYJSIPHOW K HEM MJIOCKOCThIO CUMMETPHUM €CTh LIEHTP CUMMETPUH (ITO

cOoYeTaHHE PJIEMEHTOB 0003HAYAIOT KakK n/m, d B paCCMaTpuBaCcMOM CJIy4ac 2/m)

3. Ecamu BIOJb OCH CHMMCTPHH n-TOro IIOpsAAKa IIPOXOAHUT IINIOCKOCTDH
CUMMCTPHH, TO TAKHUX IUIOCKOCTEH B (bI/Il“ype HMCCTCA n - ITYK (BTO CO4YCTaHUuC

3JIEMEHTOB 0003HAYAIOT KaK nm).

4, PaBHOHeﬁCTBYIOHIaH ABYX IICPCCCKAIOIINXCA oceu CUMMCTPHUHN ABJISACTCA
TPCThA OCb, npoxoadmada TOYKY HMX  IICPCCCUCHUA U Heo00s13aTeNbHO

MEPIIEHANKYIJISIPHO UM.

5. Ecnu neprneHauKyIsipHO K OCH CUMMETPUU N -TOr0 MOPSJAKA IMPOXOAUT OCh
CUMMETPUM BTOPOrO MOpSAKa, TO HMMEETCs N1 OCed BTOPOrO MOPSAKa,

IMCPICHAUKYJIAPHBIX OCH 1 -TOI'O ITOPAAKA.

Crnenyer OTMETUTb, YTO TMPUBEAEHHBIE BBIIIE CBOWMCTBA  OCTAIOTCSA
CIIpAaBEJIMBBIMU IIPY 3aMEHE B HMX MECTaMM NPUYMUH U ClleAcTBUM. Tak, BTopoe
CBOMCTBO MOXHO MPOYUTATH CIEAYIOIMMM 00pa3oM: HAJIMUKWE HA OCH CUMMETPUU
BTOPOTO TOPSAKA IIEHTpA WHBEPCHUU O3HAYAET, YTO B ATOM HAOOpE DJIEMEHTOB
CUMMETPUHU JOJDKHA OBITh TaKXKE IUIOCKOCTh CHUMMETPHH, MPOXOJAIIas dYepe3
LEHTP U NEPIEHANUKYISIPHAsE OCU CUMMETPUH. JIpyror BapuaHT BTOPOro CBOMCTBA:
€CIM Ha TIJIOCKOCTH CHUMMETPUH HMMEETCSl IIEHTP WHBEPCHH, TO B 3TOM Habope

9JICMCHTOB CHMMCTPHUHU HOOJIKHA TAKIKC OBITH OCH CUMMCTPHH BTOPOI'O IIOPAAKA,
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nmpoxoadmasa 4€pe3 HEHTP CUMMETPHUH ICPICHAUKYIAPHO INIOCKOCTH CUMMCTPHUH.

AHaJIOTHYHBIM 06pa30M MOJKHO IIOCTYIIAaTh U C APYI'UMHU YCTBIPbM:I CBOMCTBaMHU.

3.5.3. MaTpu4Hoe npeacraBjeHue 3JIEMEHTOB

CUMMeETPUH

B nmanHom maparpade mokazaH cmoco0 MAaTeMaTUYeCKOTO OIMCaHMS
JNEUCTBHS AJIEMEHTOB TOUEYHOU CUMMETPHUH.

[Ipu cuMMeTpuiiHBIX MNpPeoOpa3oBaHUAX OOBEKTa HMMEETCS JBE OCHOBHBIC
BO3MOKHOCTH MAaT€MaTUYECKOTO OINUCAHUSl COBEPUIEHHOrO JEUCTBUS: JHOO
MepeBECTU OOBEKT B HOBOE IMOJOKEHUE B UCXOJIHOW CUCTEME KOOpJUHAT (T.€. NpHU
HETOABIKHOM HaOjoAaTese 00bekTa), 1100 OCTaBUTh OOBEKT HEMOJBHKHBIM, a
MepeMeCTUTh HaOII0aTeNs ATOM QUrypsbl, T.e. (aKTUYECKH MEPEMECTUTh CUCTEMY
koopauHatr. Ilpu mnepBom moaxoae TpeOyeTcss 3amucath MaTEeMaTHYECKUE
BBIPAKEHUSI, OMUCHIBAIOIINE TEPEMEIIEHUE KaxJ0oll TOUYKHM OOBEKTa B HOBOE
nojoxeHue. B aToM ciyyae TpeOyeTcs Takke 3HaHUE KOOPAMHAT KaKJAOW TOYKU
00BbEKTa, TPACKTOPUM HX MEPEMEILECHHs, YTO TPOMO3JIKO M TpedyeT OO0NbIIHNX
3aTpar cui. [loaTomMy BTOpOW MyTh OKa3bIBA€TCSl MpPEANOYTUTEIbHEE, T.K. OH
TEXHUYECKH TPOIIEe U K TOMY >KE€ TMO3BOJSET BOCMOJb30BATHCS HMEIOIMIUMUCS
METOJIaMH aHAJIUTUYECKOM reoMeTpur. B 3TOM ciydae TOUKY, OCTAIOIIYIOCS
HETIOJIBM)KHOM, BRIOMPAIOT 3a HA4YajI0 KOOPJIUHAT OPTOTOHAILHOM cucTemMbl X| X,
X;3. Torna neiictBue m000M onepanu TOYEUHOM CUMMETPUM OyAET MPEeCTaBISITh
coboit mepeBoj ocerd koopauHaT X; X, X3B HOBbIE OPTOTOHAILHBIE TTOJI0KEHUS Xl’
X, X;. Vras MEXIY HOBBIMHU (Xl’ X, X3’) u crapeiMu (X; X, X3;) ocsamu
OTIPEACIISIIOTCST TaOJMUIIEH HAMpaBISIOMIMX KOCUHYCOB, OHA MPEJICTABISET COOOM

MaTpully npeoOpazoBanHus koopauHaT (cMm. Tabmuny 2 B Tekcre). Jlrobas och B
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HOBOM CHCTEME KoopauHatT XI' MOKET OBITh BBIpA’KCHA 4YCPC3 HNCXOIHBIC
KOOpAWHATHBIC OCH CJICAYIOIIUM 06paSOM:
X :CI.'1X1+CI.'2X2 +CI.'3X3 . (3.8)

[TepBoIif HHJIEKC B CUMBOJIE Ci'j (i, j=1,2, 3) OTHOCUTCS K HOBBIM OCSIM, a BTOPOi

K cTapbiM. JIy1s1 Toro yToObl MOKa3aTh, YTO KOAPGUIIMEHTHI pa3inoxkeHus mo (3.8)

Ci'j ABJIAOTCA KOCHMHYCAMH YITIOB MCKIY HOBBIMHU U CTApbIMHU KOOPAWHATHBIMHU

OCsIMH, 3aMEHMM B BbIpakeHun (3.8) OCH KOOpJIMHAT OpPTaMH 1O
COOTBETCTBYIOIIMM OCSIM M YMHOXHUM IOJYYEHHOE BBIPAXKEHHE CKAJISIPHO HA OPT
CTapoOil CHCTEMBI, HAIpUMEp, MO OCH X3 - €3 M PacCMOTPUM CIIpaBa HAJIEBO

ITOJTYYEHHBIA pE3yJIbTaT.

Tabnuua 2. Cesasb medcoy cucmemamu KOOPOUHAM

X3 X5 X3
Xi C1'1 Cip Cia
X> C2'1 Cz'z Cz's
%€ Cs'1 Cs'z Cs's
(e -e3)=Cyle1-e3)+ C o -e3)+ Gy les - 3) (3.9)

CkaJspHOe NpOM3BEIEHHE OpTa €3 Ha caMoro ceOs JacT eIWHHMILY, T.K. MOIYJb
opTa paBE€H €IWHUIIE M KOCHUHYC yrila paBeH eauHuie. Jlanee, ckamsapHOe
MIPOU3BEIECHUE OPTa e3 Ha OpT €2 JIaeT HOMb, T.K. OPTHI MEPIEHIUKYISAPHEI JIPYT
JIPYyTy, a KOCUHYC TIPSIMOTO yIJia paBeH Hy:mo. [1o 3Toi ke mpuunHe OyaeT paBHO

HYJIIO M TEpBOE ciiaraeMoe mpaBoil dacTu BeipakeHus (3.9). Iloatomy Oynem

o)

HUMCTb

é[ . 53 COS(é;,é3j211COS(é;:é3j: CI'S (310)
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Tak, 02-3 - 3TO KOCUHYC yIyla MEeXay ocsiMU X, U X3. YTOJ OBOPOTA CYUTAETCS

IMOJIOKHUTCIIbHBIM, €CJIM IIpH Ha6J'IIOI[eHI/II/I N3 IIOJIOKHUTCJIBHOI'O KOHIA OCH B
HaIIpaBJICHUU K Ha4Yally KOOPpAMHAT IMOBOPOT OT CTapOﬁ OCH K HOBOM MMPOUCXOANUT

MIPOTUB YacOBOM CTpeKu. Martpuia npeodpa3oBaHus CUCTEMBI KOOPIUHAT OYeT:

Cry Ca G
HCUH= Coy Cop Co3

Gyt Gy O

[IpoBepuTh MPaBUIBLHOCTD €€ COCTABJICHHSI MOYKHO, BBIYUCIIMB ONPEICTUTENh - OH
IoJbKeH ObITh paBeH * 1. Jliga mpeoOpa3oBaHuil mepBoro poga (3T0 MOBOPOTHI
BOKpPYI OC€l CHMMETpUHU JIO0O0ro mopsjiKa, Korja mpaBasi CUCTEMa KOOpPJHUHAT
OCTaeTcsl MpaBoOM, a JieBas - JIEBOI), ONpPEAeNIUTENh MaTPHULbl MPeoOpa3oBaHUs
paBeH «+1», a mas mpeoOpa3oBaHMsl BTOPOro pojaa (OTPaK€HHsI B IUIOCKOCTH, B
[IEHTPE WHBEPCUU M MHBEPCUOHHBIEC TTIOBOPOTHI) - «-1».

O6partHOe Tpeobpa3oBaHue — MEePexo OT HOBOH CHCTEMbI KOOpAHHAT (X
X> X3) K crapoii (X; X> X3)

ék =Cjk -éi'

XapaKTepu3yeTcsl MaTpuLiel, KOTopas sIBIIEeTCS 00paTHON K MaTpule KOCUHYCOB U
TPAHCIIOHUPOBAHA MO OTHOILLIEHUIO K HEH:

Ci'kaj' = 5i,]_, .

Takue MaTpuIlbl HA3bIBAIOT OPTOTOHANBHBIMU. KBagpaT ux onpenenuTess paBeH

A= detHCl.-kH ~ 41,

PC3YJIBTaT IIoCacaoBaTCIbHOI'O IMPONU3BCACHUA ABYX OPTOI'OHAJIBbHBIX

npeoOpa3oBaHuii: ej — e/ — €j , MOXHO 3amucaTh B BHAE. €] = C., €k, IpuieM

Marpuia Ci" , BPIDOKACTCA 4epe3 MATPHIUbL  MEPBOro Cj'k U BTOPOTIO

npeoOpa3zoBaHUs Ci"j' CIIEAYIOIIMM 00pa3oM:
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Cre=Cr j Cj'k’

T.€. MAaTpHUIa, COOTBETCTBYIOIIAS MPEeOOPa30BaHUIO, MPOBOJAMMOMY PpaHBbIIE,
CTaBUTCA CIpaBa. 3JeCh ClEayeT TMOJYepKHYTh, YTO MaTpullbl O0eUux
npeoOpa3oBaHUl COCTAaBJISIOTCS U3 OJIHOM HMCXOAHOM CHUCTEMBI KOOpJIHMHAT,
KOTOpYI0  MpUHATO  OpaTh  mpaBod. HEKOMMYTaTMBHOCTH  MAaTPUYHOTO
npeoOpa3oBaHUs OTpa)kaer HEKOMMYTAaTUBHOCTb OpPTOTOHAJIbHBIX

npeoOpa3zoBaHUiA.

3.6. Crepeorpadguueckasi npoeKuusi KPUCTAJLIOB

[Ipeanonoxxum, YTO HEOOXOAMMO TOYHO Mepenartb (opMy CIOXKHOM
CUMMETPUYHON reomeTpuueckoil ¢urypsl. PucoBate €€ Ha Oymare He Bcerna
TEXHUYECKH BO3MOXKHO. UTOOBI TOYHO mepeAaTb CUMMETPHIO I'€OMETPUYECKOTO
MHOT'OTpaHHUKa, HEOOXOJUM CBOM HAOOp CHMMBOJIOB, CBOM SI3bIK (JIA 3alMCH Ha
OyMare TEKCTOBOI'O COOOIIEeHHsI U300peTeH andaBUT U MpaBUjia MOJb30BAHUS UM,
JUTS 3aITMCU MY3BIKQJIBHOTO TTPOU3BENICHUS M300PETEH CBOM SI3BIK - HOTHI U HOTHAS
rpamota U T.14.). OTaenbHbIe 3JIEMEHThI ONMUCAHUSI CUMMETPUU (PUTYp («HOTBI») —
MJIOCKOCTH CUMMETPUHU, OCH CHUMMETPHUM, LIEHTP HMHBEPCUU YK€ BBEICHBHI B
paccMOTpEHHE.

Ocramoce ¢ HX TMOMOIIBK YCTaHOBUTH
npaBuia 0TOOpaKeHUS CUMMETPUU

reomerpuueckoi  Qurypsl. Mx ycraHaBinuBaer

cTepeorpapuyeckas mpoeKuus GUrypsl.

Crepeorpapuyeckas NpoeKuusi

IIPUMCHACTCA I I/1306pa)I(GHI/I$I QJICMCHTOB

CUMMETPUU T€OMETPUUYECKNX (UTYp, B YaCTHOCTH,

CUMMCTPHUHN KPHUCTAJLIOB. Ee CTpOAT CICAYIOIIUM

Puc. 9
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oOpazoM. [lepBbIil mar Ha myTy GopMan3alUUd COCTOUT B MEPEX0JI€ OT CIOKHOU
obbemMHON (urypel K cdepuueckoil Qurype, Hecymehd wuHOpMALHMIO O
CUMMETPUHHBIX CBOMCTBAX QUTYpHL. [J1s 3TOr0 paccMaTpruBaeMblii MHOTOIPaHHUK
MBICJIEHHO TTOMEIIAETCS

B LICHTP MpO3payvyHOil cephl - cghepvl npoexyuii - TAKOTO paguyca, 4ToObl B HEE
nomectwiach Bca ¢urypa (cm. puc. 9). I'eoMeTpuyeckue LEHTPHI UX TaKkKe
COBMEIIAIOT. 3aTEM HUMEIOIIMECS Y MHOTOTPAHHUKA JJIEMEHThl CHMMETPUU
IPOJIOJDKAIOT JI0 UX MepecedeHus co cepoit mpoekiuid. [lomyqaronuecs: mpu 3ToM
TOYKM M JIMHUM TIepecedyeHusi co chepoill MPOEKIHil HAa3bIBAIOT HOJIOCHbIMU
MOYKAMU, NOJIOCHLIMU AuHUaAMu. B uTore Bech HAOOp SJIEMEHTOB CUMMETPUU
MHOTOTpaHHMKa OKa3bIBaeTcid CKOMUpoBaH Ha cdepy. Ho pucoBath cucremy
MOJIFOCHBIX TOYEK W Halopa JIMHUN, PACHOJIOKEHHBIX Ha cdepe, MOYTH TaKKe
HEHArJISIIHO, KaK U PUCOBATh CaMylo (PUTYPYy — UEJIOBEYECKOE BOOOpaKEHHUE TII0XO
paboTaer ¢ MPOCTPAHCTBEHBIMH (UTYpaMH, HO 3HAYUTEIBHO JIy4llle C
HApPUCOBAaHHBIMHU Ha TUIOCKOCTH M300pakeHUusAMH U Gurypamu. st nanpHenIero
YOPOIIEHUS MOTYy4YeHHON MH(POPMAIMK O CUMMETPUU (PUType MPOCTPAHCTBEHHOE
NPEACTaBICHHE TPEoOpa3yloT B IIJIOCKOCTHOE: CHUCTEMY IOJIOCHBIX TOYEK CO
chepbl MEPEHOCAT Ha nI0oCcKoCcmb npoexkyull - miockocth Q Ha puc.10. Haubonee
yI0OHOE TOJIOKEHUE ATOM TJIOCKOCTH - 3KBaropuasibHOoe. [lepeHoc MomroCHBIX
TOYEK Ha IUIOCKOCTh TMPOEKIMM TPOBOIAT CIEAyIOIMM o00pa3oMm. Eciu
HEOOXOAMMO TOJIYYHTh CTepeorpaduyecKkyo Mpoekiuio JuHuu AO, COeAUHSIOT
MOJTFOCHYIO TOYKY 4 C IOKHBIM MOJIOcOM cdephl mpoekiuii. Touka mnepecedeHus
TUHUU AS ¢ SKBATOPUATLHOM TIIIOCKOCTHIO () — TOYKA @ M €CTh cTepeorpaduyeckas
npoekiusi HamnpabiieHus: AQ. HaklIOHHbIE OCM CHUMMETpPUM, PACIIOJIOKEHHBIE B
BepxHEH dactu cdepbl, MPOCIUPYIOTCS BHYTPU Kpyra MPOCKIUN - CJieda OT
nepeceueHus chepbl MPOCKIUA U IJIOCKOCTH NpOeKIuii. BepTukanpHas JTHHUS B
crepeorpadyeckor MPOEKIMHM BBITJISAUT KaK TOYka B IEHTpE Kpyra, a

rOpU3OHTAaJIbHAA - KaK JABC TOYKHM HaA OKPYXHOCTH 3JKBaTOpa. Opr)KHOCTB,
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noJiyueHHasi Ha cdepe npoeKIui, Ha cTepeorpa@uuecKkoil MPOEKIUU BBITISIUT Kak
OKPY>KHOCTb, AJUIMICOUJ WU MpsMas JIMHUS B 3aBUCUMOCTH OT €€ MOJIOKEHHUS B
IPOCTPAHCTBE: MAPAJIIEIbHA TUIOCKOCTU NPOEKIMM, HAXOAUTCS JU IOJ OCTPBIM
YTJIOM WJIY MEPIICHINKYISIPHO K MIJIOCKOCTUA (J, COOTBETCTBEHHO.

Ha crepeorpaduueckoit  mpoekiuu
MOJIFOCHBIE TOYKH OT OCH CUMMETPHUH PUCYIOT
B BUJE TOHKOW JINHWHM, Ha KOHUAX KOTOPOM
HaXOJUTCS 3aYEPHECHHBIN MHOTOTPAaHHUK C

W YuCIOM  VYIUIOB, PpaBHBIM IIOPAAKY OCH

CUMMCTpPHHU. TaK, OCb CHMMCTPHUHU BTOPOI'O

nopsiika M300paxaloT B BHJE 3€pHA
Puc.10

(ueyeBHUIIbI), OCh CHMMETPUH TPETHETO
Nopsiika - B BHJIE TPEYroJbHUKA, @ OCh CHUMMETPUU YETBEPTOrO MOpPSAKA —
YEThIPEXyroJibHUKa. Ha  1JI0CKOCTH  NpOEKUUH  MIOCKOCTh  CUMMETPUH
U300pakaeTcst B BUJIE KUPHOUM MPSIMOM TMHUU (€CIH TUIOCKOCTD MEePIeHANKYIISIPHA
MJIOCKOCTH MPOEKIUI) WIN B BUAE OKPYKHOCTH, BJUIMIICA, €CIIU YIOJl MEXIy HEl U

IIOCKOCTBIO TIpoeKimii Menbire 90°.
Ha crepeorpaduyeckoit mpoeKIuu He UCKAXKAIOTCS yIIOBbIE COOTHOIICHMUS.
[To »To¥l mpuYMHE TpPHU MOCTPOCHHH cTepeorpaduyeckor mpoekuu Gopma
rCOMETPUYECKON (UTYpBl TiepefaeTcs TOYHO M mojHocThio. B Tabmume 1
[MPMJIOXXEHUWS mnoxa3zansl mpaBuiia BbIOOpa KpUCTALIOTpahUuecKorl CUCTEMbI

KOOPAMHAT B KPUCTAUIAX pa3IMYHONM cuUMMETpuu, a B Tabmume 2 -

CTepeorpa(queCKHe IMPOCKIMU KPUCTAJUIOB BCCX TOYCUHBIX I'PYIIII CUMMCTPHH.

3.7. Kpucrasuiorpadpuyeckue KaTeropumu,

CUCTEMbI, CHHI'OHUH

45



B 3aBUCMMOCTH OT HalW4us DJIEMEHTOB CUMMETPUM M HMX COYETAaHUs B
AIIEMEHTAapPHOU SYE€MKE BCE KPUCTAJUIBI Pa3leisoTCsd Ha KaTerOpUHU, CUCTEMBI H
cuHronnu. Ilpexne, 4em mNepedTH K O3TUM IOHATHAM, BBEIEM OIPEICICHUE
0CcOOeHHOT0 HampaplieHus B Kpuctauie. OcofeHHOoe HANpaBJieHUe B KPUCTAILIC —
3TO KpucTauiorpaduyecKkoe HampaBleHUE, BBIICICHHOE OCBI0 CHUMMETPHH WU
IJIOCKOCTBIO CHUMMETPUM U KOTOPOE HE MOXKET OBITh COBMELIEHO C JPYTrUM
BBIJICJICHHBIM  HAIPABJICHUEM HUKAKUMHU  JJIEMEHTAMH CHMMETPUM  3TOrO
KpucTauia. TUMUYHBIM NPUMEPOM OCOOEHHOI'O HAIpPaBIIE€HUS B T€OMETPUYECKOU
durype ciayXKUT OCb CUMMETPUH € n = 4 B YeThIpEeXI'paHHOW nupamuae. B kyOe
OCOOEHHBIX HampaBJCHUI HET. B HU3KOCMMMETPUYHBIX KpHCTAJIaX OCOOEHHBIX
HampaBjJeHUW MoOXKeT ObITh JBa u Oosee. IloBTopstommecs B KpuUCTaslie
HalpaBJICHUs, COBMEIIAEMble MEXAYy COOON SJIeMEHTAaMU CUMMETPUM SUYEHKH,
Ha3bIBAIOTCSI CHMMETPHUYECKH IKBUBAJICHTHBIMHU.

B 3aBucumocTH OT uMciaa OCOOCHHBIX HANpPaBICHUN M OT UMEIOUIMXCA Oceil
CUMMETPUU KPUCTAJUIBI PA3JEISIOTCS Ha TPU KaTErOPUH:

- BbICIIASl KATEropusi - OCOOCHHBIX HANPABJICHHUI HET, €CTh HECKOJBKO OCEH
CUMMETPUHM TOPSAKA BBIIIE 2, HO HET OCEd CHMMETPUH IIECTOr0 MOPSAKa
(xapaktepHas purypa ajs 3Tol KaTeropuu - Ky0);

- CpeAHsisi KATeropMsi XapakTepu3yercs HaJIWYUEM OIHOTO0 OCOOEHHOTO
HarnpaBJICHUs, COBNAJAIONIET0 C €AMHCTBEHHON OChIO CUMMETpUM mopsijaka 3, 4, 6
(xapaktepHas purypa 3TOH KaTeropuu - MUpaMuia);

- HM3IIAasi KATeropus - KpUCTAJI UMEET HECKOJIbKO OCOOCHHBIX HaIlpaBJICHUH,
€CTh OCH CHUMMETPHUM MOpSAJIKAa 2 M IUIOCKOCTH CUMMETPHUH, OCEH CHUMMETPUH
nopsiaka 3, 4, 6 Her (xapaktepHas (urypa 3TOM KaTE€ropuu - MPSMOYTOJIbHBIN
YEeThIPEXYTOJIbHUK, HATPUMED, KUPIIHY).

K BbICHIEH KaTeropum OTHOCATCS KPUCTAUIbI C BBICOKOW cuMMerpueil. 13
du3nuecKux COOOpaKeHUH SICHO, YTO CBOMCTBA KPHUCTAJIOB B CUMMETPUUYECKH

OKBUBAJICHTHBIX HAIIPABJICHUAX JOJI2KHBI OBITH OJIHNHAKOBBI. HOC—)TOMy B KpHUCTaJLJIaxX
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BBICIIIEH KaTEeropuu aHWU30TpoIus (U3NYECKUX CBOMCTB BBIpakeHa ciabo, a
CBOWCTBA, ONHUCHIBAEMBbIE TEH30POM BTOPOIO0 paHra (dJIEKTPONPOBOIHOCTD,
TEIJIONPOBOAHOCTh M T.J.), B 3THX KPUCTAJIJIaX OKAa3bIBAIOTCS MU30TPOIHBIMH, T.C.
HE 3aBUCAT OT HANpaBJICHUS BO3JACHCTBUS W HANPABICHUA PETUCTPALIMU 3TOrO
CBOMCTBA.

K cpenneit xaTteropum OTHOCSITCS KPHUCTAJUIbl, Y KOTOPBIX MMEETCS OIHO
ocoOeHHOE HampaBJieHHe. B 3Tux Kpucramiax aHU30TPONus (PU3HMYECKUX CBOMCTB
UMEET MECTO M JIOCTaTOYHO SIPKO BBIpakeHa: (PU3MUEeCKHUe CBOMCTBA, U3MEPEHHBIC
BJIOJIb TJIABHOM OCH CUMMETPHH, YUCICHHO OTJIMYAIOTCS OT CBOWCTB, N3MEPECHHBIX
B MEPIECHINKYIAPHON K HEN TUIOCKOCTH.

K Hwusmieit kareropum OTHOCITCA KPHUCTAIbI C HAWMEHBIIMM YHCIOM
9JIEMEHTOB TOYEYHON cuMMeTpuH. [loaToMy aHu3oTponHs GU3NIECKUX CBOMCTB B
HUX MaKCHMaJlbHa.

C gpyrod  CTOPOHBI, TpU  KaTEropuud  pa3JeisioT Ha  CEMb
KpucTtauiorpapuueckux cucreMm. Kputepuem neiaeHuss KpUCTAIOB MO CHCTEMaM
SBISECTCA COYETAHWE B KPUCTAJIAX JAaHHOW CHCTEMBI OCE CHUMMETPHUU
ONPEIECICHHOTO MOPSIAKA U HATMUKUE XapaKTEPHOW CUMMETPUHU.

Husmas KaTCTOpHA ACIUTCA Ha TPpU CUCTCMBI:

- mpuxknunHas (TpU KJIMHA CUCTEMa HE UMEET HU OCEH, HU TUIOCKOCTEH
cummeTpun. OHa MOXET UMETh TOJIBKO OCh CHMMETPHUH TIEPBOTO MOPSAIKA U
[IEHTP WHBEPCUH;

- MOHOKIUHHAs (OJUH yToJI) CUCTEMAa UMEET JIUIIb OJJHY OCh CHMMETPUHU
BTOPOTO MOPSAKA WIH OJHY TNIOCKOCTh CHMMETPHH, UK TO U IPYToe
OJTHOBPEMEHHO;

- pombuyeckas cucTeMa uMeeT 0oJsiee OJHON OCH CHMMETPUU BTOPOTO TOpsJIKa
u 00Jiee OJTHOM MIIOCKOCTH CUMMETPHUH.

Cpennsist KaTeropust moaApasaACsICTCA TaKyKEe Ha CICAYIOINEC TPU

KPUCTAJUIOTpAPUUYECKUE CUCTEMBI:
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- MPUSOHAILHASA CUCTEMA UMEET OJIHY OCh CUMMETpUU 3 Wi 3 ;
- MempazoHaIbHAas - UMEET OCH 4 WK 4
- 26KCA20HAbHASA - UMEET OCU 6 WIn 6.

BrIcniasg kaTeropust COCTOUT U3 €IMHCTBEHHON CUCTEMEL:

- Kybuueckas, XapakTepuzyemasi HaTM4YueM YeThIpeX 0Cel CHMMETPHUU TPETHETO
nopsiaka (n = 3).
Jlnia penieHus: KpUCTAIOPU3NIECKUX 3a/1ad BMECTO Pa3/IeTICHUS] KPUCTAIIIOB

Ha CHUCTEMBI MPOBOJAT pa3/IelICHUE KPUCTAJUIOB Ha IIECTh CHHIOHMH. Pa3znenenue
HA  CHHIMOHUM  TPOU3BOJUTCA IO  BBIOOPY  HayajdbHOM  YCTaHOBKHU
KpUcTauIorpaguiyeckomn CUCTEMBI KOOpJUHAT. Ocu KOOpJIUHAT
KpUCTAJUIOTPpAPUUYECKONM  CHUCTEMBbl  KOOpJWMHAT  JOTOBOPWIMCH  BCerja
OpPHEHTUPOBATh MO OCSIM CUMMETPUM JJIEMEHTAPHOW SYEHKH KpUCTAIIA WU IO
HOpPMaJIsIM K €€ IUIOCKOCTSIM CUMMETpHUH. [IOHATHE CHUHIOHUU COBIAAET C
NOHSATHEM CHUCTEMBI KPOME TPUTOHAJIbLHOW U T€KCAaroHaJIbHON CUCTEM, MTOCKOJIBKY B
THX CHCTEMAXx ecThb yroux mosopota B 120°.

K BrICHICH KaTCropun OTHOCHUTCA OAHA CHMHI'OHHIA - Ky6uqec;<aﬂ, CUMMCTPHUH

KOTOPOW COOTBETCTBYET JE€KapTOBa CHCTEMa KOOPAUHAT C ‘31‘=‘ag‘=‘33‘ "

a=pB=y=90°. Ocu KOOP/IMHAT HAIMPABISIOT IO 0CAM 4, 4 MM OCAM Hopsaka 2.
Kpowme Toro, y kpucranioB KyOMYECKOW CUHTOHUU 0053aTEILHO UMEETCSI YEThIPE
OCH TPETHEro MOPSAKa, HAIIPABJIEHHBIE 110 MPOCTPAHCTBEHHBIM JIMAaroHAJISIM KyOa.
[ToHsiTHA KyOMYECKON CHHTOHUM M KyOMYECKOUW CUCTEMbI COBIA/IA0T.

K CDeﬂHeﬁ KaTCTOPHUH OTHOCATCA ABC CHUHI'OHHU:

- mempazonanvHas (TAaBHAs OCh NOpsiAKa 4 unu 4);
- 2eKcazoHanvras (TaBHasi och nopsiaka 6 wim 6, 3 uiu 3).

B 3Tux cMHroHmsx riaBHas OCh BCErJla COBMEILACTCS C OChbl0 Z, aocu X u Y

MEePIEeHANKYIISIPHBI K TJIABHOW OCH. 3/1€Ch KE ‘a1‘ = ‘ag‘ # ‘as‘ . JlJ1st TeTparoHabHbBIX

KpUCTAJIOB ITOHATHUA CUCTECMbI U CMHIOHWH COBIIAAAIO0T, a AJId I'C€KCAroHaJlbHBIX -
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HeT. [IprunHa 3TOro 3aKiaoyaeTcs B TOM, YTO OCh IIECTOrO MOPSIKA COAEPIKUT
YIJIBI TIOBOPOTA OCH CHMMETPHH TpeThero mopsiaka, pasueie 120° , 240°, 360° .
CrnenoBaTenbHO, TOJIBKO B 3THX JBYX cHCTeMax JiBe ocu koopauHat (ocu X u AQ),
Oylyud TNepIeHIUKYIAPHBl TPeTheil OCH, pacmonoxeHsl mox yrimom 120°
OTHOCUTENBHO JIpyr Apyra. llosromy rexcaroHaibHas cucTeMa W TpPUTrOHAIbHAs
cucreMa (akTHYECKH MOTYT OBITh OOBEAUWHEHBI OOIIMM  MPaBUIIOM BBIOOpA
KpucTauiorpaguieckoi cucreMbl koopauHar. [1o 3Toil mpuunHe rekcaroHaiabHas
CUCTEMa BKJIIOYAET B ce0sl TPUTOHAIIbHYIO, 00pa3ys rekcaroHaabHYI0 CHHTOHHUIO.

J1st HU31IEH KaTerOPUM ITOHSITHS CUHITOHUM U CUCTEM COBITAJar0OT U ITIOTOMY

3ACCh TpU CUHTOHHUHN: MPUKIUHHAA, MOHOKIUHHAA, p0M61/l1{€CKCZ}l. B >Tux cunronus
PaCIIOJIOKCHHUC ocen KpI/ICTEUIJIOI“pa(bI/I‘-IGCKOI?I CUCTCMBI KOOPAHWHAT OIIPCACIIACTCA

arieMeHTamMu ToueyHoi cummeTrpuu (cm. Tabmuiyy 1 TIPUJIOXKEHUA).

3.8. ToyeuHble rpynnbl CAMMETPHH KPUCTAJLIIOB.

CHUMBOJIMKM TOYEYHBIX IPYNII

MHOXECTBO  omepauuii CHUMMETPUM  UICAIBHOIO  KPUCTAJUIMYECKOTO
MHOTOTpaHHMKA, B pe3yJbTaTe JCUCTBHS KOTOPBIX 3TOT MHOTOTPaHHUK
COBMEIIAETCsl caM ¢ co00M, 00pa3yloT TOUEUHYIO TPYNIy CUMMETPUHU KpUCTaJlIa.
Hucmo pa3nuyHbIX oOmnepaluyd TOYEYHOM CUMMETPUM, BXOAAIIMX B TPYINIY,
HA3bIBAETCS MOPAAKOM I'PYIIIIbI.

TodeyHble TpyNIbl CAMMETPUU KPUCTAIUIOB - OJIHA U3 BO3MOYKHBIX peaIU3aluii
MaTeéMaTU4eCKuX Trpymn. B wmaremartnke Trpynnod Ha3bIBAlOT MHOXECTBO G
AIIEMEHTOB d, b, C..., yIOBIETBOPSIOIINX CIAEAYIOIIUM KPUTEPHUIM:

1. ay1st BCeX 3JIEMEHTOB TPYIIbI @ U b CYLIECTBYET TAKKE PJIEMEHT IPYHIIBI C
c =axb, d=bxa;
2. UIsl BCEX DJIEMEHTOB TPYIIIbI IEMCTBYET 3aKOH aCCOIMATUBHOCTH:

ax (bxc) = (axb)xc;
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3. B IpynIie ecTh €AMHUYHBIN 2JIeMeHT (0003Ha4YaroT Kak 1):
Ixa =axl =a;
4. st MOGOTo BIEMEHTA @ TPYIIIbI CYIECTBYET OOPATHBII HIEMEHT - @ ', TaK
YTO UX MOCJICIOBATEIIbHOE MPUMEHEHHUE aeT SANHNYHBIN SJIEMEHT:

-1 -1
axa =a xa=1.

PaCCMOTpI/IM CBOMCTBA TaKMX rpymnin  IIpUMCHHUTCIIBHO K  3JICMCHTAM

CUMMCTPHUHN KPUCTAJIIOB.

1. MHoOrokpaTHOe MPUMEHEHHE JI000Tr0 JIEMEHTa CUMMETPUM KpHUCTaia B
KOHIIC KOHIIOB MPUBOJUT €r0 B MCXOJHOE IOJIOKEHHUE, T.€. B TOYECYHOM TpyIIIe
€MHUYHBIA 3JIEMEHT CBS3aH C 3JIEMEHTaMHU CHUMMETPHHU, BXOIAIIUMH B TPYIIIY:
r=1,m’=1,2°=1, 3°=1, 4*=1, 6°=1.

2. Ecou ecth kakoe-nmubo mpeoOpa3oBaHUE CUMMETPHHU, TO B T'PYIINE UMEETCS
omepaiys, oOpaTHas K JaHHOMY I«peoOpa3oBaHMIO, T.€. BO3BpaIllaroIias
MHOTOTPaHHHUK Hazaja. DTa omepalrus obo3HadaeTcs Kak A" u umeer CIeayIolee
CBOMCTBO:

AA'=1. 3amernm, uto onepanuu 1, m, 2 oOpaTHbl camu cede.

3. EI[I/IHI/ILIHBIM QJICMCHTOM CHMMCTPHUHU ABJICTCA OChb CUMMCTPHH IIOPAAKA n =

Teneps, 3Has CBOMCTBA AIEMEHTOB TOYEHHBIX TPYIIN, COBCEM HE 00S3aTEIHHO
JUISL XapaKTePUCTUKHU JTUX TPYMN MEPEUUCISATh BCE DJIEMEHTHI TPYMII - MOXKHO
OTPAaHUYUTHLCS TEPEUYUCICHUEM TOJIBKO TTOPOXKIAIONTUX DJIEMECHTOB (reHepaTopoB
rpynnbl) U TEM CaMbIM 0XapaKTEPHU30BaTh BCIO TPYIIITY.

UToO0BI pa3nudaTh pa3Hbie TOUYCYHBIC TPYIINHI MEKTY COO0N HEOOXOAMMO UM
JaTh «MMEHA», Ha3bIBacMble CHMBOJIAMH TOYCUHBIX rpyril. Ha HacTosmiee Bpems
CYIIECTBYET HECKOJBKO CIIOCOOOB COCTABJICHHUS CHMBOJIA TOYEYHOW TPYIIIIHI
CUMMETPHUH KpHCTAJIIA:

1. MeXXyHApOIHAS CHMBOJIUKA,

2. cumBoJiika bpasa ;
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3. cumBonuka lllendnuca;

4. cumBonuka [lyoHukoBa.

B MexayHapoaHoil CMMBOJIMKE KJacca CUMMETPHUM IHUIIYTCS TOJBKO
MOPOXKIAIOIIME DJIEMEHThl CUMMETPUM - TUIOCKOCTHM WJIM OCH; 3Has CBOMCTBa
AJIEMEHTOB, MOXHO BOCCTAHOBUTH BCIO rpymiy. OnpeneneHo, 4To CUMBOJ UMEET
He Oojiee Tpex MO3WIMH, HO MHOTJA MOXET COJepKaTh OAHY WM JBE TO3UIIUU.
Hanuuue B rpy1ime 1neHTpa MHBEPCUU OTICIbHBIM CUMBOJIOM HE YKa3bIBA€TCS - OH
«TPSTYETCS» B MHBEPCHOHHBIE OCH CHUMMETPUU WM B TOYKHU TMEPECEUCHUS OCHU
CUMMETPHUU BTOPOTO MOPSAJIKA U TIIOCKOCTH cuMMeTpun. Onpeaestoiiee 3HauYeHre
MMEET MOPSA0K 3alKCU 3JEMEHTOB CHUMMETPUU B CHMBOJIC: CMBICT LHUQPPHI WIH
OyKBBI 3aBUCUT OT IO3WIIMK B CHMBOJIE. B mpuBejeHHON BbIlIe TaOiuIle AaH
MOPSIIOK  COCTABJICHUS MEXJAYHApOJHOro cuMBojia. PaccMoTpuMm mpaBuiia
COCTaBJICHHSI MEKIYHAPOJAHOTO CUMBOJIA JJISI KPUCTAJJIOB PA3JIMUHBIX KATETOPUU,
CUHIOHUU B MOPSJIKE UX CJIEAOBaHUS B MpUBOAUMON HIxke Tabmuie 3.

Kpucmannwr nuzweii kamezopuu. B cuMBOJIaX KJIACCOB TPUKJIMHHON CHUCTEMBI
TIPUCYTCTBYET OJMH 3HAK: | WM 1. AHAJOIMYHO C MOHOKJIMHHON CHHIOHHUEil: B
HUX MOXET OBITh TOJBKO OCh CHUMMETPHUHM BTOPOTO MOPSIKA, WIH IIOCKOCTH
CUMMETPUHU WM TO W APYro€ OAHOBPEMEHHO. [103TOMYy CHMMBOJ TOYHBIX TpyHIl
ATOW CUHTOHUU COCTOUT M3 OJIHOW MO3UIMU: OYKBBI uiu (u) nudpsel: m, 2, 2/m. B
KpUCTAJUIaX POMOMYECKOW CHUHTOHUM, MO TPaBUIY €€ COCTaBIIECHHUS, BO3MOXKHO
HECKOJIBKO OCEHl CHMMETPUH BTOPOTO MOPSIAKA HECKOJIBKO MIOCKOCTEN CUMMETPUU
wim ux KoMOuHamwms. [loaToMy MEXKIyHApOIHBIM CHUMBOJ TOUYEYHBIX TPYIIII
CUMMETPHUHU, OTHOCAIIUXCS K KpPUCTAIAaM POMOWYECKONW CHUHTOHUHM, HWMEET
3al0JIHEHHBIE TPU MO3ULUK: 222, mmm, mm?2. 31eCh epBasi MO3UIUS YKa3bIBACT
Ha HAJIMYKE JIEMEHTAa CUMMETPUH, HAMPABIECHHOIO MO OCH X|, BTOpasi MO3ULIHS -
1o ocu X, u TpeThs - 1o ocu X;. Hanpumep, cumBost 222 roBOPUT O TOM, YTO MO

BCE TPEM OCAM HaNpPaBICHbI OCH CUMMETPHUU BTOPOTO MOPSAKA.
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Kpucmanner cpeoneii kamezopuu. B cuMBOJlax KJIaccoB CpeAHEN KaTeropuu

Ha TIEPBOM MECTE CTOMT IJIaBHasi och cumMeTpuu (3, 4, 6), HanpaBlieHHAas BAOJb

ocu Z. Ha BTOPOM MCCTC CTOAT KOOPAUHATHBIC 3JICMCHTBI CUMMCTPHUHU B ITINIOCKOCTHU

XO0Y, a Ha TpeTbEM - NUArOHAJbHBIE AJIEMEHTbl CUMMETPHUHU B IIIOCKOCTH XOY.

Har[pI/IMep, CUMBOJI 4mm 03Ha4YaeT: UMECTCS OCh C 71 :4, KOTOpas HaIIpaBJICHA II0

ocu Z. Uepes och Z 1 110 ocsiM X U Y TIPOXOAT JBE INIOCKOCTH CUMMETPHH (BTOPOM

CUMBOJI) U JIB€ IUJIOCKOCTH CHUMMETPHUH IO JUaroHaimsiM Mexay X u Y (Tperuii

CUMBOJ).

Tabnuua 3. Ilopsadok nozuyuii 8 Me#cOyHaApOOHOM CUMBOLE MOYEUHOU 2PYNNbl

CuHroHuu ITo3uus B cuMMBO.JIE
1 2 3
OnauH CUMBOJI,
TpuknuHHas COOTBETCTBYIOIIUI IHo3unus [Mo3umus
JTH000MY nmycras nmycras
HANpPaBIICHUIO B
KpUCTaJie
Ocb 2 unu HOpMasb
MOHOKJIMHHAA | K m BIOJb OCH Y MIIN IHo3umus IHo3umnus
ocu Z mycras Iycras
Ocb 2 Wi HOpMaJib K m BJOJIb
PomOuueckas ocu X ocu Y ocHu
Z
I'maBHas ochb Ochb 2 nnu Och 2 niun
TerparoHajibH CummeTpuu HOpMaJlb K m HOpMaJlb K m
ast ( Bcerga mo ocu Z) | BJ0JIb KOOPAUHAT BJ10JIb
I'excaronanbH HBIX JIMaroHaJbHBIX
as HalpasJICHUN HalpasJICHUN
Koopaunathsie 3 JlnaronanbHbIe
Kyb6uueckas DIIEMEHTHI (Bcerna ectb DIEMEHTHI
cummetpuu ( X, Y, |derbipe CUMMETPUU
Z) ocu c n =3)

Kpucmannet evicweti kamezopuu. B cHMBOJIKE TOYEYHOUM TPYMIIBI BhICIIEH

Kareropuu (KyOm4deckod cHMHTOHWHU) IUdpa 3 Ha BTOPOUM MO3UIIMH yKA3bIBAECT Ha
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HaJIM4YME YEThIpEX OCel CMMMETpUU 3-ro mopsijika, B OTIM4yue OT uudps 3 Ha
HaJIMYKME 4YEThIpEX OCel CMMMETpUU 3-r0 MOpsijiKa, B OTIMYUE OT HUPpbl 3 Ha
NEPBOM MO3UIIMK, CUMBOJIUZUPYIOUIYIO OJHY OCOOCHHYIO OCh 3, KaK 3TO HUMEET
MECTO B KpHUCTAJUIaX TIEKCaroHaJIbHOM CHUHroHumu. Hamwuwme ueTwhipex oceid 3,
OPOXOSIIMX IO OUCCEKTpHUCAM KOOPJIWHATHBIX YIJIOB, XapaKTepHO MJIA BCEX
KJIACCOB KyOMYEeCKON CHHTOHUH, TJIe OCU CUMMETPHUU 4 BCerJa COBNAAAIOT C OCSIMU
koopauHat. Tak, 3amuchk m3 O3HA4aeT: YETbIpE OCH CUMMETpHUM C n = 3
PACIOJIOKEHBI 1O OHCCEKTpUCAM KOOPAMHATHBIX YTJIOB U TPU KOOPIUHATHBIC
IJIOCKOCTA CUMMETPHUM. 3aluCh K€ 3m O3HAYaeT, 4YTO B JAaHHOM KpHUCTaJUie
UMEETCSI OCh CHMMETPHUHU TPETHETO MOPsJIKA, HAIIPABIEHHAsA MO OCH Z — 37, @ TAKXKE
TPH INIOCKOCTH CUMMETPHUH, TPOXOIALINE YEPE3 ATy OCh.

B cumBosmke BpaBs o0o03Hayaror: P - II0CKOCTh cUMMeETpuu, C - LEHTP
CUMMETpHUH, L,- OCb CHUMMETPUM AN-TOTO MOpsIAKa, L;, - HMHBEPCHOHHAS OCh
cuMMeTpuu. B cuMBoJie Kilacca CUMMETPUH 3alIUCHIBAIOTCS BCE OCU (OT BBICIIMX K
HU3ILHUM), 3aT€M NEPEUUCIIAIOTCS UIOCKOCTH U B KOHLIE LIEHTP MHBepcun. CUMBOII
TPYIIbl OKa3bIBACTCS JJIMHHBIM, HO ATO MCKJIIOYAET OMIMOKY B HaJIU4YUE WU
OTCYTCTBUM Kakoro-nu0o »snemMeHta cummerpuu. I[lotomy cumBonuky bpass
Ha3bIBAIOT €I11¢ YYEOHOM.

B cumBosauke llenduauca ncnonb3yroT cienyromniue 6a3oBbie CUMBOIBL: C;, -
OChb CUMMETPHUH, D, - 0OCb CHMMETPUU N-TOTO MOPSAJKA U 1 LITYK OCEd BTOPOIO
nopsiAaka, NepneHIuKyJIsIpHbIX Cy,. Z - OCb CHMMETPHH BbICILIETO TTOpsiaka. HuxHue
WHJEKCH V, h 1 d y 0003HAYEHUN OCel CUMMETPUHU O3HAYAIOT HAJIMYHUE Y ITHX
Oocell TJIOCKOCTEW CHUMMETPUU: V - BEPTUKAIbHBIX, A - TOPU3OHTAJbHBIX, d -
nuaroHainsHbiX K C, , D, . Tak, cumBon D, ;, 03Ha4aeT - OCb CUMMETPUU N-TOTO
nopsiika C TMEPHeHAUKYISIPHBIMA OCSIMH CHUMMETPUU BTOPOro TOpSAKA H
nepneHauKyisspHas Kk C, IIOCKOCTh CUMMETpUU. ba3oBbeiii cumBOa 7 03HA4aer
HaJu4he B KPUCTAUIE OCEH CHUMMETpUHM KyOWMYecKoro TeTpadapa, O - ocei

CUMMETPUU KyOumdeckoro oktadzapa. Emie onuH 0a30BbIi CUMBOJ  CHUMBOJHMKU
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[enduuca S, 03HaYaeT HaTUYME B CHMMETPUH KPUCTAIIAa 3€PKaIbHON OCH n-TOTO
NOPSAKA - OCU CUMMETPUU U NEPIIEHAUKYIISIPHOM €l IITOCKOCTH CUMMETPHH.
CumBosmka Illy0OHMKOBa OCHOBaHa Ha MEXIYHApOJHOW CUMBOJUKE,

JIOTIOJIHSIA e¢ B AeTaisax. B Hacrosiee BpPCM: HC UCIIOJIB3YCTCA.

3.9. CocraBjienue u pacuiugpoBka crepeorpaduieckoi

MPOCKIUMN KpUCTAJLJIAa

Crepeorpaduueckasi  TPOEKIUs  KPUCTAIJIOB
IIMPOKO  HCIOJB3yeTCs MpPU  PEIICHUU  3a7ad
Kpuctauiorpagpuu u Kpucramwiodpusuke. [Ins Toro

YTOOBI Hay4YUTBCA COCTaBJIATHb n YHUTaTb

cTepeorpaduyecKyro IIPOCKIIUIO KOHKPETHOU

TOYEYHOU IPYIIIbI CUMMETPUHU KpUCTajia, Puc.11
pacCMOTPUM  INIPUMEPBI  IPOCKUUN  KPUCTAIIIOB

pa3IMYHBIX CUMMETpUM KyOuueckoil cunHronuu. Ha pwuc.1l mnpuBenena
ctepeorpaduyeckas INPOEKIMs TOYEUHOH rpynmbl 43m. 3jech IyHKTUpHAs
OKPY>XHOCTb - clie[l OT cephbl MPOESKINI Ha IKBATOPUATBHYIO MIIOCKOCTh; X, Y, Z -
ocu Kkpuctaiorpadpuueckod cucteMbl koopauHat; X; X, X3 - ocu
KpUCTAIUIO(PU3NYECKOW CHCTEMBI KOOpJAMHAT (C HEW MO3HAKOMHUMCS To3xke). B
KyOM4eCcKOM CHHIOHMM OHM coBnanaroT. [1o ocu X; HampaBieHa 0Cb MHBEPCHOHHAS
CUMMETPHUHU YETBEPTOrO MOPAJKA, HA YTO CBETJIbIA YETBIPEXYTOJIBHUK B LIEHTPE
¢urypel. MHBEpCHOHHBIE OCH YETBEPTOrO IMOPSAKAa HAXOAATCS  TaKXkKe Ha
KOOPJIMHATHBIX OcAX X; M X, (CBETJIbIe 4YEThIPEXYTrOJAbHUKH HAXOMATCS Ha
BEPTUKAJIbHOM W TOPU3OHTAIBHOM OcCsiX). CIUIOIIHBIMU JIMHUSIMH Ha PHUCYHKE
NOKA3aHbl IJIOCKOCTH CHUMMETPUHU, KOTOPBIE B JAHHOM CIIy4ae HaIlpaBJICHBI 110
JUArOHANISIM MEXIY OCAMH KoopAauHaT X; U X, (ABe IpsiIMbIe JIMHUU), & TAKKE 10

IIJIOCKOCTAM, IPOXOJAIIUM Y€PE3 OCH X1 151 X2 1 auaroHajisiM IIPOTHUBOIIOJIOKHBIX
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rpaHeit kyoa (Ha puc. 11 3To JBa nepecekaronuxcs Juinnca). B qanHoi dgurype
UMEIOTCSI TAKXKE OCH CHUMMETPHUM TPETHEro MOpsAKa, KOTOPbIE HAIpaBJEHBI IO
IPOCTPAHCTBEHHBIM JHArOHAIsIM Ky0a M KOTOpbIE Ha PUCYHKE MOKa3aHbl Kak
3aUepHEHHBbIC TPEYTrOJIbHUKU Ha MEPECEYEHUU C IUIOCKOCTIMU CUMMETPUHU. ODTH
TOYKH MEPECCUCHUS SBIIAIOTCS yriamMu KyOa. YKa3aHHbIE OCU CUMMETPUH TPETHErO
NopsiiKa SIBJSIIOTCS  OOBIYHBIMHU  (TOBOPAT ~ «MPSIMBIMHU»), T.K. TPEYTrOJbHUKU
3auepHeHbl. B TouewHoil rpymnme m3m (puc.11) KoIMYECTBO AJIEMEHTOB
CUMMETPHUU 3HAYMUTENbHO Ooibiie. [lo ocsiM CHMMETpHUU YETBEPTOTO MOpPsIKa
(OHM OTMEYEHBI 3aYEPHEHHBIM YETHIPEXYTOJIBHIUKOM) KOOPAUHAT HAMPABJICHBI OCU
KoopauHat. MIMETcs TakKe 4YeThIpE OCH CHUMMETPUM TPEThEro MOpsIKa,
COBMAJAIONIME C IMPOCTPAHCTBEHHBIMU JUAroHalsiMu kyb6a. Ocu cUMMeETpuu
BTOPOTO T10-

psAKa MPOXOAAT 4Yepe3 CEpelIMHbl MPOTHUBOIOIOXKHBIX pedbep Kyda M MX YHCIO
paBHO 4HCiIy pedep, JeIEHHOEe Ha JBa, T.€. IECTH. JTU OCH OTMEYEHBI Ha puc.l2
yeueBuIe00pa3sHbIMU QurypamMu. B maHHON Tpyrie CUMMETPUU €CTh IIOCKOCTH
cummeTpuu. IlepBas OykBa m B MEXIyHapOJIHOM CHUMBOJIC€ Tpynmbl (m3m)
YKa3bIBA€T HA IJIOCKOCTH, PACIOJIOKEHHBIE B KOOPJAUHATHBIX TIOCKOCTAX: X 0Xj,
X,0X; 1 X,0X; v IOKa3aHHbIE HA PUCYHKE TOJCTBIMU JIMHUSMU 110 OCsM X, X, U B
BHUJIE€ OKPYXHOCTH JUIsi ciydas 1uiockoctu X;0X;. Bropas OykBa m B CUMBOJIE
rpynimsl (m3m) yka3biBaeT Ha HAIMYUE TJIOCKOCTEH CUMMETPHH, PACIIOIOKEHHBIX
N0 JWaroHajgsiM B KOOPAWHATHBIX IUIOCKOCTSX. OTH  IUIOCKOCTH  Ha
crepeorpaduyeckoid MPOCKIUM AT TOJICTBIE JIMHUHM, TMPOXOMSAIIAE IO

IAArOHAISAM MEXAY X, X5, @ TAK)KE BEPTUKAJIbHBIN U TOPU30H-
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TaJIBHBIN AIITUIICH B IICHTPE pHC. 12, ISl TIIOCKOCTEH, MPOXOAAIIUX Yepe3 BepXHEe
npaBoe (JieBoe) pedpo 1 HUKHEE JIeBoe (MpaBoe) peOpo U uepe3 EeHTP (PUryphl.
[Ipy paccMOTpeHHH 53JIEMEHTOB CHUMMETPUU
KPUCTAJIOB HHM3IICH WM CpeaHEH KaTeropuu
HEOOXOJIMMO  HMMETh Iepea  co0od  Tabmuiry
COCTaBJICHUS MEKIYHApOJIHOTO CHMBOJIA TPYIIIHI.

CormacHo el MO CUMBOJY TpyHOIbl MOXHO

BOCCTAHOBUTDH BCC 18(0J0]0);101¢t23:0)1115%(¥ OJICMCHTHI

CUMMCTPHH. 3aT€M, IIPUMCHA CBOMCTBA DJICMCHTOB

Puc.12

CUMMCTPHH, BOCCTAHOBUTH APYIUC 3JICMCHTLI.

3.10. BeiBOjA rpynn ToYe4YHOH CUMMETPHUHN KPUCTAJLJIOB

Jlyist TOro 4TOOBI BBIBECTH BCE BO3MOXKHBIE TOYEYHBIC TPYIIBl CUMMETPUU
KPUCTAILIOB, HE0OX0UMO nepedparth pa3JIYHbIC COYETaHUs
KPUCTAJUIOTPAPUIECKUX 3JIEMEHTOB CHMMETPHUHU, IEPECeKalonuXxcsi B OJHOU
touke. [locnennee HeoOXOAMMO BBHUIY TOTO, YTO PaCCMATPUBAEMbIC TPYIIIIbI
SIBJISIFOTCS. TOUEUYHBIMH.

HauneM paccMoTpeHHe ¢ KpUCTa/UIOB HU3LIEH M cpeaHeil kareropuii. [[ns
HUX XapaKTEepPHO HAJUYUE OJHOI0 WJIM HECKOJbKUX OCOOCHHBIX HaMpaBJICHUMU.
Bo3bMemM B KauecTBE HMCXOJHOTO MOPOXKIAIOIIETO JJIEMEHTA CUMMETPHUHU OCh
CUMMETPHUH, HAIIPAaBUM €€ BJ0JIb OCOOEHHOI'0 HampaBjeHus U OyaeM J00aBiIsATh K
HEeW JIpyrue 2JIeMeHThl cuMMeTpuu. [Ipu Takom mepebope 3JIeMEHTOB CUMMETPUH
HaJI0 TOMHUT:

- TUJIOCKOCTh CUMMETPHUU MOKET MPOXOAUTH TOJBKO BIIOJL BHIOPAHHOM OCH
WM TEepHeHIUKYyJIsipHO ei. Bo BcsSkoM JpyroMm ciiydae oOCb CHUMMETPHH,

OTpPasuBIINCh B INIIOCKOCTH, ITIOBTOPUTLCA, U TOrJa Y>KC HC 6y)16T CJII/IHCTBCHHOI\/’I,
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YTO MPOTUBOPEUUT UCXOJIHOMY TPEOOBAHHUIO K BHIOOPY ATOM OCH KaK OCOOEHHOTO
HaIpaBJICHUS;

- IO JTOM K€ MPUYMHE OCHU CHUMMETPUM C n = 2 MOTryT OBITh TOJBKO
NePHeHANKYJSIPHBl K BbIOpaHHOW ocu. Jlpyrux oceld, MNeprHeHAUKYIIPHBIX
0COOCHHOMY HaIpaBJICHUIO B KPUCTAJUIAX HU3IIEH M CpellHeW KaTeropusx, ObITh
HE MOXET;

- LIEHTP CUMMETPHUHU MOKET pacroyiaratbCs TOJIbKO Ha BEBIOPAHHOM OCH.

Bce BO3MOXHBIE COYETaHUS AJIEMEHTOB CUMMETPUU IJI1 HU3IIEH U CpeaHen
KaTeropuii mokaszaHel Ha puc. 13. 3amernm, 4TO BBHIOOP B Ka4eCTBE OCHOBHOTO

9JICMCHTAa HC OCH CHMMCTpHH, a INIOCKOCTH CHMMCTPHUHN IIPHHIOUIIMAJIBHO HC

n n n n n n
1
2
ro T e A
m
a) 6) 8) 2) ) e)
Puc.13

U3MEHUT YHCIO W BHUJA BO3MOXHBIX YCTOMYMBBIX COYETAHUM DJIEMEHTOB
cumMmerpuu. Temepr OyaemM TOCIIENOBAaTEILHO pPAacCMATPUBATh IOTYyYEHHBIE
CUTYaIlMH, KaKJasg U3 KOTOPBIX OyIET OMpeaeNiarTh CBOM HAOOp TpyIm TOYEUYHOUH
CUMMETPUU KPHUCTAJUIOB C XapaKTEPHBIM JIsl 3TUX TPyHn HAOOPOM DJIEMEHTOB

CUMMETPHH.

[IpocTeiilme Kaacchl COACPKAT OAWH IJJICMCHT CUMMCTPHUH: ITOBOPOTHYIO

OCh N-TOTO MOPSIKA BIOJIH 0OCOOCHHOTO HampasieHus (cMm. puc.13, @). 3nauut, mo

YUCITy BO3MOXHBIX OCEl CHMMETPHUH BO3MOKHBI BCEro msTh rpyni: 1 2 3 4 6.

LlenTpanpHbie KJacchl (puc.13, 6) momydarorcs B pe3yibTaTe J00aBICHUS

HEHTPpa CUMMCTPHUH U UCIIOJIb30BAHHUA BTOPOT'O CBOMCTBA BJIEMECHTOB CUMMCTPHH.
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Ilopoocoarowas oco 1 2 3 4 6

Ilopooicoennvlil 2n1emenm - m - - -

I'pynna cummempuu 1 2/m 3 4 6

[InaHanbHBIC KJIACCHI IMOJIy4aroTCA ,Z[O68,BJI€HI/ICM K OCH CUMMCTPHUHU ITINIOCKOCTHU

CUMMETpHUH, TNpoxonsmer uyepe3 och (cM. puc.13, 6), U NOpUMEHEHUs K
MOJIYYEHHOMY COYETAaHMIO 3JIEMEHTOB CUMMETPUU TPETHET0 CBOMCTBA.
Tlopooicoarowas oco 1 2 3 4 6
I'pynna cummempuu m mm2 3m 4mm 6mm
Cwmpbicn 3anucu 4mm, 6mm TaKOB: Ha MEPBOM MECTE YKa3aH TJIaBHBIN 3JIEMEHT
CUMMETPUU - OCh CHMMETPUU BBICOKOTO TMOpPAJIKA, HA BTOPOM MECTE CTOSAT
KOOpPAWHATHBIC, HA TPETbEM - TMArOHAJIbHBIE IUIOCKOCTH cuMMeTpuu. Knacc mm?2
UMEET OJHY OCh 2, HAIIPABICHHYIO M0 OCH Z, a TaK¥K€ JABE IUIOCKOCTU CUMMETPHUH,

IMpOXOoaAIeC 4CPe3 3Ty OChb.

AKcHaJbHBIC KJIACChl TOJIYYAIOTCS, €CIM K MOPOXKJAoIed Oocu J100aBUTH

NEPIEHIUKYISIPHO OCh cuMMeTpuu 2 (cM. puc.13, 2).

Tlopoosicoarowas oco 1 2 3 4 6

I'pynna cummempuu 2 222 32 422 622
I'pynma cummeTrpuum 2 yxe BCTpedasicsi B NPOCTEHIIMX Kiaccax. Beigenum ee
IIBETOM M HE OyJeM Y4YMTBHIBaTh B JajbHelmemM. B cuMmBomax 422, 622 Ha BTOpOM
MECTE€ CTOAT OCH 2, HampaBJieHHbIE MO X, Y, a Ha TpPETheM - OCH MopsakKa 2,
HalpaBJICHHbIE MEXAY KOOPAMHATHBIMH OCAMHU (HAIpUMEp, MO JHUArOHAJIsAM B
rpyme 422).

JloGaBiisist K MOPOKIAIOIIEH OCH TIEPIIEHIUKYIISIPHYIO TNIOCKOCTh CHMMETPHUH M
(puc.13, 0), MOAYy4yuM TPYNOIBI, CPEAN KOTOPHIX €CTh YK€ BCTPEUABIIHECS
(BBLACJICHBI LIBETOM):

Tlopooicoarowas oco 1 2 3 4 6
I'pynna cummempuu m  2/m 6 4/m 6/m

3nech rpynmna 3/m 3aMeHeHa Ha aHAJIOTUYHYIO eil rpymiy 6.
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[InaHakcHaabHbIC KJIACCHI IMOJIYy4aroTCAa, €CJIN K HOpO}K,Z[aIOHICﬁ OCH I[O6aBI/ITB

NEPICHIUKYISIPHYIO TIJIOCKOCTh M W TUIOCKOCTh, MPOXOJAIIYI0 depe3 OcCh
CUMMETPUH, a TaKXKe WCIOJIh30BaTh TPEThE M BTOPOE CBOWCTBA JIIEMEHTOB
cummMmeTpuu (o0benuHuB puc.13, 6 u puc. 13, 0).

Tlopooicoarowas oco 1 2 3 4 6

I'pynna cummempuu mm2  mmm 3/m 4/mmm  6/mmm

HMHBEpCHMOHHO-ILIAHAJIBHBIC KJIACCHI IMOJIy4aroTcCA, €CJIN K Hopomz[a}omeﬁ OoCH

I[O6aBI/ITB LHCHTP I, OCb CHMMCTPpHH C n = 2, INIOCKOCTh CHMMCTpHUU m,
IMPOXOAAIIYIO 4CPC3 OCh U UCIIOJIb30BATH TPCTHC U UCTBCPTOC CBOMCTBA 2JICMECHTOB

cumMmetpuu (puc.13, e).

I'pynna cummempuu: 42m 6m 2.

Takum oOpa3zoM, Il KPUCTAJUIOB HUBLIEH U CpeIHEW KaTeropui umeem 27
TOYEYHBIX TPy CUMMETPUH.

IleperimeM K KpucCTaulaM BbICHIEH KaTeropum. Y KpPUCTaUIOB 3TOU
KaTeropur HET OCOOCHHBIX HANpaBJICHU, HO UWMEETCSd HECKOJbKO Ocel
CUMMETPHUU MOPSIKA BBIIIE 2, IEPECEKAIOIIUXCS B OJHOM TouKe. MOKHO MMOKa3aTh,
YTO B OTHUX YCJOBHUSIX TOJBKO JBa COYETAaHUA OCEH CHUMMETPUU YCTOWYHBBI
(mpuBoguTcs 6e3 BbIBOma): 4, 3, 2 m 3, 3, 2, KOTOpPbIE COOTBETCTBYIOT OCSM
CUMMETPUU KyOHMYECKOTO TeTpadjapa U KyOuueckoro oktadjpa. COOTBETCTBEHHO
MOJIy4aeM JIBE€ TOUCUHBIE TPYMIbl CUMMETPUU KyOMYECKON CHUHTOHMH: Kjacc 23
(ocu cuMMeTpuu KyOMYecKoro TeTpadjpa) u 432 (ocu CUMMETPUU KyOHMYECKOTO
OKTad/pa WK KyOa), MPUMHUTHBHBIN) U aKCHATBHBIN, COOTBETCTBEHHO. OCTaIbHBIC
TpynIbl  KyOMYeCKOW CHHTOHHM MOKHO BBIBECTH, JO00aBIsIi K yKa3aHHBIM
YCTOMYUBBIM COYETAHUSIM OCE CUMMETPUM IIEHTP CUMMETPUHU WJIU IJIOCKOCTb
cumMeTpur. Toraa moayduM erie TpH TOYEUHBIE TPYIIBI CHMMETpUn: 4 3m, m3,
m3m. B UTOre BCEro TOYEYHBIX TPYIN 0KA3aJI0Ch 32.

Pacnipenenenue kpucTaaioB B MPUPOJIE TIO MIECTU CUHTOHUAM U 32 TOYEYHBIM

rpyomnaM HCKIIOYHUTCIIbHO HEPABHOMCPHO. Iloutn Bce MeTalsibl M CILIABHI
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KPUCTAJUTU3YIOTCS B Kj1lacce m3m wiu 6/mmm. INeMEHTapHbIE MOJYIPOBOJIHUKHU
(i, Ge) xpucTaumM3yrOTCs B Kitacce m3m, a Ipyrue - 4 3m KyOM4ecKOi CUHTOHUU
(cTpykTypa Tuma cdanepuTa) WM 6m2 TeKCaroHaJIbHOW CHHTOHHH (CTPYKTypa

TUIA BIOPLIUTA).

3.11. IIpocTpaHCTBEHHAS] CUMMeETPHS

CTPYKTYPbI KPUCTAJJIOB

J1o cux mop paccMaTpuBajach CUMMETPHS DJIEMEHTAPHBIX SYEEK KPUCTAILIOB,
ux BHemHUX (opM. B pganHOM mnaparpade aHanM3UPYIOTCS CHUMMETpPUIHbBIC
CBOMCTBA KpHCTaaa, pPaccMaTpMBa€MOro C TMO3WLIUH MPOCTPAHCTBEHHOU
CTPYKTYPBbI, COCTaBIEHHON U3 OECKOHEYHOTO YHCIIa DIIEMEHTAPHBIX SYEEK.

OcHOBHOE OECKOHEYHOE CUMMETPUYECKOE IPe0Opa30BaHUE B KPUCTAIUIE - ATO
TPaHCIISIUSA, T.€. OECKOHEYHO MOBTOPSIOLIMICSA MEPEHOC BAOJIb OJHOM MPSAMON Ha
OJIHO U TO K€ PACCTOSITHUE, UMEHYEeMOE MepHOJ0M TPAHCJASLIMHU, BHIOPAHHOIO
AJIEMEHTA: JIEMEHTAPHOM SUeUKU WK APYyroro oobema. SICHO, 4TO B TPEXMEPHOM
KpUCTAJUIE TaKUX MPSIMBIX MOXET ObITh TOJBKO Tpu. ClenoBaTenbHO, Tpymma
POCTPAHCTBEHHOM CHUMMETPUU KpHCTAJIa JOJDKHA BKIIOYaTh B ce0S  Kak
MHUHUMYM TOYEUYHYIO T'PYIIY CUMMETPUU U TPYIIY TPAHCISUUOHHOM CUMMETPHUH.
OnHako OOWH W3 IOCTYJIATOB TPYNIBl YTBEPKAAET, YTO €CIU €CTh AJIEMEHTBI
rpynnsl a W b, TO NOMKEH CYHIECTBOBATh «IEPEKPECTHBIN» 3IEMEHT c=ab
MPUHAJIEKAIIMNA 3TOU K€ rpymnne. 31ech @ — JIEMEHT TOUEUHOW CUMMETPUH, b -
OJIHA UX TPEX TPAHCISIUN). 3HAYUT, COUETAHUE TPEX FIEMEHTOB TPAHCISALUOHHON
CUMMETPUM KpHUCTA/UIa C DJIEMEHTAMU CHMMETPHUM TOYEYHBIX TPYIII €ro
AJIIEMEHTApPHON SYEHKHM MPHUBOJUT K OOpPa30BAaHUIO «IIEPEKPECTHBIX» AIEMEHTOB
CUMMETpUHU. PaccMOTpUM OTH IEPEKPECTHBIE DIJIEMEHTHI IPOCTPAHCTBEHHOU
CUMMETPUHU KPUCTALIOB. M3 BO3MOXKHBIX IPOM3BEIACHUU DJIEMEHTOB CHUMMETPUU

HHTCPCC MPCACTABILACT IIPOU3BCACHHUC JJICMCHTA TpaHCHHHHOHHOﬁ CUMMCTPHHN C
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IIJIOCKOCTBIO CHUMMETPHUHU U C OChIO CHUMMCTpHUHU n - TOro IIOpsaKa. 3Ha‘H/IT,

HOJIKHBI ITOABUTHCA ABA HOBBIX 3JICMCHTA CUMMCTPHUH.

ILJIOCKOCTh  CKOJIB3SILIEr0 OTPAYKEHMSI.
[IpousBeneHne  TpaHCIHAUMHA HA  ONEPALUIO
OTpPaXEHUsI B IUIOCKOCTH CUMMETPUHM JAECT
OCCKOHEYHYI0  OIEpaldi0  CHUMMETPHUH -
npeoOpa3oBaHUE €  NOMOIIBI  IUIOCKOCTH
CKOJIB3SIIIETO OTpakeHUs. E€ neiicTBue mosCHsAET

puc.14. 3mece m — TJIIOCKOCTH CKOJB3SIIETO

OTpaXXCHHUA, a — ICpUOd TPAHCIAONH, PAAbI OeNIBIX o YCPHBIX TOYCK —

oTOOpakaeMbie OOBEKTHI.

IInockocTh CKOJIB3AIICTO OTPAKCHUSA - P l

9TO COBOKYIIHOCTb COBMECCTHO I[CﬁCTByIOHIHX ”
RS
INIOCKOCTH CHMMCTPHUN MW IApaJUICIIBHOIO €U = AR }

MepeHoca Ha BEJIMYMHY, paBHyIO 1/2 mepuona

* - o] --»p

a2

S

TPAHCJISIIUM BAOJIb 3TOM IJIOCKOCTU. Paznuuue n=2 n=2

MEXIY INIOCKOCTBIO OTPAXKEHUS U IIOCKOCTBIO Puc. 15

CKOJIB3AIICTO OTPaXKCHHA COCTOHMT B HAJIWUYHUHU

nepeHoca B mocienHerd omnepauud. CKOJbXKEHUE MOXKET ObITh HAIlpaBICHO HE

TOJBKO BJOJb BEKTOPOB TPAHCISILHMM a&i, a2, a3, HO W IO AUArOHAISIM MEXKIY

BEKTOpaMU ai, a2.

BuntoBasi ochb CHUMMETPHUH. CJ'IGI[YIOIHEUI OIICpanus, BKIO9arolasa B cebs

TPAHCJISIUIO - 3TO BUHTOBOM MOBOPOT, ABJISIOLIMKUCS COBOKYITHOCTBEO COBMECTHO

HCfICTBYHIHX IMOBOpPOTAa BOKPYT' OCHU CUMMCTPUHU 71 — TOI'O IIOPAAKA U TPAHCIIALUU

Ha pacCTOAHHUC L Bpons ocwu. HCHO, 4dTO ITOCJIC IMOJIHOI'O IMTOBOPOTAa BOKPYI' OCH

0 N
cummeTpuu (Ha 360°) mMcxoaHas TOYKA COBMECTUTCS C aHAJIOTUYHOW €il, HO Ha

YAAJECHUU B OJWH NEpUOJ TpaHC/sinuu. [Iprmepbl BUHTOBOM OCH CUMMETPHUU
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IIECTOrO MOPSJIKA - BUHT C IIECTUTPAHHOMN T'OJOBKOM.

BuHTOBBIE OCH CHMMETPUU B KPUCTAILIAX MOTYT OBITh TOJBKO MOPSAKOB 2,
3, 4, 6. BunrtoBas ocb o0o3HayaeTcs HUQPPON, YKa3bIBAIOLIECH MOPSIOK OCHU
CUMMETPHUU 1 C HWKHUM HHJAEKCOM f. HJIeKC MOXKET NMpUHUMATh 3Ha4YeHus 1, 2,
..., (n-1) n nmoka3pIBaeT: Ha KaKylo BEJIMYMUHY L OT mepuoja TPaHCISIUU a BIOJb

oCn CHUMMCTPHH IIPOU3BOAUTCA IICPECMCIHICHUC 00BeKTa IIpyu IIOBOPOTC HaA

. t
MHUHUMAJIBHBIA yTron o =2z/n: L=—a. Tak, 3anuch 2; O3HA4aeT, 4YTO MpPH
n

IIOBOPOTE BOKPYT OCU CUMMETPUHU BTOPOI'O MOPsAKa HA YroJl 180° nepeHoc oyaer
paBeH BeIWYHMHE &/2, TAe a - NEepUOod TPAHCIANMU BIOJb OCH CHMMETPHHU.

JlericTBue BUHTOBOM OCH CUMMETPHUH BTOPOTO MOPSAKA 21 ITOKa3aHO Ha puc.l1S.

3.12. Pemierku bpass. IIpocTpancTBeHHas rpynna

CMMMETPHUH KPpUCTAJJIa

B mpeapinymem mnaparpade caemaH  BBIBOJ, UTO IEPEXOJ OT CHMMETPUU
AJIEMEHTAPHOW SYEUKM K CUMMETPUU KPUCTAIIA MPUBOAUT K MOSIBICHUIO HOBBIX
AJIEMEHTOB CHUMMETpUM. B pe3ynbTaTe 3TOr0 TIpylla CHUMMETPUHU KpHUCTaIa
OKa3bIBaeTcsi 0OoJjiee TMOJHOW, YeM Tpynna CHUMMETPUU OTIEIBHOM  €ro
ANEMEHTapHOU stueiiku. JIms KakIoro KpucTala XapakTepeH CBOW Habop
AJIEMEHTOB TPAHCISILIUM WM CBOSl TPAHCISIIMOHHAS Tpymmna. B 3aBUCHMOCTH OT
BEJIMYMH M OpPUEHTAIMM BEKTOPOB TPAHCISUUM MOJYYalOTCSl  PEIIETKH,
OTJIMYAIOIIMECS APYT OT JIpyra CUMMETPHUEH. 3aKOHbI CHMMETPUU OTPAHUYUBAIOT
YUCJIO BO3MOXHBIX TPAHCISIMOHHBIX cumMeTpuid. Okazanoch, 4YTO BCE
KPUCTAJUIMYECKUE CTPYKTYpPhl OMNUCHIBAIOTCS 14 TpaHCIALMOHHBIMU TpynnaMu
(mpuBonuTCcs 0€3 BBIBOJIA), COOTBETCTBYIOMUMHU 14 pemerkam bpaso.

Pemerkoii bpaB3? Ha3biBaeTcsi OecKOHEYHAs CHCTeMa TOYEK, KOTopas

oOpa3zyeTcs TpaHCISIIMOHHBIM IMOBTOPEHUEM B MPOCTPAHCTBE OAHOM WIHU
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HECKOJbKUX ToueK. Pemerku bpaBs ornuuatorcs npyr oT apyra (opmoit
AJIEMEHTapHBIX Y€K, MX CHUMMETpUEH U TOApa3NeNsAloTcs Ha 6 CHUHTOHUM,
pPacCMOTpEHHBIE paHee. DJIeMEeHTapHble sueiiku bpaBs BbIOMpaloTCs Tak, YTOOBI
YUCJIO TPSIMBIX YIJOB U PaBHBIX CTOPOH OBUIO MAaKCUMAaJbHBIM, a 00bEM
AJIEMEHTapHOU STYEHKH - MUHUMAaJIbHBIM.

Paznmuuaror cnenyromme tunsl pemetok bpaes: P - mpumutruBHbie, [ -

oObeMolleHTpupoBaHHeie, F - rpaneuentpupoBanueie, (A, B, OC)
0azoueHTpupoBaHHbIe, R - pombosapruueckue. CoBO «LIEHTPUPOBAHUE) O3HAYAET
HaJIMUYKUE JOIOJHUTEIBHOIO aTOMa HAa COOTBETCTBYIOLIEHW T'PAaHU BJIEMEHTapHOM
suerku, B 1ieHTpe oobema u T.1. byksel A, B, C y 0a3011eHTpUpPOBaHHBIX PEIIETOK
MOKA3bIBAIOT: A — HAJIMYKE LIEHTPUPOBAHHBIX I'PaHEU, MEPIICHANKYISIPHBIX OCH X,
B-ocnY,C-ocuZ.

[IpumutuBHBIE suYeliku bpaBd - 3TO SYEHWKH, N[O KOTOPBIM pPa3IM4arOT
CUHIOHMM. B 3THX pemierkax bpass y3ibl pacrosiararorcst TOJbKO B BEPIIMHAX
sueriku. B npyrux sueiikax bpaB» y3ibl €cThb M B ApPYrUX MecTax: B OOBEMHO-
LEHTPUPOBAHHBIX SYEHMKAX JOIOJHUTEIIbHBIA OJWH Yy3€JI HAXOIWTCA B LIEHTPE
SIYENKH, B TPAHELICHTPUPOBAHHBIX F-sf4eikax - o OJJHOMY JOMOJHUTEIBHOMY Y3IIy
B IIEHTpE Kaxaoh rpanu, B C-gueilkax - MO y3Jdy B ILEHTPE JBYX TpaHEu,
IEPIECHAUKYISAPHBIE OCU Z.

YcraHoBineHo, 4To mo 6 CUHTOHMSIM THUIBI siueek bpaB»s pacmpeneneHsl
HEeoMHOpPoaAHO. Bcero Bo3MoxkHO 14 BO3MOXHBIX KOMOWHAIMM, KOTOpPHIE
COOTBETCTBYIOT 14 pemetkam bpasa.

IIpocTpaHncTBeHHOM  rpynmoil  CHMMMETPHMHM  HAa3bpIBacTCs  IPYIA,
oOpa3oBaHHasi COYETAaHMEM BCEX BO3MOXKHBIX MpPEoOpa3oBaHUN CHUMMETPUH
KpUCTAJUIMUECKOW  CTpyKTyphl. IlpocTpancTBeHHass rpynma oOpa3yercss U3
TOYEYHOU TIPYyHIIbl CUMMETPUM M COOTBETCTBYIOLICH II0 NPUBEAEHHOU BBIIIE
Tabyuile TpaHCISIMOHHONW rpynimbl (pemerku bpass). Kaxnoil ToueuHnolt rpyrre

MOXKET COOTBCTCTBOBATHL HCCKOJIBKO IIPOCTPAHCTBCHHBLIX TI'PYIIII. I/1306pa>1<eHI/Ie
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Pa3JINYHBIX TUIIOB PCIICTOK BpaBa I10 CHHI'OHUAM ITIOKAa3aHbI B Ta6J'II/II_IC 3.

Tabnuua 4. Pacnpeodenenue munog pewiemox bpass no cuneonusim

N | CuHronus / Tun P I F [A/BC R
1. | TpuxknuuHas +

2. |MoHoKIUHHAas + +

3. |PomOunueckas + + + +

4. | TerparonanpHas + +

5.|I'ekcaronanbHas + +
6. | KyOuueckas + + +

YtoOBl M3 MPOCTPAHCTBEHHOM TPYMNIBl MOJYYUTh TOUYECUHYIO TPYMIY KpHCTaIa
HEOOXOJUMO DBIIEMEHTBl CHUMMETPHH, COJEp)Kalllhe TPAHCISALHUM NpPEBPATHTH B
MPOCTHIE INIOCKOCTH CUMMETPUH U B 00BIYHBIE OCH cuMMeTpuu. OOpaTHas 3aiayva:
U3 TOYEYHOM TPYIIBI BHIBECTH BCE €€ MPOCTPAHCTBEHHBIE TPYMIBI KpUCTAIIA -
3ajaya OoJiee CIIOXHAasA, IMOCKOJbKY HEO0O0XOJMMO IepedpaTh BCE BO3MOKHBIE
COUYETaHMs DIEMEHTOB CHMMETPUU M peleTok bpaBs. Tak, eciii B TOYEUHYIO
TpyNy BXOAST OCH 3 W 2, TO A BBIBOAA IMPOCTPAHCTBEHHOW TPYMIBI HYKHO
nepedpaTh Bce codetaHust ocedt 3, 3, 35, 2, 2, u Tpa”cusauui. Tak, u3z 32-x
KPUCTAIUNIMYECKUX KiaccoB u 14  pemerok bpaB> mnomywaercs 230
MPOCTPAHCTBEHHBIX TPYMI. MeXTyHapOIHbBII CUMBOJ MPOCTPAHCTBEHHON TPYIIIBI
COCTaBJISIETCSl TakK, YTO HA TNEPBOM MECTE YKa3bIBaeTcs TUN pemeTku bpass, a

34TCM IMMOPOKAAIOIINEC DJICMCHTBI TOYCUYHOM CUMMCTPHH.
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4. 3JIEMEHTBI MATEMATHUHYECKOI'O AIIITAPATA

4.1. Kpucrasuiopusnueckasi cuCTeMa KOOPAUHAT

3ameyaresibHOE CBOMCTBO KpHUCTAIOrpauueckoil cUCTeMbl KOOPAMHAT -
OMUCHIBaTh KpHUCTAIOTpadUuecKre HAMpaBICHUS W IUIOCKOCTH BEKTOPAMH C
[EJIOYUCICHHBIMU KOMIIOHEHTaMH - BO MHOTHUX paszfienax KpUCTALIOPU3UKU
ABJISIETCS HECYHIECTBEHHBbIM. OJHAKO TO OOCTOATENbCTBO, YTO KOMITOHEHTHI
BEKTOpa WJIM TEH30pa, XapaKTEPHU3YIOUIEro Kakoe-In0o (PU3MUecKoe CBOWCTBO
(MONSAPU3YEMOCTh, DJIEKTPOMPOBOJHOCTh M T.J.), 3aBUCAT OT TMapaMeTpOB
AJIEMEHTAPHOW SAYEUKU KPHCTaIa, SIBISIETCS €€ CEepbe3HbIM HeaocTaTkoM. boiee
TOTO, IPOU3BOAUTH MPEOOpa30BaHUsI HEOPTOTOHATIBLHON CUCTEMBI KOOPJMHAT, YTO
4acTo TpedyeTcs B 3a7a4ax KpUCTauIo(PU3nUKK, BEChbMa 3aTPyTHUTEIBHO.

[Io »TuM mnpuYMHAM B KpPUCTAUIOPHU3UKE TMONB3YIOTCA JAEKAPTOBBIMU
CUCTEMaMU KOOPJIMHAT, B KOTOPBIX BCE OA3UCHBIE BEKTOPA OPTOTOHAIBHBI MEXKIY

coboii W  WMEIT  eIUHUYHYI  JiIuHy. Takue  0a3uchl  Ha3bIBAIOT

OPTOHOPMHPOBAHHBIMH U 0003HAYAIOT €1, €2, €3
(ei-ej)= 5.
a 3TO YCIIOBHE 03HAUYAET, YTO KOBAPHAHTHBIC KOMIIOHEHTH METPHUECKOTO TEH30pa
onpeensoTcs cumMBonamu Kponekepa:
gij :(éi 5/) U gjj = 5jj.
TakuM 00pa3oM, I OPTOHOPMHPOBAHHOTO 0Oa3uca MaTpuma G COBIAZaeT C

eIMHUYHON MaTpUIleH, a OCHOBHOM 0a3uC COBIIaJIa€T C B3aMMHBIM 0a3UCOM:

p :é(1), o 25(2), 3 25(3)‘
3HAaYUT, KOHTPaBapHAHTHBIC KOMIIOHECHTBI METPUUYCCKOTO TCH30pa HE OTIMYAOTCS
OT KOBApUAHTHBIX W MOTOMY B JajibHEHIIEM OyayT TONBKO HI)KHHUE HHICKCHI.
JlekapToBa CcHCTeMa KOOPAWHAT, OPHUCHTHPOBAHHAS YCTAHOBJICHHBIM 00pa3oM

OTHOCHUTEJIBHO KpUCTaUIOrpapuIecKom CHUCTEMBI, HAa3bIBAETCS
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KPHUCTAIOPU3NYECKON CHCTEeMOM KOOPAUHAT.

[Ipu pemieHun KpUCTALTOPU3NYECKUX 3a]a4 YaCTO OKa3bIBAeTCs yA0OHa He
UCXOJHAs KpHCTaUIOo(U3UUecKasl CUCTeMa KOOpAHMHAT, a Jpyras cucreMa (HO
TaKXe JeKapToBas). Tak Kak JEKapTOBbl KOOPAMHATHI OPTOHOPMHUPOBAHBI, TO
nepexo] OT OJHMX JIEKapTOBBIX KOOPAMHAT K JPYTUM  Ha3bIBAETCS
OPTOrOHAJILHBIM NpeoOpa3oBaHueM. MHOXXECTBO 3TUX olepauuil 00pasyroT
IPYIITY 00c0m - OPTOrOHAJIBHYIO IpyIITy (CpyIllia CHMMETPUH [Iapa).

IlycTe cTapas cmcreMa KOOPIMHAT — X,, X,, X; IIOCTpOeHa Ha Oasuce

i, e2, €3, a HoBasi - Xy, Xo, X3 Ha Gasuce ef, e2, e3 . PasnoxkeHue opT HOBOIL

CUCTEMBI KOOPJIMHAT IO OpTaM cTaporo 0as3uca
e =C. e
i ik k
onpeaensieTcs Ko3pGUIneHTaMu MaTPUIbl OPTOTOHAJIBLHOTO NMPeo0pPa30BaAHUS:

Cr1 Cya Crs

[Cikl=| C21 Co2 Cos

Cz1 C32 Cz3
Ee Ha3pIBalOT Takke MaTpULEld KOCUHYCOB, TaK KaK Ka)KIbIi €€ DJIEMEHT PaBEH
KOCUHYCY yTJIa MEXKJY COOTBETCTBYIOIIMMH KOOPAMHATHBIMH OcCsMU. B 1m.3.5.3
y4eOHOro mocoOusi MOAPOOHO PACCKA3aHO Kak IMPOU3BOJUTH IMPeoOpa3oBaHUs

CUCTCMBI KOOpAHWHAT.

4.2. IlpeneabHsblie rpynnbl cumMmerpuu ( rpynnsl Kropu ).

HpuHIUNbI KPUCTALIOPUZUKHU
Panee roBopmiiock 0 TOM, YTO €CIIM KpPUCTal 00JIAZAaeT OINpEeAeSICHHOU

CHMMeTpHeﬁ, TO U (1)I/ISI/IIICCKI/IC CBOMCTBA ATOI'O KpucTalia A10JIZKHbBI UMETh TaKyIO

XKEC CUMMCTPHUIO: ITOCKOJIBKY CTPYKTYypa KpucTtajlia B OIIpCACIICHHBIX
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HaIpaBJICHUSAX OJMHAKOBA, TO OJIMHAKOBBIMH JIOJDKHBI OBITh B OTHUX HAIPABJICHUSIX
u ero ¢usnueckue cpoiicTBa. OJHAKO HAM HW3BECTHO, YTO TOJIHAS CHMMETPHS
KpUCTaJla OIIMUCBHIBAETCS TPOCTPAHCTBEHHOM TPYIIION CHUMMETPUH, KOTOpas
CKJIAJbIBACTCA M3 DJJEMEHTOB TOYEYHOM CHUMMETPHUH, TPEX DJIEMEHTOB
TPAHCISALMOHHON CUMMETPUHM M HA0Opa «IEePEeKPECTHBIX» IJIEMEHTOB CUMMETPHUH.
OTHOCUTENIBHO BCEX JM 3JIEMEHTOB IPOCTPAHCTBEHHOW TPYyNIIbl CHUMMETPUYHO
dbusznyeckoe cBoiicTBO kpuctamwia? OkasbiBaercs, HeT. JleMCTBUTENBHO, €CIIH
HEOOXOJIUMO W3MEPHUTh, HAIPUMEpP, JICKTPOIPOBOJHOCTh KpHCTauia (OH HMeEeT
UJIeaJIbHYIO PEIICTKY U 0€CKOHEYHBIE pa3MepPhl MO0 CPABHEHUIO C U3MEPUTEIHLHBIMU
IJIOIIAJKaMHi, K KOTOPBbIM MpUMNAsHbl OMHYECKHE KOHTAKThI), TO, pacroJjaras
U3MEPUTEIbHbIE  KOHTAaKThl B  JIIOOOM  TOYKE  TOPIIOB M COXpaHss
KpUcTaLIOrpaduuecKoe HampaBiICHUE H3MEPEHUS AJICKTPONPOBOIHOCTH, OyaeM
moJTydyaTh aOCOJIFOTHO OJIMHAKOBBIC 3HAYEHHUS OTBICKMBAEMOTO (HHU3UUYECKOTO
cBoiicTBa. Cle0BaTebHO, TPAHCISALMOHHAS CUMMETPHUSA HE JOJDKHA BXOJWUTH B
CUMMETpHIO0  (U3NYECKOTro cBoicTBa. IIOCKOJNIBKY B TPYIIy CHUMMETPUH
(bH3UYECKOro CBOMCTBA HE BOIIA TPAHCIAIIMOHHAS CHUMMETPHS, TO HE BOMAYT U
IIEPEKPECTHBIE DJIEMEHTHI CUMMETPUU KaK COJIEPIKAIIME TPAHCIISALUIO.

OcratoTcsi  TOJIBKO  3JEMEHTHl  TOYEYHONW CHUMMETPUM — HMEHHO
OTHOCHUTEIHHO UX JIOJHKHBI OBITh CHMMETPUYHBI (DH3UUECKHE CBOMCTBA KpPHUCTAJLIA.
Ho w3 mnpaktuueckoro omnbiTa M3BECTHO, YTO HEKOTOPHIE CBOMCTBA MOTYT B
KPUCTALINYECKUX BeIeCTBaX 00JanaTh uzomponuocmovio (OJUHAKOBOCTHIO), T.€.
WX BeEJWYMHA HE 3aBHCUT OT HampaBlIeHUS ero wusMepeHus. OnucaTh Xe
HM30TPOITHOCTh (PHU3UUECKOTO CBOMCTBA (IIOBTOPSEMOCTH IPHU MOBOPOTE Ha JIFOOOM
yToj, B TOM YHCJI€ Ha OCCKOHEYHO MaJiblii) MOXKHO BBEIICHUEM OCH CUMMETPUH
OCCKOHEYHOT0 MopsAaKa: o =2x/n—> 0, eclu N —> .

Jlanee, kpoMe KPUCTAINIMYECKHUX BEIIECTB B AJICKTPOHHOW TEXHUKE IIUPOKO
HCIIOJIB3YIOTCST M3O0TPOIIHBIE BEIIECTBA, T.€. BEIIECTBA, OJHOPOIHBIE II0 BCEM

rmapamMeTrpaM BO BCEX HampapBlCHUsAX. EciM B Tpynmy CUMMETPUHM KpHUCTasia
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BXOJAT OCH cuMMeTpuum mnopsiaka 1, 2, 3, 4, 6, TO B Tpynnbl CUMMETPUHU
M30TPOMHBIX BEIIECTB JOJIKHBI TAK)XKE BXOJAUTh OCU CUMMETPHUH 00-HOTO TIOpAJIKa,
MIOCKOJIbKY B HUX IOBOPOT Ha MPOM3BOJIbHBIA Yrojl (B TOM 4HUCJIE OECKOHEUYHO
MaJjblii) HE U3MEHSET HU CTPYKTYpy BELIECTBa, HU €ro (U3MYECKHUE CBOMCTBA.
Hanuune takoii ocu oTpaxkaet ToT (akT, 4TO B IJIOCKOCTH MEPIEHIUKYIISIPHOU el
UMEET MECTO HM30TPOIHOCTh paccMarpuBaemMoro (usmyeckoro cpoiictBa. Kpome
TOr0, OCH CHMMETPUU TOPSJKA o0 MOTYT BXOJAWTh B TPYIIBl CUMMETPHUHU
(¢u3nyeCKuX MoJIeH: 3JIEKTPUUYECKOr0, MAarHUTHOTO, YIPYroro. 3HA4YUT, JOJKHBI
CYILIECTBOBATh TOYEUYHBIEC I'PYNIBI CUMMETPHUH, COJEPIKAIINE OCH CUMMETPUH 00-
HOTO IOpsJIKa.

TouyeuyHble Tpynnbl CHMMETPUHM, B KOTOpPble BXOAST OCH CHMMETPHUH
0€CKOHEYHOr0 MOPSiAKA, HA3BIBAIOTCH IpelebHbIMU IPYNIIAMH CMMMETPHH
wid rpynnamMu Kwopu. Takux rpynm cemb M Kaxzaas u3 32-X Tpynir TOUEHUHOU
CUMMETPUHU KPUCTAILIOB SIBJISIETCS MOATPYIIION IO MEHBIIEN Mepe OJNHOU U3 HUX.
Tak, HanpumMmep, peaenbHas IpyIna CUMMETPUH, XapaKTeEpU3yeMasi OJHOM OCBIO
CUMMETPHUU 0O-HOTO TOPSIKA, UMEET KpucTauorpaduueckue nmoarpymmst 1, 2, 3,
4, 6. 'eomeTpudeckre QPUryphl, XapakKTEPU3YIOIIHME HAOOp JIEMEHTOB CUMMETPUU

JU1sl HanOoJiee UCTIOIb3yEeMbIX TIpeeiabHbIX Tpynn Kiopu, moka3ansl Ha puc. 16.

1. I'pynna . JlanHas rpynna CAMMETPUU COCTOUT TOJIBKO U3 OCH CUMMETPUHU
OCCKOHEYHOr0 TIOpsiAKA, T.€. OCH C IIOBOPOTOM Ha IIPOM3BOJIBHBIM YTOJL
['eomerpuueckold  QuUTrypoil, COOTBETCTBYIOIIEH JaHHOW TOYEHYHOW TpPYTIIE,
SBJISICTCSl BpaIAONIUNACS BOKPYr ocu KoHyc. Och CHMMETpUU OECKOHEUYHOTO
MOpsiIKa MPOXOAUT MO OCHU KOHyca. Bpamenue durypsl HeoOX0oauMO IJisi TOTO,
9TOOBI ~ MCKIIFOYUTh OECKOHEYHOE KOJIMYECTBO IUIOCKOCTEH  CHMMETPHH,

HMCIOIIUXCS B ITOKOAIIEMCA KOHYCE U IMMTPOXOIAIIHNX Y€PE3 OCh 0.

2. I'pynna com. [Tokosimuiicsa KOHYC XapaKTEpU3yETCs TOUEUHOM TPyNIoM oomi,

T.€. OChIO 00 U OECKOHEUHBIM YHCJIOM TUIOCKOCTENH CUMMETPUH, POXOISAIINX Yepes
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3Ty ocb. OCb CUMMETpUM o0 B KOHyce - mnoispHa. llossspHoe HampaBieHue B
KpUCTAJUIE XapaKTEPU3YeTCsl TeM, 4TO (PU3UUYECKOE CBOMCTBO, U3MEPEHHOE B €T0
OpsIMOM U OOpaTHOM HaIlpaBJICHUU, UMEET Pa3HyI0 BeTUYUHY. Takoil cuMMeTpuei
obOnazgaet r060e pu3nueckoe CBONCTBO WUJIM BHEIIIHEE BO3ACHCTBUE, ONTUCHIBAEMOE
MOJIAPHBIM BEKTOPOM, HAIIPUMED, DJIEKTPUUECKOE T0JIe, MEXaHUYecKasi CUjia U T.]I.
Och cHMMETpHM 00-HOTO MOpPSAKAa COBHAAAET C HAMPABICHUEM CHJIOBBIX JUHUUI

OIMMCBIBACMOI'O BHCIIHCIO BOSI[GﬁCTBHH.

3. I'pynna oco/m. JlaHHas rpynmna CUMMETPUU BKIIOYAeT B ceOS OJHY OCh
CUMMETpUU OECKOHEYHOrO MOpsAJIKa U OAHY NEPHEHANKYJISPHYIO €l IMIOCKOCTh
CUMMETpUU. XapaKTEPHOM T'€OMETPUUYECKOW (UTypOod Trpynmbl oo/m SBIAETCS
BpaILAIOLIUICSA BOKPYI CBOEH OCH B Kakylo-1MOO CTOpPOHY LMIUHAP. BpaiieHue
HEOOXOIUMO JJIsi TOTO, YTOObI HMCKJIIOYUTHh M3 TPYMIBI IUIOCKOCTH CUMMETPUH,
IPOXOJSIINE Yepe3 OCh MOoKoAlerocs uuinHapa. Ocb CHMMETPUU OECKOHEUHOTO
HOps/IKa HampaBiieHa M0 OCH LWJIMHApA. DTOH Ipylie MOJAYMHEHBI TPYyNIbl 6/m,
4/m, 2/m, m, 6, 4, 3, 1. CummeTpueit oo/m obnanaet Jirodoe Huznueckoe CBOMCTBO,
OIIMCBIBAEMOE aKCHAJIbHBIM BEKTOPOM,
HaIlpUMep, OJHOPOIHOE MATHUTHOE TI0JIE.

4. T'pymma oo/mmm. llokosuics
HWJIVH]P, a TaKK€ HWIHHAP, PACTAHYTHIN WIH
CXaTbIi BIOJIb TJIABHOW OCH, XapaKTEPU3YyeTCs
CUMMETpPHUEN 00 /mmm, T.€. HEMOJISIPHOW OCBIO
CUMMETPUU OECKOHEYHOI'O MOpAJIKA,
OECKOHEUYHBIM YUCIIOM MPOJIOTBHBIX
IJIOCKOCTEW W OJHOM  NEPIEeHAUKYJSAPHON
IUIOCKOCTHIO, & TaKXKe OECKOHEYHBIM YHCIOM

NONEPEYHbIX OCEH NOpsSAKa 2 MU UEHTPOM

CUMMETPHH.
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5. I'pymma o02. [unuHap, 3aKpyyeHHBId BAOJIb TE€OMETPUYECKON OCHU
(BpaieHue HUDKHEN 4acTu HUIMHAPA IPOTHUBOIIOJIOKHO
BpALIEHUIO €T0 BEPXHEU YacCTH), HUMEET CUMMETPHIO o0 2, T.€. HEMOJISIPHYIO OCh o H
OECKOHEYHOE YHCIIO TMOIMEpPeUHbIX oOcei mopsnka 2. Bpamenuwe wuckioyaet
OECKOHEYHOE YMCJIO MPOJIOJIBHBIX IUIOCKOCTEH, a €ro 3aKpy4HnBaHUE - MJIOCKOCTb

CUMMETPUH, NEPIICHIUKYIISIPHYIO OCU LIUIUHIPA.

6. I'pymma woom. OTa rpynma CUMMETPUM €CTh TpyIIa CHMMETPUHU
OOBIKHOBEHHOT'O IIapa, B KOTOPOH HMeeTcsi OECKOHEYHOE YHCIIO OCEH oo-HOro
nopsiika ¥ OECKOHEYHBIM  YMCIOM IulockocTeid m. OHa  Ha3bIBaeTcs
OPTOrOHAJILHOM TPYyNmoil U TPEACTaBIACT COOON TPYIIy C CaMbIM IOJHBIM

Ha0OpPOM PJIIEMEHTOB CUMMETPHH.

7. 'pynna oo 002 umeeT HAOOP PJIEMEHTOB CUMMETPHUH I11apa, Y KOTOPOTo BCe
paZnyChl BpaIIatOTCs: UMEETCs] OECKOHEYHOE YUCIIO OCEH 00 -HOTO MOpPsAKa, HO HET
IJIoCKocTed cumMmerpud. llocnegHue yHUYTOXKEHBI B CHUMMETPUM  LIapa
BpalllcCHHUEM paJnycoB. ['pynma o0oc02 ONKHCHIBAET CUMMETPHUIO MPOLEAYPHI
npeoOpa3oBaHusl CHUCTEMBI JICKAPTOBBIX KOOPAMHAT W HA3bIBACTCS TPYNIOH
BpalleHus.

DNeMEeHThl CHMMETPHUHN UMEIOT HE TOJIBKO AJEKTPUUECKOE U MAarHUTHOE TOJIE.
OnHOOCHOE pACTATMBAIOLIEE WIIM CKUMAIOIIEE HANpPSHKEHUE XapaKTepHU3yeTcs
TPYNIONA oo/mmm, MEXaHUYECKOE HaINpsHKeHWEe YWUCTOrO CHABUTA - mmm, a
BCECTOPOHHEE CXKATHE - TPYIINOW oooom. SIBIEHME BpalleHUusT IUIOCKOCTH
nossipusaruu (3gdext Dapasnes) xapakTepu3yeTcs MpeIeTbHON TPYIION o oo,

Kak ke COOTHOCSITCSI TPYIITBl CHMMETPHH (PU3UIECKUX CBOMCTB KpUCTALIA U

€ro dJaeMeHTapHou ssueiiku? Ha aToT Bonpoc orBevaer npuHuun Helimana: rpynmna

cuMMeTpuH (U3NYECKOr0 CBOHMCTBA JOJIKHA BKJKYATh B €e0f TOYEUYHYHO
rpynny cumMmerpuu kpucrauia. Iloxg cummerpuein (pusnveckoro cBoMcCTBa
KPHCTA/UIAa MOHMMAETCHd CUMMETPHUS TEH30PHOHN IMOBEPXHOCTH, ¢ MOMOLUbIO

KOTOPOHM ONMUCHIBAETCH JaHHOE CBOMCTBO. 3 3TOro mpuHOMIIA CHEAYET, YTO
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OTpeaCICHHBIMU (PU3NYECKUMHU CBOMCTBAMHM KPHUCTAI MOXKET 00J1alaTh JIWIIb
TOrJa, KOrjJa TOY€YHas Tpynna CUMMETPUHM KpHUCTala SIBISIETCS MNOATPYIIION
TOYCHYHOM TPYIIBl CUMMETPUM pacCMaTpuBaeMoro (HU3WYEeCKOro CBOMCTBA.
Hanpumep, CiOHTaHHOW 3JIEKTPUUECKOW MOJISIPU3ALUCH U MUPOIICKTPUIECKUMHU
CBOMCTBAMHM MOTYT 00aJaTh KpPHUCTAUIBI, CHUMMETPHUS KOTOPBIX TMOJYMHEHA
CHUMMETPUM TOJISIPHOTO BekTopa oom: 1, 2, 3, 4, 6, m, mm?2, 3m, 4mm, 6mm. O
KaKOW JKe€ TOYEYHOH TpYIIe KpucTamia uaeT 3jaech peub? OO0 MCXOMHOW WIH O
rpynine CUMMETPUH, KOTOpas MoJydaeTcsl y KpucTauia 1noj Bozaeicreuem? OTBeT
Ha 3TOT BOIIPOC TAaKOB: O BTOPOH. JIEHCTBUTEIBHO, €CIIM KPUCTAILI MOJABEPracTCs,
HAIpUMEp, IEPUOJUYECKOMY  CHATHIO  PACTSDKEHUIO  BIOJb  3aJaHHOTO
HampaBJicHUs. B TeueHwe Bcero BpeMEHHM HAOMIOJCHUS  HCCIETyeMOTO
(bU3UYECKOro CBOMCTBA KpUCTAT OyJaeT HaxXxOAUThCA II0J BO3JICHCTBHUEM:
UCXOJIHAsI, HAIpUMeEpP, KyOrdecKass CMMMETpusl ipeoOpasyercss B TeTparoHaIbHYO
CUMMETpUIO. TOJBKO B  OTHEJIBHBIE MOMEHTBI IIPOXOXKJICHUS  YIPYTOro
HalpsOKCHUST 4Yepe3 HyJIb IIPM CMEHE 3Haka CHMMETPHsS KpucTauia Oyner
OMHCHIBATHCS MCXOJHOM TOYEUHOW TPYMNIOM CUMMETpUU — KyOuueckoil. Takum
oOpazom, B npuHnune HeiimaHa TouyeyHasi rpynna CHMMETPHH KPHCTAJLIA
Oepercsi TaKoil, Kakoii OHAa CTAHOBUTCA NPH BHEIHEM BO3/1eiiCTBHH,
HEe00XO0AMMOM /IJIsl HA0JII0IEeHUSI PACCMATPUBAaeMOro (GpU3n4ecKoro CBOMcTBa.

Kak xe onpeaenuTs CUMMETPUIO KPUCTAJIA TIPU BHEIIHEM BO3JCHCTBUM U
Kak OBbITh, €CIIM BO3JEUCTBUM HECKOIBKO? OTBET HA ATOT BOMPOC AAET TPUHLIUI
Kiopu: korma HeckoJIbKO SIBJIECHUH NMPUPOAbI HAKJIAABIBAIOTCS JAPYTr HA APyra,
o0pa3ysi eIMHYI CHCTeMYy, HX [IUCCUMMETPUH (OTCYTCTBHME 3JIEMEHTA
CUMMETPHH) CKJIAAbIBAKTCA. B pe3dynbrare B pe3yibTHPYIOIIEM SBJIEHUHU
OCTAKTCH TOJBKO Te J3JIEMEHTbl CUMMETPHUH, KOTOPbIe SIBJIAKTCH O0IMMH
JJIS1 KAXKJ0T0 SIBJICHNS, B3SITOI0 B OT/J€JILHOCTH.

IIpu mpakTHyecKOM MCIOJIb30BaHMU NpuHIMINA Kropu BaXKHBIM SBJSETCS

B3anMHasn OpuCHTAlLMUA  SJICMCHTOB CUMMCTPHUH  CKJIAJbIBACMBIX SIBJICHUM
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(Hanmpumep, KPUCTAIUIOB M BO3ACHCTBUI HA HMX), TaK YTO COUYETAHHE OJHUX U TEX
KE DJIEMEHTOB B Pa3HbIX OPHUHEHTAIMSX MOXKET JaTh HECOBMAAAIOUIUE MEXKIY
co0oif HabopbI OOIIUX JIEMEHTOB CUMMETpUH. Tak, eciu Ha KPUCTAIUT HAJIOXKUTh
napajieIbHO 3JIEKTPUUECKOE U MarHUTHOE IOJIsI, TO TOUEYHAs TpyIna CUMMETPUHU
TaKOro BO3JIEUCTBUS OyneT oo. Ecnu mosis B3auMHO MepreHIuKYIISIpHBL, TO TPYyIIa

CUMMETPHUU PE3YJIbTUPYIOIIETO BO3ICUCTBUS OyIeT m.

4.3. TeH30pbl IEPBOr0 PaHra

4.3.1. IlonsipHbIe BEKTOPHI

Kak B kimaccuueckoil (usuke, Tak U B

a 6
KpUCTAUIO(DHU3UKE JI1 ONUCAHMS BHELIHErO

N Ha KPHUCTAJUI BO3JCUCTBHS U €T0 PEaklUu Ha

S

BO3MYIIICHUE IITUPOKO HCITOJTB3YIOTCS
Puc. 17 MOJIAPHBIE  BEKTOpPHL. Ha pucyHkax wux
N300paxaroT B BHUJAE CTPEIKH, HaIpaBJICHUE
KOTOPOW  YKa3bIBAae€T HANpPaBJICHWE JEHUCTBHUS WM PEAKIUH, OIMKMCHIBAEMBIX
MOJISIPHBIM BEKTOPOM, a JUIMHA XapakTepusyeT abcoitoTHoe 3HaueHue (puc.17, a).
C TOYkHM 3peHHs TEH30PHOTO WCYHUCICHUS CKAISIPHBIC BEIMYHHBI SIBIISIOTCS
TEH30paM{ HYJIEBOTO paHTa, MOJSPHBIC BEKTOPHI SIBJISIOTCS TEH30pPaMH TEPBOTO
paHra, T.K. JUI1 UX 3aJaHus TpeOyeTcs ykKaszaTh TpW 4ucia. ['pyrmma cuMMmeTpun
MOJISIPHOTO BEKTOPa — 3TO TPYIIa oom, B KOTOPOH OCh CUMMETPHH O0€CKOHEYHOTO
MOpsIIKa COBMAJAeT C HaMpaBICHHEM BEKTOpa, a OECKOHEYHOE KOJUYECTBO
TUIOCKOCTEH CUMMETPHUU MPOXOISIT Uepe3 3Ty OCh.
OTnrure TeH30pa OT MATPHI] PA3TMYHON PA3MEPHOCTH COCTOHMT B TOM, YTO
TEH30p JCHCTBYET B 3aJJaHHOW CHCTEME KOOPJAHMHAT M XapaKTEPH3yeT BEIMYUHY
OMKMCBHIBAEMOTO UM (HU3UYECKOTO CcBoMcTBa. [IpM CcMeHe CHCTEMBI KOOpJIWHAT,

OMUCHIBAEMON MaTpuliel mpeoOpa3oBaHus Ci- > KOMIIOHEHTBI MOJIAPHOTO TEH30pA
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IIEpBOro paHra B HOBOH CHCTEME KoopauHaT Tl.' BBIPAXKAIOTCA YE€PE3 KOMITOHCHTEI

TeH30pa Ty B CTapOi CHCTEME CIEAYIOIIM 00pa3om:

T: =C; Tk 4.1)

Brimonnenne 3akoHa mnpeoOpaszoBanHus (4.1) sBisieTcs o00s3aTeIbHBIM
yCIOBHEM NIl TOro, YTOOBI paccMaTpUBAEMbBIi MaTeMAaTHUECKUd OOBEKT

IIPEICTABIISIT COOOM MOJISIPHBINA TEH30D.

3.3.2. AxkcuajbHbIe¢ BEKTOPbHI

Hapsiny ¢ monsipHpIMU BEKTOpamMu B (DU3UKE MIMPOKO MPUMEHSIIOTCA U APYTHUe
BEKTOpBI, KOTOPbIE OINKCHIBAIOT BpAILlEHWE BOKPYI HEKOTOPOM OCH: MOBOpPOT,
VTJIOBYIO CKOPOCTh, HAIIPSIKEHHOCTh MAarHUTHOTO 1O U T.J. OHU XapaKTepu3yroT
HE BEIUYMHY W HalpaBJ€HUE JECUCTBUS, KaK IMOJSPHBbIE BEKTOPHI, & BEIUYUHY U
HaIlpaBJICHUE BPAILEHUS BOKPYT OCH U MOTOMY HM300pa)kaloTcsi B BUAE OTpE3Ka
MpSIMOM, HAIMPaBJIECHHON MapajuieIbHO OCH BpalEHUs, C YKa3aHUEM HaIpaBIICHUS
BpauieHus. JinHa oTpe3ka mpsMoil JIMHUM, W300pa)arolieldl akCualbHbId BEKTOP,
paBHa aOCOJIOTHOM BEJIMYMHE OTOOpakaeMoro cBoicTBa. Takue BEKTOPHI
Ha3bIBAIOT AKCHAJIBHBIMHU (CM. puc.17,8).

AKcHalbHBIE BEKTOPHl OTJIMYAKOTCS OT TMOJSPHBIX BEKTOPOB TIPYIIION
CUMMETPHUU: Yy aKCHAJIBHBIX OHA oo/m, T.€. B
rpynie TOYeYHOH CUMMETPUN aKCUAIBHOTO

BEKTOpa

Puc.18 Puc.19
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COJIEPKUTCS LEHTP CUMMETpuu. JleCTBUTEIBHO, CPEAN OCEH BpAIllEHHS B OCHU
OECKOHEYHOT0 TOpsAJIKa COJIEPKHUTCS OCh CUMMETPUU BTOPOro mopsaka. Torna
COTJIaCHO TPEThEMY CBOMCTBY 3JIEMEHTOB CUMMETPUHU TOYKAa MEPECEUCHHS ITOU
OCH M TUIOCKOCTH CHUMMETPHUH SIBJISICTCS LEHTPOM CUMMETpUHU. AKCHAIbHBIE
BEKTOPBI, KaK U MOJIAPHBIE, MOKHO CKJIQJbIBaTh, YMHOXATh CKaJIIPHO U BEKTOPHO.

PaCCMOTpI/IM HCKOTOPBIC MAaTCMATHUUCCKHUC OIICPpAIlNH C aKCHAJIBHBIMH BCKTOPAMMU.

1. CnoxeHue aKCHaJbHBIX BeKTOpoB. Eciam IMMCPCCCKAOTCA JABa AKCHAJIBHBIX

BCKTOpa, TO H3 JABYX IIOJYYHMBIIHUXCA VYIJIOB VYIUTIOM MCXKAY aKCHAJIbHBIMH
BCKTOpaMH Ha3bIBAKOT TOT, IIPpH IIOBOPOTC Ha KOTOpBIﬁ OJHOI'O N3 HHUX BCKTOPOB
00a BCKTOpa COBMCCTATCA U 6y,Z[YT HMCTb OAMHAKOBOC HAIIPABJICHUC BpAIICHUA.

Tak B cuTyanuu, moKa3aHHOW Ha puc. 18, yriioM Mexay akCUadbHBIMA BEKTOpPAMU
a u b Ooyner yron «. IIpu cioxkeHuu NBYX aKCHAIBHBIX BEKTOPOB IO METOAY

TpeyrojabHuka (cM. puc. 19) akcuanabHbIe BEKTOpa @ U b COBMEIIAIOT KOHIIAMH

TakK, YTOObI HAIPABJICHUE BPAIICHUS] BEKTOPOB ObUIO OJMHAKOBBIM. B cymmapHoM

BEKTOPE C=a+b HaIpaBICHUE BpALICHUsS JOJDKHO COBHAAAaTh C BPAILIECHUEM B
CKJIQJILIBAEMbIX BEKTOPax.

2. YMHOXEHHE Ha KOHCTaHTY. [Ipr yMHOXEHNH aKCHAJIIBHOTO BEKTOPA HA YUCIIO

A ero JJIMHA yBEJIMYUBAETCS WJIM YMEHbINIAeTCs B A - pa3. HampaBnenue BpanieHus

He u3MeHseTcd, eciim A>0 um MeHsSeTCsS Ha

A
obparHoe, eciau A<0. du3UUeCKUil CMBICHT %
9TOM OIepalMy 3aKIYaeTCs B YBEIHUCHHH, \ Z,e,
HApUMEp, BEIHUYHMHBI MAarHUTHOIO ITOJIS, C>
Y4aCTOTHI BPAILIEHUS | T.JI. O

3. CkansgapHo€ MPOU3BEIACHHE  JIBYX . 2,.e,

AKCHAJIbHBIX BEKTOPOB paBHO X o
IPOM3BENCHUIO MX JUIMH Ha KOCHHYC yIia Puc.20



MEXIy HUMU: (ab)=a-b-cosa. Kak u B ciydae NOJSIpHBIX BEKTOPOB, 3Ta
orepaius JaeT MPOEKIMI0 OJHOTO aKCHAIBHOTO BEKTOpa (OJHOTO BpaIllEHMs) Ha

Apyro# (Ha Jpyroe BpalleHue).

4, BBeaeHne akCHaabHOTO Oasuca.

3az[aHHe CKaJLIPHOTO IIPOMU3BCACHUA IIO3BOJIICT BBCCTHU OpTOHOpMHpOBaHHLII;'I

aKCHaJIbLHBIN 0a3mc &, €2, €3, COCTOHHII/Iﬁ N3 B3aMUMHO OPTOIOHAJIBHBIX (B CMBICJIC

HalPaBJICHHS OCEil BpAICHNUs) BEKTOPOB, Tak 4To (e;j-e;)=djj Iloatomy mrobon

aKCUAJIbHBIN BEKTOP | MOXHO Pa3joXHUTh M0 ATOMY 0a3ucy Tak, uto: /=l ek .

5. BBeneHuwe mNossipHO-akCHabHOrO 0Oasuca. B 3amavax kpucTamwiopus3uKu

aKCUaJbHbIE BEKTOPhl MPUMEHSIOTCS HapaBHE C TOJSIPHBIMH BEKTOpaMu U
MIOATOMY UM HEOOXO UM O0IIUi 0a3UC - MOJSIPHO-AKCUANIBHBIM. 32 OCHOBY TaKOTO
0a3nca MOXET ObITh B3ST TOJBKO MOJISIPHBIM Oa3ucC, T.K. aKCHAJIbHBIM B TpyIIe
CBOCU TOUEUHON CUMMETPUU COJEPKUT IIEHTP CUMMETPHUHU, YTO HEJOMYCTHUMO IO
OTHOIIICHUIO K TOJISIPHBIM BEKTOpaM: LIEHTP CUMMETPUHU COBMECTHUT B MOJISIPHOM

BEKTOpE MpsIMOE U OOpaTHOE HAMPABICHMS, YTO YHUUTOXHUT MOJIAPHBIA BEKTOP.

Ecnu ecth OpTOHOPMUPOBAHHBIN MOJSAPHBINA Oa3uC: €1, €2, €3, TO Ha HEM MOXXHO

OCTPOUTDH AKCUANIbHBIN 0a3uc e, €, €3, COBMECTUB OJITHOMMEHHBIE BEKTOPHI (CM.

puc.20). IIpu 3TOM BpalieHrue BO BCEX aKCHAJIBHBIX BEKTOpPaX HEOOXOIMMO 3aJ]1aTh

OJNMHAKOBOC, HAIIpUMCP: IJIAAd W3 HaddjJla KOOPpAMHAT BAOJIb JI000r0 M3 TPECX

TIOJIAPHBIX BEKTOPOB €j, BPAIICHUE B OJHOMMEHHOM AKCHAJTbHOM BEKTOpE 6;
JOJKHO MPOUCXOIUT MO YaCOBOM CTpPEJIKE.

Takum oOpa3zoM, MOJSIPHBIE U aKCUATBHBIE BEKTOPAa MOTYT COCYIIECTBOBAThH B
oOmiet cucreme koopauHaT. [103TOMy BO3MOKHBI COBMECTHBIC MAaTEMAaTHUYECKUE

oricpanv HaJl NOJIIPHBIMHA W dKCHUAJIbHBIMH BCKTOpAMU: CKAJIKIPHOC W BCKTOPHOC
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IMPOU3BCACHNUA MCXKIAY HHMH, OIPCACIIACMBIC AHAJIOTMYHO CJIIy4dYaro IIOJIAPHBIX
BCKTOPOB M T.[. BBI/II[y TOTO, YTO 3TH OIICpaluu HCO6XO,ZII/IMI>I B pa3aciiax

KpUCTALIO(DU3UKH, PACCMOTPHUM HX.

6. CK&J’ISIDHOG MNPOU3BEACHNUE TIOJISIPHOTO BEKTOpPA Ha aKCUAJIbHBIM PaBHO

IMPONU3BCIACHHUIO MO,ZIYJICI?I 9THUX BCKTOPOB, YMHOKCHHOC HAa KOCHHYC YyIJla MCXKIY
HUMHU. YTJIOM MCKIY IOJIAPHBIM M dKCHUAJIBHBIM BCKTOPAMHU HA3BIBACTCA YI'OJI, HA
KOTOpLIﬁ HaJ0 JOBCPHYTH OAWH U3 IICPCMHOKACMBIX BCKTOPOB 10 COBMCIICHUSA C

APYI'UuM, YTOOBI IMOJIYUIHJICA TaKOM Ke BHUHT, YTO H KOOpI[HH&THLIfI.

7. BEKTOpHOE NPOU3BECACHHUE JIBYX aKCHAJIBLHBIX BEKTOPOB JacT aKCHaJbHBIN

BCKTOD, paBHLIﬁ 10 MOOYJIIO IIPOU3BCACHUTIO MOI[YJIeﬁ IICPCMHOKACMBIX BCKTOPOB,
YMHOXCHHOMY Ha CHHYC YVyIJla MCXKIY HHMH. VYron MCXKAY aKCHAJIbHBIMH
BCKTOpaMH OIIPCACIACTCA IIpU MX COBMCIICHHMU. PGSYJ'IBTI/Ipy}OHII/Iﬁ aKCHaJIbHBIN
BCKTOP HaAIIPABJICH IICPIICHAUKYJIAPHO 000MM aKCUaJIHLHBIM BCKTOpaM M HMCCT
BpalCHUuC, OIpcaACIIICMOC KOOPpANHATHBIM BHHTOM, CCJIM CHHYC IIOJIOKUTCIICH, U

ITPOTHUBOIIOJIOKHOC HAIIPABJICHUC BpalllCHUS, CCIIM CHHYC OTPHIATCIICH.

8. BekTopHOE NpOu3BEACHNUE aKCHAJIbHOIO BEKTOpA 4 Ha MOJSIPHBIN BEKTOD P

€CThb  TOJISIPHBIM  BEKTOp Qg=[axp] MWIMHOWO Qg=a-p-sina  (puc.2l),
NEPHEHIUKYISPHBIA K MNEPEMHOXAEMbIM BEKTOpPaM W HANPaBJICHHBIM TaK, Kak

ObLIa OBl HalpaBJieHa

]

HOpMaJIbHAsT K BEKTOPY a

90°

]
'_
S|

COCTaBJIArOIIas P, BCKTOpa p

0
nocye nopopora Ha 90° BOKpyT

Q o

[\, a
U

BCKTOpa a B HaIIpaBJICHHU €TI0

BpaLCHUS.

B 3akmouenue naparpada Puc. 21

,Z[O6aBI/IM, 4YTO €CJIN HOJ'IHpHBIfI TCH30p HYJCBOI'O paHra - 3TO CKaJIsIp, T.C. pCajibHas
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4aCTb KOMIIJICKCHOI'O 4YHCJIa, TO IICEBAOTCH30p HYJICBOIO paHra — €ro MHHMas
HacCThb. I[aﬂee, C TOYKH 3pPCHHA TCH3O0PHOI'O aHAJIM3a BCKTOPBI SABJIAIOTCA
TCH30paMH IICPBOI'O paHra. HOC—)TOMY IO aHAJIOTHUH C IIOJIIPHBIMU TCH30paAMHU B
KpI/ICTaJIJ'IO(i)I/I?)I/IKC BBOJAT AKCHAJIBHBIC TCH3OPHI. I[JIH y,ZlO6CTBa HNX HAa3bIBAIOT
NMCEBAOTCH30PaMM, a IIOJIPHBIC TCH30pa — NPAMBIMH TCH30PaMH. HpI/I CMCHC

CUCTEMBbl  KOOPJAWHAT, OMNHUCHIBAEMON  MaTpulled mnpeoOpa3oBaHUs CI.- pE

KOMITIOHCHTBI aKCHAJIBHOI'O TCH30pa IICPBOI'0 paHIa B HOBOM CHCTEME KOOpAuHAT

AI.' BBIPAKAKOTCA 4CPC3 KOMIIOHCHTEI TCH30pa Ak B CTapOﬁ CUCTCMC CIICAYIOIIUM

o0pazom:

A: =det(C;,)-Cy, Ay (4.2)

;
Takum 06pazom, B OTJIMUKE OT 3aKOHA IIpeoOpa3oBaHUsl MOJISIPHOTO BekTopa (4.1)
IpU CMEHE CHUCTEMbl KOOpPJMHAT HOBBIE KOMIIOHEHTHI AKCHAJbHOI'O BEKTOpa
YMHOKAIOTCSl Ha OMPENETUTENh MaTpUIlbl MpeoOpa3oBaHusi — BbIpakeHue (4.2).
[ToaTOMy eciiu TipoBeieHHOE MpeoOpa3oBaHUE CUCTEMbI KOOPJWHAT OTHOCUTCA K
npeoOpa3oBaHMsIM TEPBOTO poja (BpalleHHEe BOKPYT OCH), TO KOMIIOHEHTHI
MOJIAPHOTO M aKCHAJILHOTO TEH30pa Mpeo0pa3yloTcs MO OJWHAKOBBIM 3aKOHAM.
Ecnu >xe mpeoOpa3zoBaHne CHCTEMBbl KOOPJIWHAT —peoOpa3oBaHUe BTOPOro pojia

(oTpaxkeHue), TO KOMIOHEHThI AKCHAJILHOTO BEKTOPAa YMHOXKAIOTCS €I11e Ha «-1».

Breimonnenne 3akoHa mpeoOpazoBaHusi B popme (4.2)  sBuseTcs
00s13aTebHBIM YCIIOBUEM JIJII TOTO, YTOOBI pacCMaTpUBAEMbIi MaTeMaTHUYECKUI

O0OBEKT MpPEICTaBIsIT COO0M TICEBAOTEH30P.

4.4. TeH30pbI BTOPOIO PaHra

4.4.1. OcHOBHBIE NOJIOKEHHUS TEOPUH

Kak moka3piBaeT MpakTUYECKUN OTBIT, OMMCATh BCE (DU3NUECKUE SBICHUS B

Kpuctajuiax TOJbKO TCH30paMHW HYJICBOI'O M IICPBOro paHra HCBO3MOKHO. Bo
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MHOTHX 33Jja4aX KpUCTAIO(QU3UKU TPUXOJUTCS BBOAUTH TEH30pa 00Ji€ BHICOKOTO
panra. [lokaxkeM Ha KOHKPETHOM NpHUMEpE, KaK B 3ajayaxX KpUCTALIO(U3UKU
MOJKET MOTPeOOBATHCS TEH30P BTOPOTO paHra.

[lycts Tpebyercs omnpeneauTh 3SIECKTPONPOBOJHOCTh KPUCTALIMYECKOTO
oOpasua. J{ng e€ BeIUMCIEHUS BOCIOIb3yeMcsl 3akoHOM Oma: j = oF. CBsixkeM C
JAHHBIM KPHUCTAJUIOM CHUCTEMY KOOPAMHAT, OPUEHTUPOBAB €€, HAIpUMEp, IO
rpaHsAM KpPUCTala, U HAYHEM C U3MEPEHUs BJIECKTPONPOBOIHOCTH BIOJIb OCH X|.
J1Jist TOro0 U3roTOBUM OMHUYECKHUE KOHTAKTHI K X;- TOpIiam o0pasiia, MoJKIIUYNM K
HUM amriiepmerp. Ecinu teneps npuiiokKuTh dJIEKTPUUECKOE T10JI€ BIOJIb OCH X|, TO
10 HAWJEHHOMY TOKY MOXHO BBIYMCIIATH JIEKTPOIPOBOAHOCTH BIOJb 3TOM OCH
npu X| - OpUEHTALMH dIEKTPUUYECKOro moisi. O003HaUUM 3Ty IEKTPOIPOBOTHOCTh
kKak o1;. OgHako B KpHUCTauie B CUJy TOrO, 4TO B €ro oObeMe HMeeTcs
MONApH3alds P, BHI3BAHHAS BHENIHMM JJEKTPHYECKIM TIOJeM E, BEKTOp
3JIEKTPUYIECKON MHAYKIMH D= E +47P OpHEHTHPOBAaH B OOLIEM CIydae II0 BCEM
TpPeM OCSM KOOPJHMHAT, JIa’Ke €CIIM BEKTOp E HamlpaBJIeH CTPOTO 110 OJHOM M3 OCeil.
DTO pAenaeT BO3MOXKHBIM BO3HMKHOBEHME TOKa MO OCH X TakKe B cCllydae
BO3JECUCTBUS TOJNSA BAOJb oced X, u X;. Bpluncnsemple B 3THX Clydasx
AJIEKTPONPOBOIHOCTH Oj; U Op3 B 00IIEM ciiydae OyJIyT UMETh OTJIMYHBIC OT HYJIS
3HaYEHUA: ji» = Oy Ep ji3= 013 E;. Takum 00pa3oM, Tpu MPOU3BOJIBHOM
OpPUEHTALIMA  DJIEKTPUYECKOrO  II0JIA E(E,, E,, E3)  OTHOCHUTEIIBHO
KpucTajuiorpaduueckoil CHUCTEMbl KOOPAMHAT BEJIMYMHA TOKa BIOJb OCH X
XapaKTEPU3YETCSl HE OJHUM 3HAUCHUEM, a TPEMS: Jji1, ji2 U ji3. 1103TOMY TIOJIHBIN
TOK BAOJb OcH X| TIpU TPOU3BOJIBHOM  OpHUEHTAIluKW ToJds  OyJner
Ji=onE1+opE+ op3E;5 . On XapaKTepusyercs TpeMms 3HA4YCHUSIMU
QJICKTPOIIPOBOAHOCTH: Oj1, O12, O13.

AHQJIOTHYHBIE CUTYyallMu OyJAyT UMETh MECTO IPHU PETUCTPALlMM TOKOB BJOJb
oceil X, u X3: BEIMUMHBI ATUX TOKOB OYIyT XapaKTepU30BaThCsl HAOOpaMH YMCEN

031, 02, Oy3 U O31, O3, O33 , COOTBETCTBEHHO. TakuM 00pa3oM, Mpu MPOU3BOJILHOM
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OpUCHTALIMWKU OBJIICKTPUYCCKOTO IIOJd M PErUCTPHUPYEMOI0 TOKa OTHOCHUTCIBHO
KpHCTaHHOFpa(i)quCKOﬁ CUCTCMBI KOOpAWHAT CBA3b MCXKAY HHMH OIIMCBIBAIOT

ACBATb KOHCTAHT Oj; , KOTOPBIC MOXHO 3alIMCAaTh B BUAC MATPHUILIbL

o1 o2 o043
HG:‘/H= 021 022 023,
031 032 033

KOTOpasi U ABJISIETCA TEH30POM BTOPOT0O PaHra — TEH30POM AJIEKTPOIPOBOJHOCTH.

Takum 00pa3om, TEH30p BTOPOIO paHra MpeACTaBIseT cO00M KBaIpaTHYIO
MaTPHILy C YUCIIOM AJIIEMEHTOB IO CTPOKAaM U CTOJIOIaM, paBHBIM TpeM. OJJHAKO OT
MaTpull C AaHAJOTHMYHBIM YHCIOM 3JJIEMEHTOB TEH30p OTJIMYAETCA TEM, YTO
YUCJICHHBIC 3HAYEHUSI €r0 KOMIIOHEHT OTHOCSTCSI K 3aIaHHOM CUCTEME KOOPJIUHAT
u ONIPEAEIISIIOT BEJINYUHY KaKoro-iuodo bu3nIecKoro CBONCTBA
(27IEKTPONPOBOJIHOCTh ~ KPUCTAJNIa,  YACIbHOE  COMNPOTUBICHHUE  KpHUCTAIA,
IUBJIEKTpUYECKass MPOHUIIAEMOCTb, MAarHUTHAas NPOHUIAEMOCTb U JIPYTHE) B
BBLIOPAaHHOM HAIPABICHUHU PETUCTpali (U3HUECKOTO CBOMCTBA MPH 3aJaHHOM
HAIIPaBJIICHUU BHEIIHEr0 BO3JEUCTBUS. OTIMYUTH TEH30p OT MATPULI MOXKHO IO
3aKOHY TMpeoOpa3oBaHUsT WX KOMIIOHEHT MPU CMEHE CHUCTEMbl KOOPJWHAT:

KOMIIOHCHTBI TCH30pa B HOBOH CHCTEME KOoopauHaT TI.' j' CBiA3aHbI C

KOMIIOHEHTAMH T€H30pa B CTapol cucteme Ty COOTHOIIEHUEM

Ti'j' :Ci'k . Cj’/ Tk s 4.3)

rae CI.- P C. - 9TO KOMIIOHEHTHl MAaTpPHIIbl MPEOoOpa3OBaHUSI CHUCTEMBbI

Jl
koopauHat. B mpuBenéHHom Bbimie BbIpakeHud (4.3) moapazymMmeBaeTcs
CyMMHUpPOBAaHHE B TPABOM HYaCTH MO HWHAEKCAM k W [, KaXIbI U3 KOTOPBIX
npoOeraer 3HaueHus 1, 2, 3. 3akoH mpeoOpa3oBaHUs KOMIIOHEHT B Buue (4.3)
MOHO pacCMaTpUBAaTh KaK OMpeIesIeHHe TEeH30pa BTOPOTO paHra.

Jlnsi moHUMaHUs 3TOTO 3aKOHA TOKaKEeM Ha TPHUMEPE KaK BBIYUCISICTCS

KOMIIOHEHTa T {1 TIPH CMEHE CHUCTEMBI KOOP/MHAT. CornacHo (4.3) KOMIIOHEHTA
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TCH30pa B HOBOH CHCTEME KOOpAHMHAT IPEACTABIIACT coOoi CYMMY H3 JCBATH

ciaraemsbIx (rmojiaraeM i = j =1, a MHACKCHI k, [ TipoOerarot 3HadyeHus 1, 2, 3):

_r, , _ 2 ey ey
T =y T C1'1T“ +CCypT2 + Gy CygTia +

2
+ C1 201 1T21 + C1.2T22 + C1 201 3T23 + C1 301 1T31 +

2
+ C1 SC‘I 2T32 + C1.3T33.

Tenzop BTOpOro paHra MOXKET OBITh CHMMETPUYHBIM, €ciu Ty=Tj, T.C.
HEIMAroHaJbHbIE KOMIIOHEHTBI TE€H30pa, PABHOOTCTOAIIME OT JAUArOHAJIU, PaBHBI
IpYTr OpYyry U MO BEIWYWHE, W 1O 3HaKy. Eciu ke TeH30p aHTHCUMMETPHUYEH, TO
Tk= -Tik, T.. HEOAUWArOHAIBHBIE KOMIIOHEHTBHI TE€H30pa, PaBHOOTCTOSIIHNE OT
IaroHajav, PaBHbl MO MOAYJIO WU IMPOTUBOIIOJOKHBI IO 3HaKy. JlMaroHaibHbIE
3JIEMEHTH! aHTUCUMMETPUYHOTO TEH30Ppa PaBHbI HYIIIO.

Kak u BeKTOpbl, TEH30pbl BTOPOr0 paHra MOTYT OBbITh MOJSPHBIMH U
akcHaJibHbIMU. OJHAaKO B CHIy OCOOEHHOCTEH HCTOPHUYECKOTO pa3BUTHS B
HacTosimiee BpeMs B KpucCTaIopU3UMKe Haumboliee MIMPOKO HCIOIb3YIOTCS
(¢u3nueckue SBIEHUS, OMHUCHIBAEMBbIE TMOJSPHBIMU TEH30pPAMH, a aKCHUAJIbHBIE
TEH30pbl TMPUMEHSAIOTCS MPEUMYLIECTBEHHO B OTACJIBHBIX 00JIACTSAX 3HAHUM,
HarpuMep, MarHetusme. [lo 3Toil mpuuuHEe nanbHeiIee Hu3JI0XKeHUue Oyner
OTHOCHUTBCS K MOJIIPHBIM TEH30paM. PacrpoCTpaHnuTh €ro Ha aKCUaJIbHbIE TEH30PBI

HE MIPEACTaBISIET TPYyAQ.

4.4.2. BBeeHue TEH30pPOB BTOPOI0 paHra

B 32/1a4aX KPUCTALIO(PUZUKHU

[Tocne TOro, Kak pacCMOTPEH KOHKPETHBI MpUMEpP BBEICHUS TEH30pa
BTOPOTO paHra, MHepeiieM K BBISICHEHUIO YCIOBUW, MNPUBOJAIIMX K TaKUM
MaTeMaTHYeCKUM OOBEKTaM, MCIOJIb3yeMbIM B KPUCTAUIOMU3UKE JIJIST OMUCAHUS

(U3NYECKUX CBOMCTB KPHUCTAJIOB, HAOMIOAAEMbIX B Pa3IWYHBIX ychoBusx. [Ipu

80



9TOM CJICAyeT HUMCETb B BHAY, 4YTO B JIMHCHHOM YpaBHCHHUH, OIIMCBIBAIOIICM

CJIICACTBUC S (1)I/ISI/I‘IGCKOI‘O BOSHGﬁCTBHH Ha KpHUCTaJlil W

S=T-w, (4.4)
paHr TeH3opa S JeBoil yacTu BblpakeHHs (4.4), 00s3aTeIbHO paBeH paHTy MPaABOM
yacT (4.4), NpeacTaBiIsAOMIEro co00 CBEPTKY (CyMMHUPOBAHUE MO OJUHAKOBBIM
MHIEKcaM) TEH30pOB (hM3Mdeckoro cpoiictBa T u Bosmeiicteus W U motomy
PaBHOrO Pa3HOCTH PAHTOB TeH30poB T u W. 3HAuMT, eclM paHr BO3AEHCTBUSA U
cleCTBHs OyIyT paBHBI €AMHULIE, TO PAHT TeH30pa T OyJeT paBeH JABYM.

[TonpoOHO BOIpOC O BBEEHUU TEH30POB BTOPOIO paHra OyJeT pacCMOTpEH
BO BTOPOM 4acTH MOcoOus B IiaBe &. 3/1€Ch )K€ OTpaHMUMMCS aHAJIM30M Hauboliee
OOLIMX CUTyallui, BCTPEYaEMBbIX IIPU BBEIEHUU TEH30POB BTOPOI'0 PAHTa.

OOmuM npaBUIIOM, CHPABEJIMBBIM JJII BCEX PACCMATPUBAEMBIX Jlajiee

TCH30pax, ABJLCTCA CICAYIOOICC: CCIM TCH30P ,Z[efICTByeT Ha J'II/IHGI‘/JIHYI-O

. (1 (2 o
KOMOWHAILIMIO BEKTOPHBIX MOJIEH oV u U ), TO pE3yJIbTAT €ro JICUCTBUSA PAaBEH
CyMME pE€3yJIbTATOB OT HE3aBUCUMBIX JIEWCTBHM TEH30pa Ha KaXXJ0€ BEKTOPHOE

I10JIC B OTACJIBbHOCTH.
VAN o o N/ AV
T(AU“) ; ﬂu(z)) ) T(Umj tu T(U(z)j ,
rae A vy - Mo0ble BEMIECTBEHHBIE YMCIA. JTO 03HAYAET, YTO PACCMATPUBAEMBbIN

TEH30p ACUCTBYET KaK JIMHEHHBIN olepaTtop, OTOOpaKaroUUid OJHO MHOMXKECTBO

BEKTOPOB Ha JAPYTO€ MHOXKECTBO.

PaccMoTpuM crnenuanbHble Ciay4yau JIMHEHMHBIX MpPeoOpa3oBaHUN BEKTOPHBIX
MHOeCTB Buja (4.4), IpOU3BOAUMBIX TEH30paMH BTOPOTO paHra, KOTOpble OyayT
UCIIOJIb30BaThCA MPH TATBHENIIIEM PACCMOTPEHUH:

1. Eciu BekTOopsl V HpoCcTO paBHBI BeKTOpaM U, TO CBA3BIBAIOIIMI MX

VAN
Ha3bIBAETCS €AMHMYHBIM U 00o03Hauaetrcs /. B moboil cucteme KOOpAUHAT €ro
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KOMITOHEHTHI paBHbI 1 uiu 0:
Ix) = Ok

2. Ecnm BekTopsl V mapamnenbHbl BekTopam U M JUIMHHee X B A pas, TO

JNUHeHHas 3aBUCUMOCTh V oT U peamusyercs TEH30pOM k?. TeH30pbl Takoro
BU/JIa HA3bIBAIOTCS IIAPOBBLIMU.

3. B BekTOpHOI anredbpe KOMIOHEHTA BekTopa U, mapauieibHas HEKOTOPOMY
3aJJaHHOMY CJIMHUYHOMY BEKTOPY Kk, MOXET OBITh OINpejeiicHa BBIYUCICHUEM

CKAIsPHOTo ponsBeeHns: k(k-U). B TeH30pHOM anreGpe aHAIOrHYHAS ONEpALIHS

A
3amuchIBaeTCs B BUC: kkU u Ha3biBaeTcs Auanoi. Eciu ke B BEeKTOpHOM anredpe

TpebyeTcs ONpeIeuTh KOMIIOHEHTY BekTopa U, TepleHAUKyIApHYIO BEKTOPY K,

TO 3TO MOMHO CJ/ieJaTh BBIYMCIEHHEM BbIPAKEHHUS: U—R(R-U). Dta 3amnuch

IpeIoaraeT, 4ro BeKTop U pasnaraercs Ha CyMMy IBYX BEKTOPOB, OJMH M3
KOTOPHIX MapajulelieH BEKTOpYy k, a JIpyroil IepIeHAMKYISpeH. AHaIOTHYHO,

POEMPOBAHUE TEH30POB BTOPOIO paHTa Ha MIOCKOCTh, MEPIEHAUKYISIPHYIO K

— A\ 7a\
€AUHUYHOMY BEKTOPY K OCYIIECTBIACTCS TEH30pOM: [— Kkk.
4. Kak ¥ BCSKYIO MaTpHIly, TEH30pP BTOPOI'O paHTra MOXXHO TPAaHCIIOHUPOBATH

(TOMEHSITh CTPOKU U CTOJOIBI MecTaMu). Eciii mpu 3TOM TEH30p HE M3MEHSIETCS

AN

N
T=T", TO OH HAa3bIBacTC CHMMETPHYHBLIM; B IPOTUBHOM ClIy4ae -

7a\

AN
AHTHCHUMMETPHYHBLIM T =T

7AN
5. JIro6oii TeH30p T MOMXKHO Pa3JIOKUTh HA CAMMETPUYHYIO

N 1 AN /\*
S=—|T+T
2

N /\*
T-T

7a\

1
U aHTUCUMMCTPHUYIHYIO 4aCTH A= E
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Tak, B pa3BepHyTOM BHUJI€ Pa3JIOKEHUE TEH30pa BTOPOr0 PaHra Ha CUMMETPUYHYIO

U aHTUCUMMCTPHYIHYIO YaCTH 6y,Z[€T BBITTEAACTD CIACAYIOIINM 06pa30M:

M1 T2 T3 | 11 T2 T3 0 T2 T3
To1 Too Tog|= T1'2 ng Tgs + —T1"2 0” To3| -
T3y Toz Ta3| | Ti3 Toz 733 -Ti3 -Toz3 O

B cucreme xoopAMHAT, MOCTPOECHHONW HAa COOCTBEHHBIX BEKTOpaX, CHMMETPHUYHAs
4acTh TEH30pa MPEACTABIISIET COOOM TEH30p AUArOHAJIBHOTO TUIIA C COOCTBEHHBIMU
3HAYCHHUSIMU MO AuaroHaidu. OcrajgbHble €ro KOMIIOHEHThI paBHbI HYNI0. B cBOIO
ouepeqb BHIOOPOM COOTBETCTBYIOLIEH CHUCTEMbI KOOPAMHAT aHTUCUMMETPHUYHBIN

TEH30P TaK>Ke MOXKET ObITh MPUBEAEH K MPOCTEUIIIEMY BUTY:

0 Tio O
~Tis 0 0
0 0 0

31ech OCh C HYJEBBIMM KOMIIOHEHTAMHM HA3bIBAa€TCS TIJIABHOM OCBK0 U B
MPUBEAEHHOM IIPUMEPE OHA COBIAJIACT C OChIO Xj.

CumMeTprYHasi 4acTh TE€H30pa, B CBOIO OYEpE/lb, pasjlaracTcs Ha HMIAPOBYIO
(chepuyeckyro) 4acThb, KOKAbIM JHAroHaJIbHBIM 3JIEMEHT KOTOPOW BBIUMUCISAETCS

KaK TpCTb CYMMBbI AUAI'OHAJIbHBIX 3JICMCHTOB CHMMeTquHOﬁ 9aCTH TCH30pa
1
Hij = 5 Skk - 9ij»
U 1eBHATOP:
D, = Sji — ~ Sy - 5j
ij=>i "3 kk " Cij -

N
B wutore mo0oi TeH30p BTOpPOro paHra T MOYKHO IPEICTAaBUTh B CIEIYIOIIEM

BUJIE:

>

~>
Il
n>
¥
>
Il
I>
¥
T
> >

83



B zakmiouenume maparpada gaguM  QU3MYECKYI0  MHTEPIIPETAIUIO
polelypaM BBIJIETICHUS CUMMETPUYHON U aHTUCUMMETPUYHON yacTei, 1mapoBoi
4acTH U JIeBUaTOpa TEH30pa BTOPOIO paHra.

[Ipeanonoxkum, YTO B pe3yibTaTe H3MEpPEeHUN (PU3NUECKOTrO CBOMCTBA
(Hampumep, SIEKTPONPOBOJHOCTH KpHUCTAIIA) TOJYyYEHbl YUCICHHBIE 3HAYCHUS
KOMIIOHEHT TEH30pa BTOporo panra. TpeOyeTcs BBIACHUTh (PU3HUECKUE
MEXaHU3MbI, OOBICHSIOIIUE TOJYyYECHHbIE 3HAYEHHUS HW3MEPEHHOTO CBOMCTBA.
Crpateruto 00bSICHEHUSI CTPOUM 10 METO/1Y TOCIIEIOBATEIbHBIX MPUOIMKEHHM.

[IepBbIil mIar. ChHauana u3 IMOJIYUYCHHOI'O TCH30pa BBLACIKICM CHUMMCTPUYHYIO U

AHTHUCUMMETPHUYHYIO YaCTH. ITO 03HAYAET, UTO B CBOMX OOBICHEHUIX (PU3HUECKUX
MEXaHU3MOB BO3HMKHOBEHMS JJICKTPONPOBOJHOCTU OrPaAaHUYMBAEMCS JIUHEHHBIM
IPUOIMKEHUEM CBSI3U IPUYHHBI U CIICICTBUS (3JEKTPUUECKOTO TOJIS ¥ TNIOTHOCTH
Toka). IIpn 3TOM CHMMeETpUYHasT YacTh OTPakaeT CYIIECTBOBAHHE (PU3UUCCKHUX
MEXAaHU3MOB BO3HHUKHOBEHHMS 3JICKTPOIPOBOJHOCTH KpHUCTaIa, JAIONIUX TOK B
TOM K€ HAaIlpaBJICHHWM, YTO W JCUCTBYIOIIEE OHJICKTPUYECKOE TIOJE, a TaKXKe
AJIEKTPONPOBOJHOCTH, HE 3aBUCAIIEHM OT TMEpPEeMEHbl MeCTaMH MPUYUHBI U
CIeACTBUSI. AHTUCMMMETPUYHAS YacTh TEH30pa OTpakaeT HalWyue (PU3UICCKHX
MEXaHU3MOB JJICKTPOINPOBOJHOCTH, MAIOIIUX TOK B MEPHNEHAUKYJISIPHOM K IOJIO
HanpaBJCHUHU, MPUYEM I[E€peMEeHa MECTaMH IPUYMHBI W CIECACTBUS MEHSET
HaIpaBJIeHUE CJIEJICTBHS Ha 00OpaTHOE (TOK TeYeT B 0OpaTHOM HAIPaBJICHUM).

B 3aBHUCMMOCTH OT YHCICHHBIX 3HAYCHUM KOMIIOHEHT CHMMETPUYHOM U
AHTHCUMMETPHUYHON YacTeW TeH30pa MOXHO IPHUIIMCATh OOJIbIIEee WM MEHBIICE
BIUSHUE (DU3NYECKUM MEXaHHW3MaM, OTBETCTBEHHBIM 32 CHUMMETPUYHYIO U
AHTUCUMMETPUYHYIO TPOBOJUMOCTh KpHUCTa/ia. B 3KkcrepuMeHTe OoJbiine
3HAUYCHMUsS] AHTUCUMMETPUYHONW 4YacTH TEH30pa MOTYT CBHJETEIHCTBOBATH 00
OTKJIOHCHUU TPACKTOPUU JJIEKTPOHOB OT MPSMOJMHEWHOMN, HampuUMep, 3a CUeT
NEUCTBUSL HEKOHTPOJHMPYEMOIO MArHUTHOTO TMOJiE WJIM HAMarHUYE€HHOCTH

KPUCTAJIJIa, HABEJICHHOMN MPUIOKEHHBIM 3JICKTPUUECKHUM ITOJIEM.

84



Bropoit mar. Ecim B pa3OueHun Qu3MUECKUX MEXAHU3MOB 3JIEKTPO-

IIPOBOJTHOCTH KpHUCTaJJIa HAa CHUMMETPUYHYIO M AHTUCHUMMETPUYHYIO YacTU HeE
ylaeTcsl TOJIHOCTBIO TOHSITh MEXAHU3M JIJIEKTPOIPOBOJAHOCTH, TO BO3MOXKHO
nanbHeilee pa3OUeHHe TEH30pa IyTeM BBIJIEJICHUS W3 CHUMMETPUYHON YacTu
TEH30pa 1IapOBOW YacTU U JieBHaTopa. Takoe pa3OueHue Ha ypoBHE (PU3NUYECKON
MOJICNIA KpUCTaJla O3HA4aeT, YTO aHU30TPONHBIM KpUCTAUT 3aMEHSIETCS
U30TPOMHON Cpelod (C AIEKTPONPOBOAHOCTHIO, PABHOM KOMIIOHEHTE IIApOBOTO
TEH30pa) CO CBOMCTBOM, OMUCHIBAEMOM IIIAPOBOM 4YacThiO TeH30pa. B kpucramie
TaK)K€ HMEIOTCS DJIEMEHTBHl aHWU30TPOMHOM Cpejbl, OMHCHIBAEMBIE DJIEMEHTAMU
nesuaropa. Eciam okaxercs, 4yTo HauWOOJIbIIME 3HAYEHUS HMEIOT KOMIIOHEHTHI
IApOBOM YaCTH, TO 9TO O3HAYAET, YTO KPHUCTAUI ISl JAHHOTO (DU3UYECKOTO
CBOMCTBA OJIM30K K U30TPOITHOM Cpeie.

Tperuii miar. Ilocie TOI'0, KakK 6y,[[eT JaHO 00BSICHEHUE YMCIICHHBIM 3HAUYCHUSIM

KOMITOHEHT TE€H30pa (DJIEKTPOMPOBOJHOCTH) B MPUOIMHKEHUU U30TPOITHOM CpeJibl
MOJEIb YTOYHSIETCS BBEICHHUEM B PACCMOTPEHHE AHU3O0TPONMU KpUCTasUla, UYTO
JOoCTUraeTcs y4€ToM B (PU3UUECKON MOJEIH POJid JAeBUATOpa TeH3opa. Uem Bhiiie
YUCJICHHbIE 3HAYEHUSI €ro KOMIIOHEHT, TE€M fpY€ BBbIpAXKEHA AaHU3OTPOMUS

UCCIeayeMoro (PU3nYecKoro CBOMCTRA.

4.4.3. CoOcTBeHHBIC BEKTOPbI U COOCTBEHHbIE

3HAYeHHUsI TEH30pa BTOPOT0 paHra

JI1st TOro 4To0BkI JIydIlle MOHATh HEOOXOIUMOCTh U3YUEHHUS 3TOT0 BOIPOCA,

pPacCMOTPUM Ha KOHKPETHOM IMpUMEpe JEHCTBHE MOJIAPHOIO TEH30pa BTOPOIO

N —
panra. Ecnu TeH3zop T neiicTByeT Ha BEKTOpHOE Toie E (mpeacTaBbTe ATO IO

KaK MOoJie MIIEHMIIbI, KOJIOCKH KOTOPOH Kak-TO YJErHuch, 00pa30oBaB HEKOTOPYIO

KapTUHY paclpelefieHuss HamnpaBlIeHU cTebsiell), TO B COOTBETCTBUU C

_ A
OIpeNeicHHeM TeH30pa j=T E 3TO BEKTOPHOE TOJE Mpeodpasyercs B APYyroe
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_ A _
BeKTOpHOe mosie j. [leficTBue TeH30pa T Ha I0Jie BEKTOPOB E MOXHO CPaBHUTH C
JEUCTBUEM BETpa, KOTOPbIM HW3MEHSET KapTUHY pachpejelieHus cTebien
MEHUbIl. SICHO, 4TO BTOpOE MOJie — MOJIE j OTJIMYAeTCAd OT MEPBOrO KakK OJHO

1oJIe MIIEHUIBI OT JPYroro - KaXIblii BeKTop E OyzeT IpeoOpa3oBaH TEH30POM

?. OI[HaKO, CCJIN COIIOCTABUTHb MCKIY coOoM BCKTOPHBIC I1OJIA 7 )41 E, TO MOXXHO
O6Hapy)KI/ITB, 4TO OTACIBbHBIC BEKTOPHLI 7, IMOJIYYCHHBIC N3 BCKTOPOB E, CcOoBIIaJarOT
C HCXOAHBIMHU BCKTOPAMHU I10 HAIIPABJIICHUIO - TCH30P HC U3MCHWJI X HAIIPABJICHUS,
XO0TA Yy BCCX IPYIUX OH 3TO CACJIall. Bor st BCKTOPBbI E , KOTOPBIC HC ITIOABCPIIINCH

MMEPCOPUCHTALITNN Iona ﬂCﬁCTBHCM TCH30pa, Ha3bIBAIOT COOCTBEHHBIMHU

BEKTOpPaMH TEH30pa ? Yucno S, ykasplBaroliee BO CKOJIBKO pa3 M3MEHMIIACh
JUIMHA COOCTBEHHOTO BEKTOpa E1 B pe3yibTaTe AEHCTBUS Ha HETO TEH30Da,
Ha3bIBAETCS COOCTBEHHBLIM 3HAYEHHEM Ui BekTopa Eq. B TpexmepHOM
MIPOCTPAHCTBE MPU pelIeHUU (PU3NUYECKUX 3a]a4 YHUCIO COOCTBEHHBIX BEKTOPOB U
COOCTBEHHBIX 3HAYEHUH HE MOXKET ObITh Oousiblie Tpex. X HaxoasaT U3 perieHus

CJEAYIOIIEr0 BEKTOPHOTO YPaBHEHUS:
oA A _ _
j=TE wmu T E=S-E, 4.5)

VAN
rae S - uucno, a T - TeH30p (Marpuna u3 AeBaty yucesn). CoOCTBEHHbIE BEKTOPHI U
COOCTBEHHBIC 3HAUCHMSI MOXHO HaWTU U3 BbIpakeHus (4.5), mepenucaB ero

CIIeIYIONUM 00pa3oM:
VANVAN _
T-1S|U=0,
B koopauHaTHOM (hopMe 3aIUCH 3TO ypaBHEHHE OYIEeT UMETh BHI:
(Tik —S-6ik)- U =0

WJIA B Pa3BEPHYTOM BHUJIE UMEEM CUCTEMY:

(11-5)- Uy + T2 - Uz + T3 - U3 =0,
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To1-Up+(Top = S)-Up + Tz - U3 =0,

T31-Uy+T32-Us +(T33 - S)- Uz =0.
9Ta CUCTEMa Hu3 TpéX OJHOPOIHBIX JIMHEUHBIX ypaBHeHI/Iﬁ OTHOCHUTCIIBHO
KOMIIOHCHT BCKTOpPA U HMCECT HCHYJICBOC PCHICHHUC, CCJIIN €C OIIPCACIIUTCIIb PABCH
HYJIIO:

~ oA M-S T2 N3
detf T-S- 1 |=| Toq Too-S Toz |=0
T31 T3p T33-S

7AN
Tak xak TeH3op T 3aJaH, TO UMEEM YPABHEHHUE 3-€i CTENEHU I OTBICKAHUS

COOCTBEHHBIX 3HaueHUN S. DTO ypaBHEHHE HA3bIBAIOT XAPAKTEPUCTHYECKUM
ypaBHenneM. [lo ¢opmynam Kapnano ypaBHeHUE TpeTbeil CTEeHH B OOIEM
CIy4yae HMMEET OJIMH BEUICCTBEHHBIM KOPEHb M JBAa KOMIUIEKCHO-COTPSKEHHBIX.
[locnenHue nBa KOpHS 3a4acTyr0 HE MOAJAIOTCS (PU3HUECKOW HHTEpIpeTaluyd U
MOTOMY KEJaTeIbHO YUTH OT KOMIUIEKCHOTO TMPEACTAaBICHUS COOCTBEHHBIX
3HAQYEHUW. JTO JOCTUTaeTCsl NMPUMEHEHHUEM CIENyIoIEen cxeMmbl pacuera. [lycts
BELIECTBEHHBI KOPEHb KakKUM JIMOO crnocodboM HaijeH. Ha3zoBéM ero Tperbum

pemienneM - S=S3. Torna u3 ypaBHEHUs

: ). UB)= _
HaxoAUM OJHMH COOCTBEHHBIM BEKTOp U(3), ABJIIFOIIMICA 10  YCJIOBHIO
HOPMHMPOBKM €IMHUYHBIM. JTOT BEKTOP MOKHO MCIOJI30BaTh KaK OpPT HOBOWM

CUCTCMBI KOOpJAHHAT. Cz[enaeM €ro opromMm €3', T.C. IMOBCPHEM CTAPYIO CUCTCMY

KOOPJMHAT TaK, YTOObI B HOBOM e3', ObL1 ocbl0o X3 (uam Z). B HOBOii cucreme

N
KOOpAWHAT TeH30p T OyjaeT

Iyy Ty O
[Tl T T 0
0 0 S3

87



[ToaToMy B HOBOHl CHCTEME KOOpPJMHAT XapaKTEPUCTUUYECKOE YpaBHEHUE

IMCPCIINIICTCA B BUJIC!:

7-1/ 1/ —_— S 7-1! 2’ O
Tory Toror — S 0 =0.
0 0 T3i3 — S3

PaCKpLIB OIIPCACIINTCIIb, IIOJIYYUM YPABHCHUC BTOPOI'O IIOpAAKA, M3 KOTOPOIO

HaﬁHeM ABa JPpYyIrux COOCTBEHHBIX 3HAUYCHHS:

’
S(1,2) =§{( Ty +72'2')i\/( Tyt —72'2')2 +(2'T1'2')2]

[TockoNbKY TIOJT KOPHEM CTOMT TOJIOKHUTEIBLHOE YHCIIO0, TO 00a HAlJICHHBIX KOPHS
OyIyT BEIIeCTBEHHBIMH.
CoOCTBeHHBIE  BEKTOpPA, COOTBETCTBYIOIIME Pa3IMYHBIM  COOCTBEHHBIM

3HAa4YCHUAM, B3AUMHO OPTOI'OHAJIBHBEI. HeﬁCTBHTGHBHO, YMHOKasd CIIpaBa CKAJIAPHO

YPaBHCHHUC JIA OIIPCACIICHUA COOCTBEHHBIX BCKTOPOB Ha U(I)

A\

ro-s.g | g

A\

T -s2.0® | g

H BbIYHUTAAg OOJHO U3 APYIoro, IOJIYYHUM:

700.0@ -75@).g0 ~0=(s1-52). 0.0, (4.6)

OTKyJa CJIEAYET, YTO CKAISAPHOE MPOU3BEICHHE (U(1)-U(2))=0, re. o)1 g@
(3TOT CHMBOI W CHUMBOI « |» 3mece m manmee O03HAYAIOT B3aUMHYIO
NEePICHIUKYSIPHOCTh WM MApaJJICTbHOCTh BEKTOPOB, COOTBETCTBEHHO) MPH
S1= S2. JleBas 4dacth BwIpaxkeHus (4.6) mpencraBiser co0Oil pa3sHOCTh JBYX
YHCeNI, TIOJYYCHHBIX B PE3YJIbTaTe CKAISIPHOTO MPOM3BEICHHS JBYX BEKTOPOB:
BEKTOpa, MPEoOpPa30BAHHOTO JCWCTBHEM TEH30pa, M OJHOTO M3 COOCTBEHHBIX

BEKTOPOB.
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Ecnu Bce coOCTBEHHBIE BEKTOpa TEH30pa Pa3jIMdHbl, TO OHU 00pa3yroT Oa3uc,

B KOTOPOM TCH30p IIPUHHUMACT HauoOoJee HpOCTOﬁ BU:

r-s1.0" 1Vs52.0® UPis3.0® U®

a ero MaTpuila - OPTOTOHAIBHYIO (HOpMY:

St 0 0
|7y =)0 s2 o
0 0 S3

A\

3I[CCI> CHUMBOJI U(I) L_/(I) - 0o003HayaeT Auabl COOCTBEHHBIX BCKTOPOB. Korzxa ABa

COOCTBEHHBIX 3HaueHHWs CcoBmagaroT (S1=S2), TO 3T0 O3HAYAET, YTO ITUM

3HAQYCHUSM COOTBETCTBYET Iiejasi IUIOCKOCTh COOCTBEHHBIX BeKTOpoB (X;0.X5),

IMMCPIICHAUKYIISApHAA U(S) HpI/I COBITAACHHNHN BCCX TPCX COOCTBEHHBIX 3HAUYCHUI

JIFO00H BCKTOP ABJIACTCA IJIAA TAKOT'O TCH30pa COOCTBEHHBIM.

4.4.4. HopmaJyibHble U TAHT€HIIHAJIbHbIE

COCTABJIAIONIME TEH30Pa BTOPOr0 paHra

ITo ananorum ¢ TeM, 4TO AJist JTOOON TEOMETPUYECKON MTOBEPXHOCTU B KaXKIOM
€€ TOYKE MOXKHO IMOCTPOUTHh HOPMAJIBHYI0 W TaHTCHIIMAJIBHYIO COCTaBJISIIOIIUE,

TAKHEC K€ COCTABJIAIOMINE BBOAATCA B PACCMOTPCHUC JIS1 TCH30pPOB BTOPOI'O paHra.

N
HopmanbHo#l cocTaBiasiiomieidl CHMMETPUYHOTIO TEH30pa BTOPOTO paHra T B

HAIPaBJICHUU CAMHUYHOTO BEKTOPA N Ha3bIBACTCS YHMCIIO
—_— /\ —_—
n-Tn|=Tj-nj-nj,

MpeCTaBIsIoNnee Co00M pe3ynbTaT CKAJIPHOTO YMHOXKEHHUS BEKTOpa N Ha

A

BEKTOp, TOJIYYCHHBIM B pe3yJbTaTe MpeoOpa3oBaHHsl TEH30pOM T BEKTOpa n.

Ecnu npuHATE €QMHUYHBIA BEKTOP N 3a OJAWH U3 OPTOB HOBOM KOOPIAWHATHOMU
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cucteMbl X, X, X, (n=et), TO HOPMANbHas COCTABIAIONAs B HANPABIEHUH

BCKTOpa N oKaxercs IIpoOCTO COOTBCTCTBy}OHICP'I I[I/IaFOHaJ'ILHOI‘/JI KOMITIOHEHTOM

TEH30pa B cucTemMe X ; X2, XS’ . B nanHoM npumepe

B cucreme KOOpauHarT, HOCTpOCHHOﬁ Ha TJIABHBIX OCAX TCH30pPA, BBIPAKCHHA IJIA

BBIYUCJICHUS] HOPMAJIBHOM COCTaBJISIONICH TPUHUMAIOT HanboJIee MPOCTON BUI:
A 2 2 2
n-Tn :S1-n1 +S2-n2 +83-n3.

ECJ'II/I, B 4aCTHOCTH, ABa COOCTBEHHBIX 3HAUYCHUS COBIIAAAOT, TO €0 HOpMaJIbHasd

COCTaBIIAIONIAs OY/IET 3aBHCETH TOIBKO OT KOMIOHEHTHI ng = (A - k):
A 2 2 2
n-Tn :SJ_.(1—n3)+S//-n3 =S, +(Sy-81)-n3,

rae obo3HaueHo: Sy =83, S| =S1=S82. Hakonen, eciu Bce TpU COOCTBEHHBIX

3HA4YCHHUA TCH30pa COBIIAAAIKOT, TO HOpMaJIbHAsA COCTABJIAIOIIAA TAKOI'O TCH30pa

OJIMHAKOBA JJIs JIF0OOTO HAIIPaBJIEHUS B MPOCTPAHCTBE U paBHA:

AN

n-Tn|=S, §=81=82=883.

B dyem e monp3a OT BBEIEHHS COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX
3HaUYeHH TeH3opa? B Kpuctasmiopuszuke dYacTo BO3HUKAeT 3ajJaya 1o

OMpENICTICHUIO  HANpaBJIEHUs BEKTOpa N, TOpU  KOTOPOM  HOpMajbHas
N
COCTaBJISIIOLIAsl JAHHOTO TeH30pa T NPUHUMAET 3KCTpeMaibHble 3HaueHus. [lpu

AN
3TOM IPEATOIATaeTCs, YTO TEH30p T 3aJaH CBOMMHU KOMIIOHEHTaMH 7j; B CUCTEME

KOOpJIHUHAT X1,X2,X -
Maremaruueckas (GopMyIUpOBKa 3TOW 3a7a4d TaKOBa: HAWTH 3HAYEHUS H; ,

A
pH KOTOPBIX JIOCTHTaeT JKCTpeMyma Gynkums F(n)=n-Th=Tj-n;-n; npu
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yciosuu, uto f( 71)=(A-7)—1=0. D10 THUNNYHAs 33/1a4a 110 OTHICKAHHUIO YCIOBHOTO

OKCTpEMYMaA, KOTOpPAsa OOBIYHO pearacTCsa MCTOAOM HCOIIPCACICHHBIX MHOXXHTEIICH

Jlarpamxa. J{yis aToro cocrapisieTcss HoBas (PyHKITHS
@(n)=F(n)-A-f(n)

C HEOIpEJEICHHbIM MHOXUTENEM A, y KOTOPOU UIIYT O€3yCIOBHBIN 3KCTPEMYM,

IIpUpaBHUBAA K HYJIIO YaCTHBIC IIPOU3BOAHBIC!

oD

—=0.
an;

3areM W3 3THX ypaBHEHUH W ycioBus f (ﬁ)zO HaXOJAT KOMIIOHEHTBHI 71;

MHOXHUTEID A:

an;  on; an;

N
HJIK C Y4CTOM CUMMCTPHYHOCTH TCH30pa T: TU . nj =A- n,-, d OTO €CThb YCJIIOBHUC

TOrO, 4YTO BEKTOP /1 sBISETCS COOCTBEHHBIM BEKTOPOM TEH30pa, a A -
COOTBETCTBYIOIIIEE €My COOCTBEHHOE 3HAUCHHE.

Takum oOpa3oMm, HOpMAJbHasi COCTABJSIIOIIASE TEH30pa JOCTUIraeT
IKCTPEMAJILHBIX 3HAYEHHII B HANIPABJIEHUSIX, COBNAIAIONINX ¢ HANIPABJIEHHEM
cOOCTBEHHBIX BEKTOPOB JTOro ten3opa. boJiee Toro, 3Tm 3KcTpeMalibHbIe
3HAYEHHUsI PaBHbI COOTBETCTBYKIIHM COOCTBEHHBIM 3HAUYEHUSIM TeH30pa.

JIeCTBUTENBHO, IO ONPEIEIICHUI0 HOPMAJIbHON COCTABIIIOLIEH
_ AN
n-Tn|=Tj-nj-nj=4-nj-nj=A4.

Orcroma ke cleayer, 4YTo €ClIM BCE COOCTBEHHBIC 3HAUCHHSI TEH30pa
MOJIOKUTEIBHBI (OTPUIIATETIFHBI), TO W BCE €r0 HOPMaJbHBIE COCTABJISIONINE
MOJIOKUTEIBHBI (OTpUIIaTENbHBI). by iyun HenmpepbiBHON (yHKIIMEH HaINpaBIEHUS,
OHM MOTYT OOpaTUTHCS B HyJb, €CJIM HOpPMalbHAas COCTABIIAIOIIAS MPUHUMAET

IMOJIOKHUTCIIBHBIC 1 OTPHULATCIIbHBIC 3HAYCHM .
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HOpMaHLHa}I COCTaBJAOIad TCH30pa paBHAa BCIIMYHUHC (I)I/IBI/I‘{€CKOI‘O
CBOﬁCTBa, OIIKUCBIBACMOT'O JaHHBIM TCH30POM, B HAIIPABJICHHUH BCKTOPA n.

HGpCﬁI{CM K paCCMOTPCHHIO TAHI'CHIIUAJIBHBIX COCTABJIAIOINX CUMMCTPHUYIHOTO

A
T€H30pa BTOpOro panra. Ilycte T - TEH30p BTOpPOro paHra, a p U q - B3aUMHO
MNCPINCHAUKYIIPHBIC CAMHUYHBIC BCKTOPA:
(p-P)=1 (G-9)=1 (p-g)=0.

AN
TaHreHuaabLHON cocTaBjasiomieii TeH30pa | B HalPaBJICHUSIX BEKTOPOB P

u q Ha3bIBACTCA YHUCJIIO:
— A —

MpeACTaBistomee coOOM pPe3yslbTaT CKAIIPHOIO YMHOXXEHHUSI BEKTOpa p H

A A\
peoOpa30BaHHOTO TEH30pOM T BEKTOpa g . Tak Kak paccMaTpuBaeMbIid TEH30p |

CUMMETPUYCH, TO HamNpaBiIeHUS pP U G AaOCONIOTHO PaBHOIPABHBI M
B3anMo3aMeHsieMbl. [10JIb3ysICh T€M, YTO €OUHWUYHBIC BEKTOPHI P W § B3aUMHO

MNCPINCHAUKYIIAPHBI, HAa HHX MOXHO IIOCTPOHUTbL HOBYIKO CHCTCMY KOOpAMHAT

X, X5, Xg, » OPTBL KOTOpPOM paBHBI:

e-lr :p, ezr :q, esrz[pxq]_
B HOBOﬁ CUCTCMC KOOp,Z[I/IHaT TaHI'CHIIMAJIbHASA COCTABJISIFOIIAA TeH30pa BTOpOFO

paHra OyJeT paBHa:

Otcroga crnexyer BBIBOJ, YTO  €CJIIM HOPMAJbHBIE COCTABIIAIOIIME TEH30pa
COOTBETCTBYIOT €ro JHaroHajdbHbIM KOMIIOHEHTaM, TO TaHTCHIMAIbHbIC
COCTaBJISIOLIUE €CTh €0 HEUArOHAJIbHBIE DJIEMEHTHI.

B cucreme koopauHaT, MOCTPOEHHOM Ha COOCTBEHHBIX BEKTOpPAX TEH30pA,

TaHICHIHAJIbHBIC COCTABJIAIOIINC BhIPAXKAIOTCS CICAYIOIINM 06p8,30M:
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N\
- BoOOmem ciay4ae: | p-Tq|=S1-p1-q1+S2-po-qo+S3-p3-q3;
AN
TIPU COBIIAJEHUHN JBYX COOCTBEHHBIX 3HaueHuii: | p-Tq [=(Sy-S, ) p3-93;

N
- IIpU COBNAJECHUU TPEX COOCTBEHHBIX 3HAUYECHMI: | p-Tq |=0.

4.4.5. Yka3aTejbHasi H XapaKTePUCTHYECKAS

MOBEPXHOCTH TEH30Pa BTOPOr0 PaHTa

Kaxxplif TEH30p MOKHO MPEACTaBUTh B HATJIAIHOW (hopMe, HApHUCOBAB €ro B
TPEXMEPHOM MPOCTPAHCTBE KaK TE€OMETPUYECKYI0 (QUTYpy, MOBEPXHOCTb.
CymectByer aBa crnocoba OTOOpakeHHs TEH30pa B BHUJE IMPOCTPAHCTBEHHOU

(Gurypsl (MIOBEpXHOCTH).

Yka3zaTeabHasi IOBEPXHOCTBh. [IepBrIif clocO0 3aKTI0YaeTCs B CIEAYIOMEM:

AN
KaXXJOMy TEH30py BTOpOro paHra [ ¢ KOMIIOHEHTaMHU Ty CTaBUTICA B

COOTBETCTBUE YyKa3aTesibHas IOBEPXHOCTb BTOPOrO IOPsAJKAa B IIPOCTPAHCTBE
XiXoX;, KoTopass oOmpeAeisieTCs CICAYIOIMHUM 00pa3oM: pPaJauyc-BEKTOp 7,
OTKJAJbIBAEMBIA W3 Havajla KOOpPJAWMHAT 10 JIO0OM TOYKH YyKa3aTeIbHOU
MOBEPXHOCTH, PaBEH BelWuyuHe (pu3ndeckoro cBouctBa r =T, mn;. OHA CTpOUTCS
cnenyromuM obpaszoM. [lepeOuparorcsi Bce BOSMOKHBIE HAMPABICHUS TUHUYHOTO
BEKTOpa N (M,N2,n3) B HPOCTPAHCTBE M ISl KAXJIOTO M3 HUX BHIYHCIISETCS
BEeIMYMHA (PU3NYECKOTO CBOWCTBA B JIAaHHOM HAMpPABJICHHWH. 3aTeM, M3 Hadaja
KOOPJMHAT B HANpPaBJICHUU BBHIOPAHHOTO €IWHUYHOTO BEKTOpa OTKJIAIBIBACTCS
OTPE30K JUTMHOKO 7, paBHOW Benu4nHe (hu3mdeckoro cBoiicTBa. KoHIbI oTpe3ka r

OIMMIOYT B IMPOCTPAHCTBE HCKOTOPYIO IIOBCPXHOCTb, KOTOpAd HA3bIBACTCA
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ykazateabHoil. CUMMETpHsl yKa3aTeJIbHOW MOBEPXHOCTU OTPAXKAET CUMMETPHUIO
paccMaTpUBaeMOro (pU3MUEeCKOro CBOMCTBA.

[IpocTo mnpumep yKa3aTeJIbHOM IIOBEPXHOCTH: B H30TPOIIHOM cpene
yKa3aTellbHas IIOBEPXHOCTh MpeicTaBisieT co0oil cdepy, T.K. BeIMYMHA

(I)I/I3I/I‘IGCKOFO CBOMCTBA OIMHAKOBAa BO BCCX HAIIPABJICHUAX.

XapakTepucTuyeckasi NMOBEpPXHOCTb. BTopoil cmoco06 3akiodaeTcss B
CIEAYIOIIEM: Ipyras IMOBEPXHOCTh TEH30pa CTPOUTCS KaK MOBEPXHOCTh PAaBHOTO
CBOWCTBA U ONPEIEIIACTCS BRIPAKEHUEM:

T,'jX iX j=1
Y HA3bIBACTCSI XapPaKTEPUCTUYECKOM MOBEPXHOCTHI. JTO MOBEPXHOCTH BTOPOTO
MOPAJIKA, KOTOpAsi XOPOIIO M3BECTHA M3 Kypca BBICHIEM MareMaTwku. B cucreme
KOOpJIMHAT, TIOCTPOCHHON Ha COOCTBEHHBIX BEKTOpax JaHHOIO TEH30pa, BHUJ
XapaKTEPUCTUYECKON MTOBEPXHOCTHU MPEAEIIBHO YIPOIIAETCA, T.K. B 3TOM ClIy4ae y
TEH30pa OKa3bIBAKOTCS OTJIWYHBIMU OT HYJISI TOJIBKO JUArOHAIBHBIE SJIEMEHTHI,
KOTOpBIE paBHBI COOCTBEHHBIM 3HaueHUsAM S1, S2, §3. Takum oOpa3om, ypaBHEHUE

XapaKTePUCTUYECKOU MOBEPXHOCTH OYJIET UMETh CJICAYIOIINI BUT
2 2 2 2
TiiXi~ = 511X1" + S22 Xo™ + 533 X3™ =1,
rjue S11=S51, Sop =852, S33 =S8 . Bo3MoxHbIE BapUaHTHI BUJIOB

XapaKTEPUCTUUYEC-KONH TOBEPXHOCTH OTPAHUYEHBI M OMNPEACISAIOTCS BEIUYMHAMM

COOCTBEHHBIX 3HAUCHUM TeH3opa S1, S2, §3:

* ecnu 3HaueHus S1, $2, S3 MOMOKHUTENbHBI U HE COBNAIAIOT MEXKIy COOOM, TO
XapaKTePUCTHUICCKAs TIOBEPXHOCTD - ATO JIIUIICOU]T OOIIETO BUA;

* ecnu 3HaueHus S1, S2, S3 monoxuTenabHbl U JBa U3 HUX PaBHBI APYT IPYTy:
S1=S2, To xapakTepucTH4ecKas MOBEPXHOCTh — ATO JUIUICOU]] BpAIICHUSI;

*  ecnm coOCTBeHHBIC 3HAYCHUS S1, S2, S3 moNoKUTENNbHBI U paBHBI S1=52=53,
TO XapaKTepUCTUUYECKasi TOBEPXHOCTh UMeeT hopmy chepsr;

* €CJIn IBa COOCTBEHHBIX 3HAUYCHHS IMOJIOKUTCIIBHBI, @ TPCTHC OTPULATCIBHO,
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TO XapaKTepUCTUYECKasi TOBEPXHOCTH - OJIHOMOJIOCTHOM TUNEepOOIOnI;

¥ ecau 1Ba COOCTBEHHBIX 3HAUCHUS OTPULIATEIBHBI, & TPETHE MOJIOKUTEIBHO, TO
XapaKTEePUCTUYECKasi TOBEPXHOCTD - ABYMOJIOCTHOM rUNIepOOIOn;

g eclIM Bce Tpu cOOCTBeHHbIX 3HaueHus S1, S2, S3 orpunareiabHbl, TO

XApaAKTCPUCTUICCKAA ITIOBCPXHOCTD - MHHMMBIN OJIJITUIICOM .

4.5. TeH30pbI BHICHIUX PAHTOB

4.5.1. BBeeHue TEH30POB BbICHINX PAHTOB

B 3212a4aX KPUCTALI0(PUIUKH

Kak nmokaspIBaeT onbIT, OKa3bIBA€TC HEBO3MOXKHBIM ONKCATh BCE U3BECTHBIE U
BHOBb OTKpbIBAEMbIe (PU3UYECKHE SIBJIECHUS B KPUCTALIAX, MOJB3YACh TOJBKO
TEH30paMU MEPBOTO M BTOpOro panra. [loaroMy Hapsany ¢ TeH30paMu MEPBOTO U
BTOPOTO paHra B KPUCTAUIO(PHU3MKE NPUMEHSIOTCS TEH30pa BBICUIMX PAHIOB:
TPEThEro, 4eTBEPTOro U T.J. OCHOBHBIX CITOCOOOB MX BBEJICHHUS JIBA.

1. duznyeckoe sABIECHUS IO CBOEH CYTH SIBISETCS HU3KOPAHTOBBIM (HYJIEBOTO,
IIEPBOTO WM BTOPOrO paHra), HO M3-3a CJIOXKHBIX YCIOBUH €ro HaOJIIOIEHUs
MMEETCS KOMIIOHEHTAa U3MEPSIEMOIO CBOWCTBA, KOTOPAs OINKCBHIBAECTCS TEH30POM
BBICOKOTO paHra (Bhsille BToporo). Hanpumep, uccinegyercs 3aeKTPOIPOBOIHOCTh
KpHCTaJlla — CBOWMCTBAa BTOPOro panHra. McciemyeMbplii KpUCTAII IOMEIIEH HE
TOJIBKO B DJIEKTPUYECKOE TNOJIE, HO U, HAIPUMEP, MATHUTHOE. Y TBEPKIAAETCS, UTO B
ATUX YCIIOBHUSX B IMPOBOAMMOCTH KPHUCTAUIa HAPSIAY C TEH30pOM BTOPOIrO paHra
OyJeT NpUCYTCTBOBATH KOMIIOHEHTA, OMUCHIBAEMasi TEH30POM TPETHEro paHra.

ﬂeﬁCTBHTCHLHO, B YKa3aHHBIX YCIIOBHUAX MOXXHO CUHUTATh, YTO

j=JjE H|.
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Hpezmonaraﬂ MaJIbIMHW BHCITHHUC BOSHGﬁCTBHﬂ, Pa3JI0KUM 3Ty 3aBUCUMOCTH B
PAa IO SJACKTPUICCKOMY U MAIrHUTHOMY ITI0JIAIM BOJIM3HM MX HYJICBBIX 3HaquHﬁ, 141

OTPpaHUYINMCH IICPBBIMHU YJICHAMM PA3JIOKCHUA:

_ F _ 27 _
jxjo+ 0J00) g , | 2/(00) |y, 1) 07J00) 7y, (4.7)
oE 2| _

oH 0E oH
[lepBoe cnaraemoe B BbIpaKCHHH (4.7) ONHCHIBACT HAIWYUE DJICKTPUYCCKOTO

TOKa B OTCYTCTBUM BHEUIHMX IOJIEH. SICHO, 4TO OHO paBHO HyII0: jo =0. Bropoe

CJIaraéMoO€ OIKCHIBAET BO3HUKHOBEHHE JJIEKTPUYECKOIO TOKAa B KPHUCTAIIIE
TOJIBKO 3a CYET JEHUCTBUS dJeKTpudeckoro mnoiisi. KoadduuneHTsl JIHHEHHON
3aBUCUMOCTH 3TOTO CJaraeMoro o0pa3yloT TEH30p BTOPOTO paHra — TEH30p
AJIEKTPONPOBOAHOCTU. Tperhe craraemoe omnuchbiBaeT 3GOEKT MOSBICHUS
AIIEKTPUYECKOTO TOKa (HAMPABJICHHOTO JIBIXKCHHS 3apsSKEHHBIX 4YacTHUIl) B
KpUCTaJUIe MPHU BO3JIEUCTBUM HA HETO TOJIBKO MArHUTHOTO MOJs. ITOT 3ddexT
OMUCHIBAETCSI TEH30pOM (a2 TOUHEE INCEBAOTEH30pPOM) BTOPOro paHra. YerBeproe
ciaraeMoe B BbIpaxeHUU (4.7) onuckiBaeT d(PGeKT MOsSBICHUS IIEKTPUUECKOTO
TOKa B KpPUCTAJUIE MPU OJHOBPEMEHHOM JEHWCTBUU HA HErO JJIEKTPUUYECKOTO U
MarHuTHOTO ToJiel. DPGeKT nmepekpecTHOro BIUSHUS JIBYX MOJIEH ONMHCHIBACTCS
y>K€ TEH30pOM TPETHETO PAHTA.

SIcHO, 4TO BapUAHTOB MOSIBIICHUS TEH30POB BBICIIMX PAHIOB IO 3TOMY
METOJy MHOTO ¥ TOTOMY MTOJAPOOHO OHU HE PACCMaTPHUBAIOTCS.
2. Bropo# cmoco6 BBemeHHs Kacaercs (U3HYECKOTO SIBIICHUS, KOTOPOE

MPUHITUIIAATIEHO HE MOXET OBITh OMHUCAHO TEH30pOM HHU3KOTO paHra. 37ech

BO3MOXKHBI TpH BapuaHTta. PaccMoTpuM ux moapooHo.

2.1. IlycTph KOMMIOHEHTHI BEKTOpa P JMHEHHO 3aBUCAT OT KOMIIOHEHT

TCH30pa BTOPOIr'O paHra:

P =dimn-omn-
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N

rae dy,, - KOOQQHUIUEHTH 3TOM JTMHEHHON 3aBUCUMOCTH. BekTOp P ¥ TEH30p o

MOKHO OTHECTH K HOBOH cucTeMe koopauHaT. Ecim |Cy| - MaTpuna mepexona ot

CTapOﬁ CUCTCMBI KOOPpIHWHAT K HOBOI>'I, TO KOMIIOHCHTBI BCKTOpa P B HOBOH

CHUCTEME KOOpAUHAT OyIyT PaBHBI:
P = CikPx = CikAkinoim- (4.8)
BI)IpaSI/IM 3HAUYCHUA KOMIIOHCHT TeH3opa Olm B CT&pOﬁ CUCTEMC KOOpI[I/IHaT LIGpGS

3HAa4YCHMU Ok B HOBOH CHCTEME:

oim=CjiCk'm o K- 4.9)
[ToacraBus 310 B (4.8), MOJIy4HM:
Fr = Cindimn CjymCkn O jik' -
Ecam B cTappix KOOpAWHATAaX JIMHEWHAss 3aBUCHMOCTh KOMITOHCHT BEKTOpa P OT
KOMITIOHEHT TEeH30pa & ompeaensuiach KodphuiueHTaMu djyn, TO B HOBOM
cucteMe Ko3(PUIIMEHTHI paBHBbI:

dijk = C: CymCrn Aimn- (4.10)

AHanoruyHbIM 00pa3oM BBIBOAATCS (POpPMyIbI NIt U3MEHEHUsT K03 UIIMEHTOB

djmn TPH IIEpEX0JIe OT HOBOW CHCTEMBI KOOPIUHAT K CTAPOM CUCTEME:
dijk' = Cp,CimCikn dimn-
3akonbl npeoOpazoBanus (4.9) u (4.10) Takue xe, Kak W JJIs MPOU3BEICHUIN

KOMIIOHEHT TpeX BEKTOpOB. TakuMm o0pa3oMm, B JAaHHOM Cllydae MMEEM JEN0 C
HEKOTOPOH T'eOMETPHYECKOH BENTMYMHOM d, KOTOpas B KakJIOH cHCTeMe
KOOpAMHAT XapaKTePU3yeTCsi HAOOPOM UHCEN djmp U KOTOpasi TP CMEHE CUCTEMBI
KOOpPJIMHAT Mpeodpa3yeTcsi Kak MPOU3BEACHUE KOMIIOHEHT TPEX BEKTOpPOB. Takas

BEJIMYMHA HA3bIBAE€TCS TEH30POM TpeThero paHra, a uucia djy,; - €ro

KOMIIOHCHTaMH.
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2.2. K TeH30py TpeThero paHra MOXXHO TPUUTHU U JPYTUM CHOCOOOM:
paccMaTpuBas TMHEHHYIO 3aBUCUMOCTH KOMIIOHEHT TEH30pa BTOPOrO paHra ¢ ot
BekTopa E :

Sik = rikiEr
I€ KOMIIOHEHTHI [ji - TOKE KOMIIOHEHTBI TEH30pa TPETHErO PaHra.

AHanOTHYHBIM 00pa30M MOKHO BBECTH B PACCMOTPEHHE TEH30PhI YETBEPTOTO,

mATOro W T.J. paHros. Hanpumep, xoadduumeHtsl Sjjy, ONpenenstomme
NMHEHHYIO0 3aBUCHMOCTb KOMIIOHEHT TEH30pa ¢jj TEH30pa G OT KOMIIOHEHT £
TEH30pa &

O jj=Sijjkl €kl
ecTh KOMIIOHEHTHl TEH30pa 4YETBEPTOro paHra S, Kod(pOHUIMEHTHI Qijkims

OTPE/ICISIFOIINE JIMHCHHYIO 3aBUCHMOCTh KOMIIOHEHT Sjji/ TCH30pa YETBEPTOrO

paHra S or KOMITOHEHT E, Bextopa E :
Sijk/ = Qijk/m Em

A9TO KOMIIOHEHTBhI TEH30pa IMATOro paHra. MoxkHo cdopMynupoBaTh oOiiee
paBuiIo: KOG GPUUHUEHThI JUHEHHOH 3aBUCUMOCTH KOMIIOHEHT TEH30pa paHra
r OT NMPOU3BEJEHUSI KOMIIOHEHT TEH30POB PaHra n,/o,...,n CaMH SIBJISIIOTCS
KOMIIOHEHTAMHU TE€H30PAa, PAHT KOTOPOTO PABEH I+ [ + o +... + Ip.

2.3. Jlpyras omepaimusi, B pe3yjbTaTe NPUMEHEHHUS KOTOpOH o00pa3yroTcs
TEeH30phl, auddepeHmpoBaHue TEH30pOB MO TeH3opaMm. I[lycTh, Hampumep,

KOMITOHEHTBI BEKTOpa P - ecTh (YHKIMHM KOMIIOHEHT TEH30pa &. Baemem

0003HaYEeHUS AJI1 4YaCTHBIX IIPOU3BOAHBIX !

OP;
oy = Gk
O jk

4 YaCTHBIC ITPON3BOAHLIC B HOBOM CHUCTEME KOOpaAWHAT 0003HAYNM:

Py
oo K

= di!j!k! .
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MoxHo I1o0Ka3aThb, 4YTO
djjk=C; CjijCrk dijk
9qTO O3HA4acT, 4TO 4YuCJia C/ijk SABJIAIOTCA KOMIIOHCHTAMHU TCH30pa TPCThHETO pPaHTa.

AHajornyHo paccMmaTpuBaeTcs IUdPEpPEHIIMPOBAHUE TEH30pa MO HECKOJIBKUM
TeH3opaM. B pesynbpTaTe mpuXoauM K CIEAYIOIMEeMY OOIEMYy BBIBOIY: YACTHBIE
NMPOM3BOJAHbIE KOMIIOHEHT TE€H30pa paHra r N0 KOMIOHEHTaM TEeH30pOB
PAHIOB A,/o,...., [, €CTh KOMIOHEHTHI TEH30Pa PAHTA [+ 4 + /> +... + .

JleTaibHOE pacCMOTpPEHHE CIIOCOOOB BBEICHUS TEH30POB TPETHETO W
YETBEP-TOTO0 paHra B 3ajavyax KPUCTALIOPU3WKK OyneT MPUBEACHO B TiaBe 9
mocoous.

MaremaTu4eckue onepamum ¢ Tenzopamu. Kak u ¢ TeH30pamMu HYJIEBOTO H
IEePBOI0 PAHTOB C TEH30pAaMHM BBICIIUX PAHTOB MOXHO IPOU3BOJAUTL BCE
W3BECTHBIC MaTeMaTHYeCKHe onepanuu. PaccMoTpuMm Hanbosee ynoTpebiisieMble U
Ba)KHBIC ISl IPUMEHEHHUS B KPUCTALIO(GU3UKE OTIEPAITUH.

~

1. Ymuoxenue Ha yncio. [IpousBeeHnemM TeH3opa A ¢ KOMIIOHEHTaMH Ajj

OTHOCHUTCIIbBHO HCKOTOPOT'0O OPTOHOPMHUPOBAHHOTO 0as3nca Ha YKCJIO A Ha3bIBaeTCs

TEH30p TOTO K¢ paHra A A ¢ KOMIOHCHTaMU A Ajj_ k.

A

2. Cnoxenue TeH30poB. CyMMOH JBYX TEH30pPOB OAHOTO W TOTO K€ paHra A

U B ¢ KOMIOHEHTaMK Ajj x 1 Bj j Ha3bIBaeTCsA TEH30p D C KOMIIOHCHTAMH
Dj x=Ajj. k+Bj. «

Tenzopa pa3HBIX PaHTOB CKJIAJbIBaTh HENIB3s, CHAadaja HAJO0 BBIPOBHITH PaHTH
HYJICBBIMU CTPOKAaMH, CTOJIOIIAMH.

3. O6pazoBanue uzomepoB. IlepecTaBUB KakUM-IHOO CIIOCOOOM HHIEKCHI Y

A A 7\

TeH30pa D, moslyduM TEH30p F TOro € paHra, 4Yro U y TeH3opa D, KOTOpbIU

AN
Ha3bIBAIOT U30MEPOM TeH30pa D. B yacTHOCTH, B paCCMOTPEHHOM BBIIIIE MTPUMEPE
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A\ VANIPAN N ANAN

YMHOXXEHUSI TEH30pPOB TEH30p F=BA 4BIIsIeTCS HW30MEpOM TeH30pa D= AB.

KonuuectBo n3o0MepoB y TeH30pa paHra r Oyaer paBHo r! =2-3- ...-(r-1)-r.

4. CuMMeTpUpOBaHUE W aJbTEpHUpPOBaHUE. TeH30p B  Ha3bIBaeTcs

A

CHMMETPUHMPOBAHHBLIM TEH30PY A, €CIIM OH PaBEH CpeaHeMy apu(METHICCKOMY

A N

BCEBO3MOKHBIX N30MEPOB TEH30pa A. Tenzop D Ha3bIBACTCS

A

aJIbTEPHMPOBAHHBIM TEH30py A €CIIM B YIIOMSHYTOM CpPEAHEM apu(PMEeTUYECKOM
M30MEpHI, TOJIyYCHHbIE MPU YETHOM IMEPECTaHOBKE MHJIEKCOB, OpaTh CO 3HAKOM
IUIIOC, a MPU HEYETHOM - CO 3HAKOM MHHYC. UETHOM Ha3pIBAaeTCA Takas
MEPECTaHOBKA, B KOTOPOM CyMMa TOPSAJKOBBIX HOMEPOB IEPECTABISIEMBIX
MHJIEKCOB (CU€T UIET CleBa HAMpaBo) JAeauTcsa 0e3 ocTaTka Ha aBa. [Ipumep, eciu
TPETUIl MHJEKC CTAaBUTCS Ha MEPBOE MECTO, TO TaKasl MEPECTAaHOBKA OyJET YETHOM,
T.K. 3+1=4 neautcs Ha 2 0e3 ocTaTKa.

CUMMeETpUpOBaHUE U AJIBTEPHUPOBAHUE O0O3HAYAIOTCS 3aKIIOYEHUEM

MHJIEKCOB B KPYIJIble U KBaJpaTHbIE CKOOKH COOTBETCTBEHHO. Hampumep:

I_/k A(l/k ( I_/k + A/k/ + Aklj + Alkj + A//k + Akjl)

Djy = A[//k] ( Ajic + Ajki + Ak — Aij — Ajik — Akji);

CumMeTpupoBaTh W aJbTEPHUPOBATH BO3MOKHO [0 YacTH HWHIEKCOB.

[Iprmep cuMMETPHUPOBAHUS U aJIBTEPHUPOBAHUSA 110 YACTH UHIIEKCOB:

’
Ai(jk) =§(Aijk+A/kj) Aijlk = (A/jk A/k/)- :
dusnuecKkass UHTEPIPETalrs ONEepalui CUMMETPUPOBAHUS 3AKIFOYAETCS B TOM,

N
YTO pPacCMaTpUBAEMOE CBOMCTBO, OIMCBIBAEMOE TEH30pOM A, B pe3yJibTaTe
NPUMEHEHUA O3TOW  ONEpalyyd  yIpPOUIAeTCs  3aMEHOW  €ro  CBOMCTBOM
CUMMETPUYHBIM IO BCEM MHAEKCAM, a aJIbTEPHUPOBAHUE — 3aMEHOM

AHTUCUMMCTPHUYIHBIM CBOMCTBOM. DTH OIICpalii B OTHOIICHHUHU TCH30POB BBICIIUX
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paHroB aHaJIOTHUYHBI OIICpalusaM BBLICICHHUA K3 TCH30pa BTOPOro paHra

CUMMETPUYHON U aHTUCUMMETPUYHOMN YaCTEU.

KoopaunaTthnasi 3anuch TeH30poB. [lo aHamoruum c 3amuchblo BEKTOpa 4yepes
€ro KOOPAHHATHI U Oa3HCHBIE BEKTOPA: V = V; - €; , TSH30PbI BBICIIMX PAHIOB TAKKE
MOXXHO TIPEJICTaBUTh B KOOpJAUHATHOW ¢opme. B psane ciydaeB Takas dopma
3aMuCcHu OKa3bIBACTCS UCKIIOUUTENBHO yI00HOU. B 3T0i hopme, Hampumep, TEH30P

TPCTHCTO paHTa UMCCT BUI:

~

d=djjkej€je.
KoopaunatHas 3amuch YMHOXKEHHS TEH30pa HAa YUCIO U CJIOXEHHS TEH30POB
HOsSICHEHUI He TpeOyeT. YMHOKEHHE TeH30pOB 0003HaUYaeM, 3alMUChIBAs X PSAOM
IOJDKHBIM — MOPSAKOM UYepeloBaHHUS 0e€3 KaKuX-THMOO 3HAKOB MEXKIy HHMHU.
YMHOXEHHE C MOCIEAYIONINM CBEPTHIBAHUEM €CTECTBEHHO 0003HA4aTh 3HAKOM
CKaJIIPHOTO Tpou3BeAcHUsA. JIelCTBUTENBHO, €CIIM YCIOBUTBCA, YTO 3HAK
CKaJIIIPHOTO TPOM3BEICHUSI O3HAYAET CKAISIPHOEC YMHOXKEHHE COCETHUX C HUM
BEKTOPOB, TO, HAIPUMep, CKATSAPHOE NPOM3BECHNE BeKTopa P = P - € Ha TeH30p
d paBHoO:
(P-d)= Pierdjiceiejex = Pdii &) - &)- 88 = Pidje e = Fidjie e
B pe3ynbrare CKanspHOrO yMHOXKEHHUS MOJSPHOTO BEKTOpa Ha TEH30P TPETHETO
paHra IMeeM TeH30p BTOPOTO paHTa ¢ KOMIIOHEHTAMHU:
Fidijk = Qjk-
Bo3MoxHO OuckaiisipHOe (IBOMHOE) MPOU3BEACHUE TEH30POB, KOT/Ia B Pe3yJIbTaTe

MNEPEMHOKCHHA, HAIIPUMEDP, TCH30POB BTOPOI'O paHra, moJlyduM CKaJIAp:

NN _ _ _ _
w:o |=wjjejejokmekem = wjjo, (ej-e,)(e] -em)= DjjC ;.

3aMeTHM, YTO PEe3yJIbTAT CKAJSPHOIO MEPEMHOKEHUS JBYX TEH30POB PAaHIOB R U

R, sBNIsieTCs TeH30pOM paHra R =|R; — Ry|.

101



AHaNOru4HO MOJKHO BBCCTHU orcpanuun BBIYHCJIICHHUC BCKTOPHOTI'O
IMPOU3BCIACHUA IBYX TCH30POB PA3HBIX PAHT'OB!:

A\

ox P |= O'ijéiéj X Pkék = UUPkéi[éj X ék]

u I[BOﬁHOFO BCKTOPHOI'O ITPOU3BCIACHUA:

A A __ x _ _ = -
© o |=wjeiej okmekem = U,'jffkm[ei X eklej X em]

NuddepenunanbHble onepauuu ¢ TeH3opamMu. B ¢usnke CIuiomHbIX cpen

IMUPOKO HUCIIOJIb3YIOTCA I[I/I(b(i)epeHIlI/IaﬂLHBIG OIICpal HaJa TCH30paMH HYJICBOI'O

Y MIEPBOI'0 PAHrOB: BHIYUCIIEHUE TPAJIUEHTA CKAISIPHOTO TOJIS (p(f ), o003HagaemMoe

kak gradp(r), a taxxe pacxogumoct div U n Buxps rot U BexropHOro mosus
U(F). AHaloruusble ONEpalyu IPUMEHSIOTCS U K OOBbEKTaM 0OJIee BBICOKOI

TEH30PHOU Pa3MEPHOCTH.

1. T'pamment BekropHoro moas  U(F)- 5To TeH30p BTOpPOro pamra,

7 77 - 2%
0003HavYaeMbIi KakK GradU, Cc KOMIIOHEHTaMU: (GradU )ij =
Xij

. ou .
TpaHCHOHI/IpOBaHHBII/I K HeMy TeHSOp 7 HA3bIBACTCHA IIpOI/I3BOIIHOI/l BCKTOpHOFO
r

noust U(F) mo paguycy-BeKTopy:

@J _ ;i
or ii ﬁxj

2. JedopMamms BeKTOpHOro mojs. CMMMETpUYHAs 4YacTh KaKJAOr0 M3 3THX

TEH30pPOB Ha3bIBaeTCs AepopManeil BEKTOPHOTO MOJIA U(F) 1 0003HavaeTCs KaKk
Def U(F):

_ -y _ . oU;
Det U = | GradU + Y |, (pefU), = 1| 2% + 771 |
2 or I 2\ oxj ox;

3. PacXoMMOCTh TeH30pHOro noist &(F) - 310 BekTop Div 6 ¢ KOMITOHEHTaMH:
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o Xj

Ibiv &)

= - T.€. 3TO CyMMa IIO i.

Korga HyxHO auddepeHunpoBaTh MO BTOPOMY HMHJAEKCY, IMOJb3YIOTCS

*

PacXoJIMMOCTBIO TPAHCIIOHUPOBAHHOTO TEH30pA - &

0’7 .
(Div &*)j _2 9%k
O Xk

Takum 06pa30M, CCJIM BBIYMCIICHUC TI'pPaJJUCHTA TCH30pa IOBLIMIACT €I0 paHI’ Ha

CAMHHUIY, TO BBIYUCICHNC PACXOAUMOCTH CHHUIKACT PAHI’ HA TAKYIO K€ BCIIMYHHY.

4. Morok Tensoproro mons. Eciu TensopHoe 1nose 6(F) ompeneneHo Bo Beex

TOYKaX IIOBEPXHOCTU S, TO IOBEPXHOCTHBIM MHTErpan: {n-&ds Ha3bpIBaeTCA
S

IOTOKOM TEH30PHOI0 MOJA uepe3 moBepxHocTh S. Ecim ke sto mosne &(r)
OTIPE/ICJICHO M HempepbIBHO AudPEepeHIIUpyeMO BO BceM 00beMe, OTpaHHYCHHOM

BaMKHYTOﬁ IOBCPXHOCTBIO S, TO CIIpaBCIJIMBaA TCOPCMA OCTpOFpaIICKOFO—FaYCCEl:

{n-é ds= [Div édv,
S %

T.e. MOTOK TEH30PHOI0 MOJs 4epe3 3aMKHYTYI0 MOBEPXHOCTb paBeH
CYMMAapHOIl pPacXoAMMOCTM 3TOro0 3Ke TEeH30PHOIro 1mojsi B o0beme,

OrpaHUH4Y€HHOM ITOM IMMOBEPXHOCTHIO.

5. Buxpb T€H30pHOI0 10Jisl TpeoOpa3yeT NOJISIPHBIA TEH30P B IICEBIAOTEH30D,

OCTaBJIsIs €TO paHI’ HCU3MCHHBIM:

VAN
Rot = :5,'jk—aﬂk/,
. 8Xj
il

TJIe CUMBOII 6jjk — CUMBOJI JIeBU-YMBUTA, KOTOPHIH IPUHUMACT TPU 3HAYCHUSL:

1 k=123, 312, 231
Sijk=1-1, ijk=132 213, 321

0 ,ijk=robbie Opyaue KoMmMbuHayuu
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HceBIlOTeH30pLI BBICIIUX PAaHIOB. Kak otTmeuanocs B MpcaAbIAYyIICM

naparpade, Hapsay ¢ TEH30paMH B KPUCTALIODU3UKE MPUMEHSIOTCS

AN
NICEBIOTCH30pbl. TeH30p A paHra r - 3To Habop 3" - ywceln, mpeoOpa3yonUXCcs
IIPY CMEHE CUCTEMBI KOOPIMHAT KaK IMPOU3BEACHHUE 7 - YKCIIa BEKTOPOB.
Akiks...ky = CkikiCkbk - Ckik, Akiko...k, -

A ~

[lceBnoTeH30p B OTaMYAETCs OT TEH30pa A TOTO K€ paHra TeM, YTO MPHU MEPEXO0JIE

K HOBOWM CHCTEeME KOODJMHAT €ro KOMIOHGHTBI By, k; Hapany ¢

KOB(l)(bI/IHI/IGHTaMI/I MaTpuObl IICpexoga OT O,Z[HOﬁ CUCTCMBI KOOPAHWHAT K ,Z[py1“0ﬁ

YMHOKAIOTCA Ha OIPCACINUTCIIb MAaTPHUILI IICPCXOaa:

Biik...k, = det| Ci | Ciki Choky -+ Ck k. Bkyko...k; -

B 3agadax KpI/ICTaJ'IJ'IO(i)I/IBI/IKI/I IMOJIAPHBIC TCH30PbI CBA3BIBAIOT ABA IMOJIAPHBIX WA
AKCHAJIBHBIX BCKTOp4, a ICCBAOTCH30PbI BBOIATCA [JIA OIIMCAHUSA JIMHEHHOM
3aBUCUMOCTH IIOJIIPHOTO TCH30pa OT aKCHAJIbHOI'O BCKTOpa WA HaO60pOTZ

IMOJIAPHOI'0 TCH30pa OT IICECBAOCKAJIApA U T. /.

4.5.2. BHyTpeHHsIsI CHMMETPHSA TEH30POB BbICHINX PAHIOB.

CoO0THOIICHUSA TYAJIbHOCTH

B kpucramioduszuke Yacto NPUMEHSIIOTCS TEH30pbl BBICHIMX PAaHTOB,
CHUMMETPHUYHBIE MO HEKOTOPBIM HMHJAEKCaM. T€H30p Ha3bIBAC€TCS CHMMETPHUYHbIM
Mo ABYM WiH Oojiee MHAEKCAaM, €CIIM BCE €r0 M30MEPHI, Pa3INYaroIIfecs Apyr OT
Jpyra TIEPeCTaHOBKOW ATHUX HHJICKCOB, PaBHBI MEXay coO0oi. Tak, KOMIIOHEHTHI
TEH30pa TPEThEro paHra, CUMMETPUYHOIO IO JBYM IOCIEIHHM HHJIEKCAM,
YAOBIIETBOPSIIOT YCJIOBUIO:

djjk = dikj 4.11)
a CHMMETPHUYHOTO MO BCEM TPEM UHAEKCAM - YCIOBHIO:

Fiik = Pikj = Pjki = Pjik = FPkji = Fkij -
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B kpucramiodusuke BCTpeHarOTCs TEH30pbl, CHMMETPUYHBIE IO TpyIHnam
UHJICKCOB.

CBoICTBO TeH30pa ObITh CHMMETPUYHBIM M0 HEKOTOPHIM MHAEKCAM HJIH
rpyninaM MHAeKCOB HA3bIBaeTCsl BHYTPEHHeH cMMMeTpuell TeH30pa.

Cumson [V]- 5T0 cuMBON HanMuus y TEH30pa BHYTPEHHEH CHMMETPHH.
BHyTpeHHI0I0 CHMMETPHIO TEH30pa paHra r IO BCeM MHJEKCaM 0003Ha4aroT Kak -
[Vr J Tak, CHMMETPUYHBII TEH30p BTOPOTO paHra oOO3Ha4YaeTcsl Kak lV2J. Ecnu
TEH30p paHra r CUMMETPUYEH MO ¢ WHJAEKCAM, TO €ro BHYTPEHHSSI CUMMETPUS
o003HauaeTcs Kak: quJ V=9, D10 0603HaUEHNE HE yKa3bIBAET, HA KAKMX MECTaX

HaXOoOATCA HHACKCBI, IIO KOTOPBIM TCH30p CHMMCTPHYCH - OHO OTHOCHTCA K

JIFOOBIM HHACKCaM. BCTpe‘IaI-OTCSI n 0oJiee CII0KHBIC 0003HAYECHHUS:

1. [VZHVZJ: [Vz]2 - CHUMBOJI BHYTPEHHEH CHMMETPUHM TEH30pa YETBEPTOrO

paHra, CHMMCTPHUYHOI'O 110 HepBOﬁ H 110 BTOpOﬁ mapaM HHACKCOB B OTACJIbHOCTH.

2. [VZF- CUMBOJ BHYTPEHHEM CHMMETPUM TEH30pa WIECTOr0 paHra,

CHUMMETPHUYHOTO I10 EPBOU, BTOPOU U TPETHEH MTape UHIAECKCOB OTIEIIBHO.

3. {(VZ)Z} - CHMBOJI BHYTPEHHEHM CHUMMETPHUM TEH30pa 4YETBEPTOrO paHra,
CHUMMETPUYHOTO OTHOCHTEIIBHO NEPECTAHOBKH Map UHACKCOB: Rk = Fjjj.
4. ﬂvzﬂ - CHMBOJ BHYTPEHHEM CHUMMETPUM TEH30pa YETBEPTOrO paHra,

CHUMMETPHUYHOTO MO MEPBOM M BTOPOU Mape MHACKCOB, & TAKKE OTHOCUTEIBHO UX
NIEPECTAaHOBKH.

Bo Bcex ciywasx cymMmapHasi cTeneHb V  paBHa paHry TEH30pa. JTa
CUMBOJIMKa (TIpejiokeHa SIHOM) MO3BOJSET OINUCHIBATh TaK)Xe BHYTPEHHIOIO
CUMMETPHIO TICEeBAOTEH30pOB. [IprcTaBka «1ceBno» 0003HAYAECTCS CUMBOJIOM «E»
U, CJEJOBATEIbHO, BHYTPEHHSISI CHMMETPHS TICEBIOBEKTOpa (T.e. aKCHAIbHOTO

BEKTOpa) 0003HAYAECTCS CUMBOJIOM &V, CHMMETPUYHOTO IICEBOTEH30pa BTOPOTO
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2
panra - £V°] u T.01. BHYTpEHHIOIO CHMMETPHUIO CKajIsipa 0003HAYAIOT CUMBOJIOM
"1", a Torga nceBaockansipa - &
B kpucramiopuszuke CHUMMETPUYHBIE TEH30Pbl BBICIIMX PAHTOB YaCTO

OIPENEIAIOT JTUHEWHBIE 3aBHCHMMOCTH, B KOTOPBIX YYacCTBYIOT CHMMETPHYHBIE
TEH30pBI BTOPOro panra. Hampumep, T€H30p BHYTPEHHEW CHMMETPHH Vlsz (cm.
BeIpakeHue (4.11)) onpenenger TMHEHHYIO 3aBUCUMOCTb CHMMETPUYHOTO TEH30pa
BTOPOTO paHra - [VZJ OT BeKTOpa - V.

£kl = dikiEj (ext = 2k)
a TCH30Dp [VZ]Z, T.C. MOMYMHSIOWUHACT YCIHOBUAM: Pk = Pjiki= Fjjik = Pjilk
OIpeseNnseT JIMHENHYIO 3aBUCHMOCTh OJHOIO0 CHMMMETPHYHOIO TE€H30pa BTOPOIO

paHra - [VZJ OT JAPYTOr0 TAKOTO JKE TEH30Da.

CHUMMeETpHUYHBIE TE€H30pbI BBICHIMX PAHIOB IMOJIYYAIOTCS TAaKKE B PE3yJIbTaTe
mudpepeHIMpoOBaHUsT O TEH30PHBIM aprymeHTaM. Tak, auddepeHuupoBaHue

CKAJISIpHON (YHKUMHM MO BEKTOPY V U CUMMETPUYHOMY TEH30pPY BTOPOTO paHra

[VZJ IIPUBOJHNT K TEH30pYy V [V2J (cMm. Bepaxenue (4.11)):

2 2
o o
dijk=——0—=—"F = dyj
OXiOPjk  OXjdPk;

a JnBykpatHoe nuddepeHupoBaHUE MO HECUMMETPUYHOMY TEH30PY BTOPOTO
2 2F 1.
panra V* - K TeH30py {(V )1

oD

e — .. — ; X:. i X 'yl
Tklij = Mijkl —é,xij OXx] ( ij Ji )

Uucno HE3aBUCUMBIX KOMIIOHEHT Y CHUMMETPHYHOIO TEH30pa MEHBILIE, YEM Y
HECUMMETPUYHOI0. B TO Bpems Kak y TEH30pa C BHYTPEHHENW CUMMETpUEH V27
HE3aBUCHMbIX KOMIIOHEHT, Y TeH30pa ¢ BHyTpeHHel cummerpueii [V'] - Tombko 10

(3 KOMITIOHCHTBI BUJA 7}k kk, LICCTb KOMIIOHCHT BUAA 77122 W OAHA KOMIIOHCHTA
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7123 ) AHAJIOTMYHO, Y TE€H30pa C CUMMETpHUEn V* Bcero 81 (=3%) mHesaBucumas

KOMIIOHEHTA, a Y TeH30pa C BHYTpeHHel cummerpueit [V]° ux Tonbko 36 (=67).

Hapsiny ¢ cuMMeTpUYHBIMU TE€H30paMHu B KPUCTANIO(DU3UKE IPUMEHSIOTCS U
AHTUCUMMETPUYHBIC TEH30phl. TeH30p Ha3bIBaeTcsi AHTUCUMMETPUYHBIM IO
JABYM WJIN TPeM MHAEKCaM, eCJIM ero H30Mepbl, OTJIHYAI0IIHecs IPYr OT JApyra
YeTHOI MepecTaAaHOBKOM 3THUX MHIAEKCOB, PABHBI JPYr JAPYrYy, a NPU HeYeTHOM
NnepecTaHOBKe - MPOTHUBOMOJIOXKHBI MO 3HaKYy. [loueMy ToibKO 10 Tpex
MHJICKCOB: B TPEXMEPHOM MPOCTPAHCTBE TEH30PbI, aHTUCUMMETPUYHBIE OOJIee YeM
10 TPEM MHJIEKCaM, TOXKJACCTBEHHO PaBHBI HYIIIO.

AHTHCUMMETPUYHOCTh TEH30pOB Mo SIHY o0003Ha4aeTrcss aHaJIOTHYHO
CUMMETPUYHOCTH, HO HE KBaJpaTHbIMU, a (UTypHbIMU ckoOkamu. Hampumep,
BHYTPEHHSISI CHUMMETpPHUsSl TEH30pa TPEThEro paHra, aHTUCHUMMETPUYHOTO IO
MepBBIM JABYM HHIEKCaM, obo3Hauaetcss kak {V°}V H  xapakTepusyercs
PaBEHCTBOM:

Bijk = —Bjik>
a BHYTPEHHSSI CHMMETPUS AHTHCHUMMETPHYHOTO TI0 BCEM HHIEKCAM TEH30pa
TpEeThero paHra 0603HauaeTCst Kak {V°} M XapakTepH3yeTcs paBeHCTBAMH:
€jjk = €jki = €kij = —€ikj = €jik = kji - (4.12)

OTOT TEH30p 3aMeYaTeJIeH TEM, YTO Y HErO BCETr0 OJHa HE3aBUCHUMasi KOMIIOHEHTA.
JleficTBUTENBFHO, €CIM CpPedu HHJIEKCOB €CTh XOTs Obl JBa OJIMHAKOBBIX, TO
COOTBETCTBYIOIIIAsi KOMIIOHEHTA TEH30pa paBHA HYIIO. A BCE IMIECTh OTJIMYHBIX OT
HYJISI KOMIIOHEHT UMEIOT B KaueCTBE MHJICKCOB KaKyIO-THOO MEePECTaHOBKY YHCEIN
U, CJIeI0BATENIbHO, CBSA3aHbl MEXIy coboi paBeHcTBamu (4.12). Ecnu, Hanpumep,

I, 2 u 3 npuHiATh €123 =1, TO MOOYI0 KOMIIOHEHTY JTOTO TEH30pa MOKHO

BBITHCJIUTD C ITIOMOIIBIO CIICAYIOIICTO ITpaBUJia:
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1, Imn=123, 312, 231 ;
emn=1+—-1, Imn=132 213, 321 ;

0 , sce Opyaue epynnbl (111, 112..).

VYuuThiBasi BaXXHOCTh JAHHOTO TEH30pa JUISl JTaJbHEUIIEro M3JI0KEHUS, 3aIlulleM
€ro B pa3BepHyTOM BHe. B oTiauume oT TeH30pa BTOPOTO paHTra, SBISIOIIETOCS
IUIOCKOCTHOW MaTpHUIIeH, TEH30p TPEThETO PAaHT SIBISETCS 00bEMHOW MaTpuIlel u
MOXXET paccMaTpuBaThcs Kak KyOuk PyOuka, cocrosiuuii u3 Tpex cioeB. bynem

CUHUTAThb, YTO Y KOMIIOHCHTEI TCH30pa e/'jk HCpBBIﬁ HHIACKC « I » 0003HaYaeT CHOﬁ,

B KOTOPOM 3Ta KOMIIOHEHTa HAXOJUTCS, BTOPON UHAEKC « j » — CTPOKY, B KOTOPOH

ATa KOMIIOHEHTa HaXOJUTCA, a TPETUM « k » — ctonben B cioe. Toraa noaydum:

IlepBslii ciiou: Bropoi cnoii: Tperuii cion:

0 0 O 0 0 -1 0 10
feud=| 0 © 1} leasd=| 0 0 0 | fesi=| 1 0 o
0 -1 0 10 O 0 0O

b

IIpu cMeHe cucTEMBI KOOPAMHAT, OINKMCHIBAEMOM MAaTPULIEN KOCUHYCOB HCI,- B

KOMIIOHCHTHI aHTUCHMMETPUYHOTO TEH30pa TPEThEro paHra IpeoOpa3yroTcs I10

CIeAyIIIeMY 3aKOHY (ITPUBOJIUTCS O3 BHIBOJIA):

detHCi- Imn = 123 312 231 :

d

i =190

0 ,sce Opyeaue epynrniebl.

I'mn =132 213 321:

Bunaum, 4to 3aKkoH npeoOpa3oBaHusi KOMIIOHEHT 3TOT0 TeH30pa (a (PaKkTUYECKH ero

€MHCTBEHHOM KOMIIOHEHTBI €123 ) TAKOMU K€, KaK M y IICEBJOTEH30pPa, a YUUTHIBAs

€JUHCTBEHHOCTh HE3aBUCUMOW KOMITOHEHTHI — KaK y MICEBIOCKANIPA.
Takum 00pa3oM, aHTUCUMMETPUYHBIA TEH30p TPEThErO0 paHra UMEET BCEro

OJHY HC3aBHUCUMYIO KOMIIOHCHTY, KOTOpas, K TOMY K€, ABJISACTCA IICCBAOCKAIAPOM.
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HOBTOMY MOKHO 3a4aTh 9TOT TCH30p, €CJIU U3BCCTCH BCCT'O OAWH IICEBAOCKAJIAP. C

MOMOLIBIO TICeBAOTeH30pa JleBu-UuBHTA Jjj) MOKHO YCTAaHOBUTH CBSI3b MEXIY
AHTHCHMMETPHYHBIM TEH30pPOM TPETHETO paHra  €jjx W MCCBAOCKAIIPOM ¢,

KOTOPBIN paBeH «+1» B MpaBoil cucTeMe KOOPAUHAT U «—1» B JIEBOM CHCTEME:
1
Sijk = Wijke ¢ =g ijKCijik- (4.13)
/1€ BBIYUCIISIETCSI CyMMa 110 BCEM IIECTU OTJIMYHBIM OT HYJISI KOMIIOHEHTaM.
[Ipomomkast 3aMEUEHHYIO CBSI3b MEXJY TEH30paMH M IICEBIOTEH30paAMHU
Pa3HBIX PAHTOB, BCTIOMHHUM, YTO JIFOOOM TEH30p BTOPOTO paHTa MOKHO Pa3jIoKUTh
HA CHMMETPUYHYIO U AHTUCUMMETPUYHYIO YaCTH:
A1 A2 Agll A1 A2 Ais 0 A2 Ags
Aoy Aoo Apg|=|Ax1 Ao Aog|+|-A2 0 Agl, 4.14)
A31 Az A3l |Ast Ase Asg| [-Ai3 —As O
r7ic aHTUCUMMETpPUYHAs 4acTh (MOCIeHee ciiaraemMoe B BbIpaxkeHUU (4.14))

ABJSIETCA AHTUCHUMMETPUYHBIM TEH30pPOM BTOPOTO paHra. [ 'Jisas Ha ero CTpykTypy,

HETPYAHO BHIETH, 4YTO OH HMMEET BCEr0 TPHU HE3ABUCHUMBIE KOMIIOHEHTHI:
Ai2, A3, Asz. Ho U3BECTHO, YTO TpH HE3ABUCHMBIE BEJIMYMHBI 3a1a10T BEKTOP, a B

JAHHOM  CJly4ae, YYUThIBash 3HAKONECPEMEHHBIM XapakTep KOMIIOHEHT —
AKCUAJIbHBIN BEKTOP.

3HAa4YUT, MOKHO AHTHCUMMETPUYHBIM TEH30p BTOPOrO paHra 3aJaTh, €CIU
yKa3aTh TPU BEIUYUHBI U yKa3aTh BO3MOXHOCTh CMEHBI UX 3HAKOB Ha OOpPATHBIM,

T.€. €CJIM yKa3aTb AKCUAJIbHBIA BEKTOpP. DTO 0OpaTUMOE COOTBETCTBHE MEXIY

AKCUAJIBHBIM BEKTOPOM a W aHTUCHUMMETPUYHBIM TEH30POM BTOPOrO paHra

N /\*
A=-A" yCTaHaBJIMBAETCs C NOMOIIBIO cuMBoia JIeBu-Uusnra:

]
Amn=-Imndl . a = 5 ImnAmn- (4.15)
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B cymHOCTH akcHalbHBIN BEKTOP @ M aHTHCUMMETPUYHBIA TEH30P BTOPOTO
panra - 93T0 1aBe (OpMBI MaTEeMaTWYECKOW 3amUCHd OJHOTO M TOTO JKE
F€OMETPUYECKOr0 O00BbEKTa. AHAJIOTMYHOE YTBEPKICHHE CIPaBEIJIMBO U
OTHOCHUTEJIBHO TICEBJ0CKANSAPA U AHTUCUMMETPUYHOTO TEH30pa TPETHETO PaHra.

CootHouienus (4.13), (4.15) u uM no100HBIE HA3BIBAIOTCS] COOTHOLIEHUSIMH
AYAJbHOCTH (ot AHTJINHCKOTO CJIOBa «dual» - JIBOMCTBEHHBIHN ):
AHTUCUMMETPUYHBI TEH30p BTOPOTO paHra mAyajieH aKCHAIbHOMY BEKTOPY,
AHTUCUMMETPUYHBIA TEH30p TPEThEro paHra JyajeH T[CEBIOCKAIIpY, a

AHTUCUMMETPUYHBIN MICEBAOTEH30P TPETHETO paHra JyajeH CKaspy.

CooTtHomieHus AYaJIbHOCTH JIAKOHWYHBI WM BBIPA3HUTCIILHO 3aIIMCBIBAIOTCSA B

cuMBoiiike SHa: cootHomenue (4.13) — B hopme

Vel o e, (4.16)
a cootHomeHue (4.15) — B popme
V2l eV (4.17)
[maBHOE TPEHMYINECTBO TakOH (OPMBI 3alMCH — BO3MOXKHOCTH YHCTO

dbopMaIbHOrO BBIBOJA HOBBIX COOTHOIIEHUN AyaIbHOCTHM M3 HU3BECTHBIX. Tak,
YMHOXHB 00¢ 4acTH BbIpakeHus (4.16) Ha € U 3aMeTHB, 4T0 &=| (IpOM3BEaCHNUE

IBYX IICEBJIOCKAJISPOB PABHO CKAJIAPY), MOIYIHM:
g{ V3} =1

- COOTHOUIEHHWE JYyaJIbHOCTH MEXAY AaHTUCUMMETPUYHBIM IICEBIOTEH30POM
TPEThETO paHTa W CKaIsIpoM. YMHOXHUB Ha V 00e uactu BeIpaxkenus (4.17),

IIOJIYyYUM:
Vi V3] & ev?

- AHTUCUMMETPUYHBIA MO JBYM HHJAEKCAM TEH30p TPEThEro paHra IyalcH

MICEBJIOTEH30PY BTOPOTO paHra. Y MHOXKUB ke 00€ yacTtu cooTHotenus (4.17) Ha ¢,
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HalJeEM:
8{ V2} <~V
- AHTUCHUMMETPUYHBIM TEH30p BTOPOTO PaHra JIyajeH MOJISIPHOMY BEKTOPY.

Takum o0pa3oMm, B 3aBUCUMOCTH OT pPAHTOB TEH30pPOB, HCIOIb3yEMBIX B
ONMCAaHUU pPACCMATPUBAEMOM 3a7auyd, MOXXHO HCIIOJIb30BaTh COOTHOUIEHUS
OyaJIbHOCTH C T€M, YTOOBI BBIOpaTh HanboJsiee yIOOHBIA paHT BBOAUMOIO B 3334y
TeH30pa. COOTHOLIEHUS TyaJbHOCTH LIMPOKO HUCIIONB3YIOTCS B KPUCTAITIOONTHKE

Y TIpY ONMCAHUU (PU3UKU MAarHUTHBIX SBJICHUN B TBEPHBIX TEIaX.
4.5.3. BHelmIHsIA CHMMETPHS TEH30POB BbICHINX PAHTOB

[Ipenmonoxum, 4TO HCCIAEAYETCs Kakoe-muOo ero (pu3mvyeckoe CBONCTBO B
KpHUCTaJJIE, OMMCHhIBAEMOE TEH30pOM panra r. Habop KOMIMOHEHT maTepuaibHOTro
TEH30pa OTHOCHTEJIIBHO 3TOH CHCTEMBI KOOPIWHAT YHUCICHHO XapaKTepHU3yeT
paccmaTtpuBaeMoe (Qu3MdecKkoe CBONCTBO KpucTamwia. C KpUCTAUIOM CBs3aHa
Kpuctauiopusnyeckas cuctema KoopauHat. [logBepraeM 3Ty cuctemy KOOpIUHAT
HEKOTOPOMY OpPTOTOHAJIILHOMY TpeoOpa3oBaHuio. HoBble KOMIIOHEHTHI TEH30pa,
BOOOIIIE TOBOPS, OyAYT UMETh 3HAUCHHUS, OTINYAIOIIUECS OT 3HAUCHUN KOMITIOHEHT
TEH30pa B MCXOTHOW cucTteMe koopauHaT. OJHAKO eclu TaHHOe mpeoOpazoBaHue
BXOJUT B TPYNIy TOYEYHOM CHUMMETPUU KpPHUCTala, TO OHHU OCTaHYTCS
Heu3sMeHHbIMH.  CleoBaTeNbHO,  MaTepHAbHBIA  TEH30p  MHBAapUAHTCH
OTHOCHUTEIILHO BCEX MPe0oOpa3oBaHWK TOYCYHON CHMMETPUU JaHHOTO KpPHCTaJLIA.
3HaYuT, MaTepUaJIbHBIA TEH30p KpHUCTala, OO0JIaJarolero OmnpeaeIeHHON
CUMMETpHUEH, HE MOXKET OBITh MPOU3BOJBHBIM, a JOJDKECH YJIOBJIETBOPSATH
TPeOOBAHMAM, BHITCKAIOIINM W3 CAMMETPUHU KPUCTAJLIA.

Chopmymupyem sTu TpeboBaHuss B Maremaruueckoi dopme. Ilyctp A -

MaTepHalbHBII TEeH30p paHra r, a |Cjk | - MaTpuna kakoro-mmbo npeodpa3oBaHus
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CUMMCTPHUHU KpHUCTAJIa. B HOBOHI cucreme KOOpAWMHAT KOMIIOHCHTBI TCH30p4a,
BOO6HIC TOBOp:, paBHBI CIICAYIOIONUM BCIIMYHNHAM

A.. . =C:.C....C: A (4.18)

iy ip..dy iyiy Zigin " ivi, iz
Tak kak maHHOE MpeoOpa3oBaHUE MPUHAJICKUT TOUYCUHOU TPYIIE CHUMMETPUU
KPUCTAJUIa, TO KOMIIOHEHTH TEH30pa HE HM3MEHSIOTCS, YTO MOXHO MPEICTABHUTH
CIEAYIOIIUM 00pa3oM:
Apsis...it. = OiiyOiin --Oiriy Aigin..iy - (4.19)
CpaBuuBas (3.18) u (3.19), nonyuum:
(C..C,. ..C

i i, iy Siti1Oibip--Oiriy ) Aigin..iy = 0; (4.20)
Ot 3" - paBEeHCTB JOJDKHBI MUMETh MECTO JJIi BCEX MATPHIl CHMMETPUYECKUX
npeoOpa3oBaHKil KpUCTaJLIA, a €CIM TaKOBIX NN, To ypaBHeHwuit 0ymer N-3'. Ho e
BCE 3TU YpABHEHUS JMHEHWHO HE3aBUCUMBIL: U3 N mpeoOpa30oBaHUM HAJO OCTABHUTH
TOJBKO COOTBETCTBYIOIIME I'€HEPATOPAM TOYEYHOM IPYIIbI KpucTamia. Torma ux
KOJIMYECTBO YMEHbIIUTCA. TeM He MeHee, paBeHCTB (4.20), CBSA3BIBAIOIIUX
KOMITIOHEHTBI T€H30pa U Ha0OPHbI AINEMEHTOB TOYEUHOW CUMMETPHUHU, OOJIBIIE TOTO,
YeM 3TO JOIMYCTUMO JJI pEUICHUs MaTEMAaTUYECKUX 3a/1a4 B 00I1IEM BHUJE.

Jliist MmaTepuanbHOTo TIceBI0TeH30pa ypaBHeHU (4.20) MOKHBI coaepkaTh A -

onpenenuTens MaTpuisl | Cig ||:

(A-C

= Oj4i1Oivin-Oiti, ) Biin...ir =0 (4.21)

B oOmem cnydae ypaBuenus (4.20) u (4.21) pemmmts He ynaercs. [losromy
MpuOEeraroT K JPYyrdM METOJlaM BBISICHEHHUS BIHMSHHS TOTO WM DJIEMEHTA
CUMMeETpUH. PaccMOTpUM BIUSHUE HA MaTepUAIbHBIE TEH30PbI LIEHTPA CUMMETPUU
B Kpuctajie. B aToMm ciydae MatepuaibHbIe TEH30PbI JOJKHBI ObITh MHBAPUAHTHBI

OTHOCHUTENBHO MHBepcuu. COOTBETCTBYIOIIAs MAaTpulla KOCUHYCOB Cjy =—Sj, a

A = det| Gy | =—1. TToatomy u3 (4.20) momydnm:

[(—ﬂr —1]5/'1/'1 Sivin-Oii, Aiin.i, =03 (4.22)
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T.€. €CITH PAHT TEH30pa YETHBIA, TO 0- Ajj, j. =0 M 9TO O3HAYACT, YTO YCIOBHS HA

a

TeH30p A OTCYTCTBYIOT (TeH3op A B (4.22) mo6oii), T.e. Bce TEH30pbl YETHOTO
paHra UHBAPHUAHTHBI OTHOCUTEIFHO WHBEPCUHU. JTO O3HAYAET, YTO B KPUCTAIAX
C IEHTPOM CHMMMETPHMH CYIIeCTBYIOT M HalJioAaeMbl J00Oble (u3nyeckue
CBOIICTBAa, ONIMCHIBAE€Mble TEH30PAMH Y€THOI0 PaHra.

[Ipu HEeueTHOM 3HaUeHUH paHra r u3 (4.22) HaxoguMm:

—2Aj,..iy =0 wmm A, j =0,

T.e. BCE MaTEepUAbHBIE TEH30pPhl HEUETHOTO paHra oOpamjaroTcsi B HYJb: B
KPHCTA/LUIAX ¢ HEHTPOM CHMMMETPHUM OTCYTCTBYKOT Kakue-in00 (pusuveckue
CBOMCTBA, ONMCbIBA€Mble TEH30PAMHU HEYETHOT0 PAHra.

Ecnu paccmarpuBaTh MCEBAOTEH30P, TO U3-3a HAIMYMUS A =-1 B BBIPAXKCHUH
(4.21) HeoOxoaumo (4.22) nepenucaTh B BUJE:

(1] SOty -, Aty =0
[TosToMy MaTepuanbHbIE MCEBIOTEH30Pbl HEYETHOI'O PAHTa IIEHTPOCUMMETPHUYHBI,
a YETHOTO PaHra - paBHbI HYJIIO.

B cBsi3u ¢ aTMMHU pe3ylbTaTaMH BBOJSAT HOBYIO KJIACCHU(UKAIIMIO TEH30POB.
HctrHHBIE TEH30phl YETHOIO paHra M ICEBAOTEH30pPbl HEYETHOrO paHra
Ha3bIBAIOTCSl TEH30PaMM Y€THOI0 TUIA, 3 UCTUHHBIEC TEH30Pbl HEUETHOTO paHra u
NICEBJOTEH30Pbl UYETHOTO paHra Ha3bIBAIOTCS TEH30paMHM HEYeTHOr0 THIIA.
Mo>kHO MoKa3aTh, 4YTO OJHO U TO K€ (PU3NYecKoe CBOMCTBO MOXKHO pacCMaTpUBaTh
KaK MCTUHHBIA TEH30p WJM ICEBIOTEH30p (aKcuanbHbld TeH30p). lloaTomy,
TOBOPSI, UTO KaKasi-TO BEJIMYMHA SIBJIIETCS TEH30POM, MbI XapaKTEPU3yeM HE Camo
¢u3ndeckoe CBOWCTBO, a JUIIL CIOCOO €ro MpeACTaBICHUS, MaTeMaTHYECKON
3anucu. HampoTwB, 4ETHOCTh WM HEUYETHOCTh - JIEUCTBUTEIBHOE (U3HUECKOE
CBOMCTBO KpUCTAILIA.

MarepualibHblii TEH30p KpHUCTaJUla HWHBAPUAHTEH OTHOCHUTENBHO BCEX

npeoOpa3oBaHUil TOUSYHOW CUMMETPHUH KPHUCTAJLJIa, HO HE TOJIbko ux. Hampumep,
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MaTepHUaJIbHBIA TEH30p YETHOIO THUIIA MHBAPUAHTEH OTHOCHUTEIIBHO MHBEPCUHU JIaXKe
TOTJa, KOIZla KPUCTaJI, CBOMCTBO KOTOPOIO OH ONMCBIBAET, HE HMMEET LIEHTpa
cummeTpuu. [loaToMy A1 XapakTEpUCTUKK BCEX MHBAPUAHTHBIX NMpeoOpa3oBaHUi
TEH30pa BBOJAUTCS ITOHATHE TPYIIIBLI €r0 BHEIIHEN cUMMeETpur. I'pynna BHemHen
CHMMETPHUM TeH30pa - 3T0 COBOKYINIHOCTh BCeX OPTOrOHAJbHBIX
npeodpa3oBaHNii, OTHOCUTEIbHO KOTOPBIX JAHHBIN TEH30P HHBAPUAHTEH.
HaunbOonee oueBUAHBIM METOJ OINPEAECICHHUS BHEIIHEH CHUMMETPUU TEH30pa
TAaKOB: HA0Op OCHOBHBIX (OPMYJ TEOPUU BHEIIHEHM CUMMETPUU TEH30pPOB
(paBenctBa (4.20)) paccMaTpuBalOT KakK CHCTEMY YpPaBHEHUU OTHOCHUTEIHLHO

~

MAaTPHUYHBIX 3JICMCHTOB C,"k, a TCH30p A CUHMTAIOT 3aJIaHHBIM. KEDKIIOG PCUICHUC

~

ATOM CHUCTEMBI - MaTpHlla MPeoOpa3oBaHUN, OTHOCUTEIBHO KOTOPBIX TEH30p A
uHBapuanteH. Cpeau MaTpul, YIOBJIETBOpsitouux ypaBHeHusM (4.20), moryt
OKa3aTbCsi W MAaTpPHIIbl, OIHKCHIBAIOIINE HEOPTOrOHAIBHBIE IPEOOpPa30BaHUs
cucteMbl KoopauHar. COrnacHO OINpENEICHHUI0 BHEIIHEW CHMMETPUM HMX HaJO0
OTOPOCHUTB, 2 OCTABILMECS COCTABSAT IPYIINy BHEIIHEH CMMMETPUH TeH30pa A.

B npuHmune 3ToT MeToA MO3BOJSET ONPEACIIUTD TPYNIYy BHEIIHEN CHUMMETPUN
TEH30pa, OJHAKO MPUMEHSTH €ro Ha IPAKTUKE HEBO3MOXKHO: ypaBHeHUs (4.20)

JIMHEHHbI OTHOCUTEIBHO Ajj,. j , @ OTHOCHTEIBHO MAaTPHYHBIX BJICMCHTOB - 3TO

YPaBHEHMS ¥ - TOW CTENEHU W, CIIEIOBATENBHO, PEIIUTh 3Ty CUCTEMY yIAETCS HE
Bcerga. lloatomy mig ompeneneHus TpyIIbl BHEIIHEW CHUMMETPUM HMCIHOJB3YIOT

APYIruec MCTOJAbI, HCKOTOPLIC U3 KOTOPLIX PAaCCMATPHUBAIOTCA JaJicC.

4.5.4. Meroa npsMoii NPoOBEpPKHU

B ICKAPTOBLIX KOOpAHMHATAX

B nmannom maparpade mnokazaH ymoOHBIH METOJ TMOJYyYECHHS YCJIOBHH,

KOTOPbIM  AOOJDKCH  YAOBJIICTBOPATHL TCH30D, HHBapHaHTHBIﬁ OTHOCHTCIIBHO
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OTpa)XE€HUS B IUIOCKOCTHU CHUMMETPUHU, OTHOCUTEIBHO MOBOPOTAa BOKPYI OCEH
BTOPOIO M YETBEPTOTO TMOPS/IKA, a TAKKE TPEThEro MOpsAJiKa, MUMEIOUIUXCS B
KpUCTauiax KyOuuyeckod cuctembl. [[1s Bcex 3TUX mpeoOpa3oBaHMM XapaKTEepHO,
YTO HMX MaTpUIlbl COJEPKAT TOJbKO Iienble uyuciaa. Hac wuHTepecyer BuA
MaTEepUaNIbHOTO TEH30pa B KpHUCTALIOrpadUueckol CcuUcTeMe KOOpJMHAT,
MOCTPOEHHON Ha 3JeMEHTaX CMMMETpUU Kpucrtama. [Ipu sTom OynemM MOMHUTS,
YTO KOMIIOHEHTHI TEH30pa paHra r TNpeoOpa3yloTcs Kak MpPOU3BEACHHUE F
KOMITIOHEHT MATPHUIIBl CUMMETPHUYECKOTO MPeoOpa3oBaHUsi CHUCTEMbI KOOPIWHAT
WJIM KaK MIPOU3BEIECHUE ' BEKTOPOB.

TeH30p nepBOro paHra. I[J'ISI Ha4dalJla paCCMOTPHUM Hp606paBOBaHI/I€ KOMIIOHCHT

0
NOJISIPHOTO BEKTOpa MPH MOBOPOTE CUCTEMBI KOOPAMHAT BOKPYr ocu X; Ha 90

rpaaycosB. IlycTb B MCXOJHOM cHCTeMe KOOPJMHAT C OPTaMHU e{, €2, €3 OH UMEET
KOOPIUHATHL X,Y,z. OpThl U KOOPJMHATHI B HOBOM CHUCTEME 00O3HAYHUM TEMU KE
CHUMBOJIaMH, JOTOJIHUB UX IITpuxaMu. Eciu npu 3ToM peodpa3zoBaHUU BEKTOP HE
W3MEHUJICS, TO CIIPaBEJIMBO PABEHCTRO:
X-e+y-é+z-e3=x-er+y-ep+2-€3. (4.23)

Jlerko BUJCTb, 4TO MAaTpPHIlla KOCMHYCOB TaKOT'O Hp€O6pa3OBaHI/IH HUMECCT BUA:

0O 10
||C,"k||: -1 00
0O 0 1

Torga HOBBIE OPTHI, onpenensieMble o popmyiie: €y = Cjy - €k, OyAyT paBHBI:
&1=8r: B =8 3-8y
U, CJIeIOBaTEIbHO, paBEHCTBO (4.18) mpuMeT BU/I;
X'é] +y.52+z.53 :X’.él, _y'.éz/q_z’.ésr.

Tak kak OpTHl HE3aBUCHUMBI, TO ITO BEKTOPHOE PABEHCTBO CHPABEIMBO, KOTIa
KO2(DPUITMEHTHI PU COOTBETCTBYIONTUX OPTaX PaBHBI APYT APYTY:
X=Yy, Yy=y—-X, Z2=2 . (4.24)
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Meroa npsaMoi NpoBEPKU MPUMEHUM TOJIBKO K OPTOrOHAJILHBIM TPE00pPa30BAHUSIM
C IEJIOYMCIICHHBIMM MATpPUIIAaMH KOCUHYCOB. MaTpuiia 1leTI0UUCIIEHHA TOJIBKO IS
HEKOTOPBIX YIJIOB IOBOPOTOB, OCH KOTOPBIX PACIOJOXKEHBI OMPEIEeICHHBIM
00pa3oM OTHOCHUTENIBHO CUCTEMbI KOOPJIMHAT.

TeH30p BTOpPOro paHra. PaCCMOTpI/IM Hpeo6pa3013aHHe KOMIIOHCHT TCH30pa

BTOporo pasra. Eciu KOMIOHEHTh BEKTOpa TMpH MOBOPOTE BOKpYyr 4,

MOJIBEPraoTCs MpeoOpa3zoBaHUIO

X=y, y=y-X, zZ=2
TO KOMIIOHCHTBI TEH30pa BTOPOI'0 paHra MpeoOpa3yroTcs KaK MPOU3BEACHUS ABYX

KOMITOHEHT BEKTOPA:
Loy = CiCimTkm = C12C12T20 = Too;
Lo = CikComTym = C12Co1T21 = —Tay;
Lia = CikCamTkm = C12C33T23 = Taz;
Ty = CokCimTym = C21Ci2T12 = —Th2;
Iy = CokComTym = C21C21T11 = Ty
Tyq = CokCamTkm = C21C33T13 = —Ty3;

T = C3kCimTkm = C33C12T32 = Tp;
5 = C3kComTkm = C33C21731 = —T34;
T4 = C3kCamTkm = C33C33T33 = T33.

ol

OTH COOTHOIICHHUS MEXIYy KOMIIOHCHTAMH MOXHO TIEpPEnucaTh B COKPAIIEHHOMN
dbopme, ecau HUCMOJb30BaTh ClEAyIolue O0003HAUYCHUsS: MNPUPABHUBATH TOJIBKO

HHACKCHI PaABHBIX KOMITIOHCHT TCH30p4a, 3aKJIIIOYMB UX B KBAJIPATHLIC CKOOKH:

11| =11 =[22]; [12] =[21]; [18] =[23];

[21] =-[12]; [22] =[11]; [23] =-[13];
[o1] [32]; [32] ——[a1]; [3] ~[a3]

B koopauHaTHOM 3anucy 3T paBeHCTBA OyAyT BBITIAIETh TaK:
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Lo =Dw] [] =[x [xe] =[ye];

] =-Dks [wy] =i [ve] =[x

(2] =[&]; (2] =[x [2] =[] .
3aMeTHM, YTO 3TOT PEe3yJbTaT MOKHO MOJIYYHTh, MEPEMHOXKAS MEXTYy COOO0M
COOTBETCTBYIOIINE PaBeHCTBA U3 (4.24).

ITponenas anaJOrMYHBIE ONEpAalMU JUIA INpeoOpasoBanHuil 2, 2,, 3y, (B
MOCJICTHEM CITydae OCh BpaIlleHWs HAMPAaBJICHA IO MPOCTPAHCTBEHHOM HAarOHAIH
Ky0a), cocTaBUM TaOJUIly COOTBETCTBUM (CM. TaOauIly cOOTBETCTBUM). [10b3ysich
€10, B KauecTBe NpuMepa HalAEM BHJ TEH30pa BTOPOTO paHra B KPHUCTAIAX

Pa3IMYHON CUMMETPHH.

Toueynas rpynmna 2. B 1aHHOM KpucTauiorpapuueckom Kiiacce MOHOKIIMHHOU

CUHTOHMHM OChb CUMMETPHM BTOPOIO MOpsiAKa 2 mapamienbHa ocu Xz. [loaromy

KOMIIOHEHTHI MaTePUaIbHOTO TEH30pa MOJ JEHCTBUEM OIEpaluu 2, HE JOJAKHBI
MeHAThes. CreoBaTeNbHO, Mbl BIpaBe IOCTaBUTh 3HAK PABEHCTBA MEXITY
WHJIEKCAMH, CTOSIIIIMMHU B OJHUX M TE€X K€ CTPOKaX B MEPBOM U BTOPOM CTOJIOIAX
paccMmaTpuBaeMoit Tabiuibl. Ho paBeHcTBO THIA [yZz] =—[yZ] BBIMOIHSAETCS TOJIBKO
npu [yz]=0. TpuBuanbHbIlC XK€ paBEHCTBA BUIAA [XxX] =[xX] BBINOIHAIOTCS MpHU
JM0OBIX 3HAYEHUSIX KOMMOHEHT. TakuM o0pa3oMm, MaTepUalibHbIN TEH30p BTOPOTO

paHra Juisi KpUCTAJJIOB TOYEUHON cUMMeTpur 2 (och cuMMeTpuu nopsaka 2 11 X5)

Oyner:
1 T2 0
ITi|=T21 T2 0 | (4.25)
0 0 T33

Tabnuua 5. Coomgeemcmeaue unoexco8 KOMROHEHMAaM meH3opa

g 2, 2 4, 3xyz
o |Le] [[] |[w] | D]
] ] (D] |[e] | [e]
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23 I V£ N N R N £ R ™
bel =[] [Dbe]  |-Ie] |l
] |-l o] |-l |
|-l |-l (] |[o]
el =fe] | =[] 2] | ]
0 5 O I Y I P I I
53 I 1 I I T I P Y

B [1€eMCTBUTENBHOCTH B MOHOKJIMHHOM CHHTOHHHM OChb CHMMETPUU BTOPOTO
nopsaKa pacrosoxena 1mo ocu Y. I[Toaromy mis 3Tol opueHTanuu TeH30p (4.25)
MEPENUILIETCS B BUJIE:

Iy 0 T
[Til=] 0 T o0
T31 0 Ta3

PaccmaTtpuBaeMblii TEH30P - YETHOTO THUIIA YU MIO3TOMY OH JIOJDKEH UMETh TAKOU KE
BUJ U JUISl IPYTUX KPUCTAIIIOB, BXOJAIINX B Ty )K€ CUHTOHUIO: m, 2/m.

Toueunas rpynna 4. IlockonbKy cpenu omepauuii rpynmnbl 4 €CTh OCh
CUMMETPHUU 2,, MOKHO BOCIIOJIb30BaThCA pPE3YyJbTaTaMU MPEAbIAYILIEro ciy4yas U
cpasy MOJIOKUTh PaBHBIMU HYJIO KOMIOHEHTH [yz], [zyl, [zx] w [xz]. Hnsa
OCTAJIbHBIX KOMITOHEHT, COTJIaCHO TMPUBEAEHHOW BBINIE TaOJNHIE, WMEEM:
[xx]’=[yy], [xy]’=-[yx] n mo3TOMy 111 JAaHHOW TPYNIIBI BUJ TEH30pa BTOPOrO paHra

OyJIeT CiemyIonuii:

i1 T2 O
7| T 7y 0
0 0 T33

Mpbl paccMoTpenu rpynmbl ¢ OJHUM TeHepaTopoM. Eciau ke MX HECKOJbKO, TO
YCJIOBHE PABEHCTBA TPEOOPA30BAHHBIX M HEMPEOOPA30BAHHBIX KOMIIOHEHT JIOHKHO

BBIITIOJIHATBCA OJIA KaXXA0ro rcéHeparopa B OTACIIBHOCTH. BOCHOJ’IBByeMCH 9THM
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MPaBUJIOM, YTOOBI OMpPEJEIUTh BHJ MAaTEPHATBLHOTO TEH30pa BTOPOrO paHra s
TOYEUHBIX Tpynn 222,422, 23, 432,

Toueuynas rpynma 222. [locine mpoBepkrM Ha WHBAPUAHTHOCTH (371€Ch JBa

reHeparopa: 2,, 2¢) OTHOCUTEIBLHO 2, OCTalOTCsl KOMIOHEHTHI Kak B (3.25). Ilocne
IPOBEpPKHM Ha HMHBAPUAHTHOCTh OTHOCUTENBHO 2, KOMIOHEHTHI T, U Ty

O6paHlaIOTCH B HOJIb.

1y 0 0
ITil=| 0 T2 o
0 0 TIa3

Toueunas rpynna 422. (re”epatopbl 4,, 2,) TOCiAe TMPOBEPKU Ha

WHBApPUAHTHOCTh OTHOCHUTEIBHO 4, OCTAIOTCSI KOMIOHEHTHI [xx|=[yy], [zz], [xy] =-

[yx]. IIpoBepku no 2, OTCEMBAET ABA NOCIEAHUX PABEHCTBA U TOT1A:

Iy 0 0
|0 o
0 0 T33

Toueynas rpynna 23 wumeer reseparopsl 2,, 3,,, Paccmarpusas dj1eMeHTEI,
OCTaBIIMECS TIOCIE TMPOBEPKHM Ha 2,, moJydaem paBeHCTBa [xx]=[zz]=[yyl],

[xy]=[zx]=0, [xz]=[yx]=0. Torna:

Iy 0 O
BRI
0 0 Tyy

PaccmoTpeHHBII NpuMep  MOKAa3bIBAa€T, BO-NEPBBIX, YTO TIPYIIA BHEIIHEU
CUMMETPUHU TEH30pa MOXKET OKa3aThCS 3HAYUTENIBHO IIUPE TPYNIbl CUMMETPUU
KPHUCTAJJIa; BO-BTOPBIX, CYLIECTBYET CBSI3b ME¥KJY BHEIIHEW W BHYTPEHHEU
CUMMETPUSIMH TEH30pa. [[elCTBUTEIBHO, Mbl PACCMATPUBAIIM TEH30P BHYTPEHHEU
cumMerpun V2. VCII0BUS e MHBAPHAHTHOCTH MPUBENIH K TOMY, YTO HAIl TEH30p
ctan [V?]. Tak BHENIHSS CHMMETPHS PEIONPE/IeIIIa BHYTPEHHIO0 CHMMETPHIO.

K tenzopaM BbICHIMX PaHrOB METOJ MPSIMOM NPOBEPKH MPUMEHSETCS TaKKe,

XOTSl TMPUXOJUTCS pacCMaTpuBaTh OOJbIIE KOMIIOHEHT. Tak, mpakTthuecku 0e3
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BBIYKCIICHUM OTpeAesieTcsl BUJ MaTEPUAIbHOTO TEH30pa JI000TO paHra Jjisi MOHO-
KJIMHHOM, pOMOMYECKOM, TeTparoHalbHOM M KyOmdeckod cuctem. OcTaroTcs He
pac-CMOTPEHHBIMU TPUKIWHHAS U TEKCOTOHAJbHAs CHUCTEMBI, MOCKOJbKY B HHUX
UMEIOTCS IOBOPOTHI C HEIEIOYUCICHHBIMU MaTPULIAMH TTPeoOpa30BaHUS CUCTEMbI

KOOpauHarT.

4.6.5. Metoa npsMoii NPOBEPKH B HIUKJIUYECKUX

koopauHarax. Teopema I'epmana

PaccmoTpeHHbIi MeTON MpsIMOM MPOBEPKHM HENPUMEHUM IS TEH30POB,
WHBApPUAHTHBIX OTHOCUTEIIBHO OCEl CHUMMETPUU TPEThErOo, IIECTOr0 U
OeckoHeYHOro mopsnka. Jns pemieHus 3a7ady O HAXOXKIEHWU BHJIa TEH30POB
WHBAPUAHTHBIX OTHOCUTEIBHO J3THX MpPeoOpa3oBaHUN CUMMETPUN TPEOYIOTCS
6onee crnoxkHble MeTObl. OIMH U3 HUX - METO/I MIPSMOM MPOBEPKHU B ITUKINYECKUX
KOOpAMHATAX.

BBeaem B paccMoTpeHre NUKIMYEecKue Oa3ucHbIE BEKTOpa:

-%*

- 1, ] 1, _
j:E(e1+/e2); j 25(61—162); e = 63; (4.26)

DTH BEKTOpa HE JIKAT B OJTHOM MIIOCKOCTH, TaK KaK:
([]x ]'*]-é): Lizo
2
U TI03TOMY HMX MOXXHO paccMaTpuBaTh Kak 0a3nuc HOBOW CHCTEMBI KOOPJMHAT.
Oo6pamenue Gopmy (4.26) naer:
a=li+/} &=Cii-/'} e=a
Teneps 3amuiIeM OfUH M TOT K€ BEIIECTBEHHBIH BEKTOp V(X, y, Z) B IEKapTOBOM
U [IUKJINYECKOM Oas3uce:

x-8+y-Gprz-83=E-j4n-j +z-@
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3aMEHUB 3/1eCh & W €, WX BBIPAKEHUSIMH Yepe3 j, j W, NPHPABHIB HX
KO3 (PUITMEHTHI IPU OIMHAKOBBIX BEKTOPAX, MOJIYUHM:

&=x-1y, n=x+iy, z=z n=¢&; (4.27)
[ToBepHem Tenepsr cUCTEMY KOOPJUHAT BOKPYT ocu X3 Ha yrou ¢ (puc. 22). Torna
HOBBIE 0a3MCHBIE BEKTOPA B IEKAPTOBOW CUCTEME KOOPAMHAT OYyAyT paBHBI:

ey =€y -Cos@ + eo -Sing;
€y =—€1-Sing + €0 - CoS;
&3 = €.

WM cOOTBETCTBYET M HOBBIM HUKIMYECKUI Oa3uC:

P

J=Er+viey) j = (e -iex) &=é

2 2

UroObl  MOAY4YUTh  3aKOH  NpeoOpa3oBaHUs
UKJINYEC-KUX KOOPJAUHAT MPU MOBOPOTE, BHIPA3UM

HOBBIC JACKAPTOBLIC OPTBI UYCPC3 NHUKINYCCKHUC

0a3ucHbBIE BEKTOpa

Ji :%(51 -COSQ+ 8, -SiNp—i(&)-sinp+ 8 -Cosp) =

= %[é] (cosg—ising)+ie,(cosp — isin(p)] =

= (cosp—ising)-[5+ ] =&

!
-%

Hanee: J :e"”'j'; e'=e.

Haiinem 3akoH mpeoOpa3zoBaHusi KOMIOHEHT:

—x!

— *  —% _ — */ - _
E-j+E -] +ze=¢&-j+E ] +Z-€.
Ho Bektop V' B HOBOH M CTapoil cucTeMax IUKIMYECKMX KOOPJAWHAT OJUH U TOT

JKE, T.K. IOBOPOT BOKpPYI' OCHM Z BXOJHUT B TOUCYHYIO TIpPymniny CHMMCTPUHU

paccmarpuBaeMoro kprucramia. [loatomy

! !

E-j+& ] vzE=-e s EP] 126
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WA KE: &= e'(o(f; 4 :9_’(05

*
i

Z=z
Ecnau xomnonenTe & npunucaTh UHACKC “1”, KOMIOHEHTE 77 - HHACKC “-17, a

KOMITOHEHTE Z - UHACKC “0”, TO 3aKOH IMpeoOpa30BaHUs MUKIMYECKUX KOOPAHHAT

TIPY TIOBOPOTE BOKPYT OCH X3 MOJKHO 3aITHCaTh C HOMOMIBIO MAaTpUIbl [Ci:
Ck| = eik'¢5k'/ = e”(pé‘kr/ .
Torza 3akoH NpeoOpa30BaHKs IUKIMIECKMX KOMIIOHEHT TeH30pa A paHra r Ipu
IIOBOPOTE Ha yYTOJI ¢ BOKPYT OCH X3 IPUHUMAET BHUI:
Aiks...k =PIl + I+ ..+ 1 Yp)- Sty Skl kil * Ao, -
Ecnu moBopoT ocu X3 mpencrtaBisieT coOOW €IMHUYHBIA MOBOPOT BOKPYT OCHU

CHUMMETPHUM 7 - TOTO MOPAZIKA, TO ¢ =27/N U
2ri
Ck'/ = eXp |:—n I:| 5/('/ . (4.28)

[lycTh TeH3op A paHra r 3aJaH CBOMMH KOMIIOHEHTaMH Ally.../, OTHOCUTEIIBHO

[IUKJIHYECKON crcTeMbl KoopauHatT. CHopMymupyeM yCIOBHS, KOTOPBIM JTOJIKHBI
YIOBIETBOPATh 3TH KOMIIOHEHTBI, 4YTOObI TEH30p A ObUl HHBAPUAHTEH
OTHOCHTEIILHO TPYIIbI MMOBOPOTOB BOKPYT OCH CHMMETPHH 71-TOTO MOPSIIKA.
Marpuna ||Cyx| B Bume (4.28) mnoacTapnseTcss B OCHOBHOE YypaBHEHHE
MHBAPUAHTHOCTH TEH30pa:

(Citky Ciky - Cik, = SitkiSibkp +Oivk, ) - Akiko...k, =0-

Torma umeem:

{exp{%”"m +lo+. + /,)} —1} Allp..I, =0. (4.29)
CornacHo BbIpaxeHHIO (4.29) OTIMYHBIMH OT HYJISL OyIyT T€ KOMIOHEHTHI TEH30pa
A, 171st KOTophIX {.....}=0. Ho exp(27iS)=1 Torma, Koraa S-1iefoe 4ucio Hid Hyb.
Takum o00pa3oM, NMpu HaTUUYUM B KPHUCTAUIE OCH CHUMMETPUHU IPOU3BOJILHOTO

InopsaJaKa OTIIMYHBI OT HYJIA TOJIBKO TC KOMIIOHCHTBI TCH30pad, CyMMa HMHJICKCOB Y

KOTOPBIX paBHA HYJIIO WX ACIIUTCA HA 71 0e3 ocraTka.

122



B uTore mosyuunu mpocToe MpaBMIIO, COIIACHO KOTOPOMY 0€3 KaKHX-JIH0o
BBIYKMCIICHUM MOXHO 3amucaTh OTJIUYHBIE OT HYJS KOMIIOHEHTBI TEH30pa,
MHBAPUAHTHOTO OTHOCUTEIBHO TPYMIbl IMOBOPOTOB B LUKIMYECKOW CHUCTEME
KOOpJIMHAT. YKaXXeM B KaueCTBE NpHUMEpa OTIUYHBIE OT HYJS LUKINYECKUE
KOMIIOHEHTHI TEH30pa A UeTBEpTOro paHra, MHBAPUAHTHOIO OTHOCHUTEILHO
MOBOPOTAa BOKPYT OCH CHMMETPHH 3-€ro MOopsKa: CyMMa WX HHIEKCOB JOJDKHA
ObITh paBHa HymO Wik +1. KOMIOOHEHT, MOTyYarOMMXCsS W3 BBIMUCAHHBIX TMPHU
10001 TIepecTaHOBKE WHACKCOB, OYJIET JOCTaTOYHO MHOTO, TMO3TOMY 3amHileM
94acTh U3 HUX:

A 1110 =AT 7705 A1 7115 AT 001> 400005 401115
3nech 3HaK MuHYC nepefi 1 craBum - cBepxy: —1=1. Jpyrue oTIMYHEIE OT HyJIs
KOMITOHEHTHI TIOJTy4YalOTCsl U3 IPUBEACHHBIX IEPECTAHOBKOM WHEKCOB.

[IpumeHNM 3THU pe3yNbTaThl IJIs UHBEPCHOHHBIX MOBOPOTOB. Ilpu mHBepcuu
[UKITNIECKUE KOOPAMHATHI BEIYT ce0s TakKe, Kak U IEKapTOBbIC: MEHAIOT 3HAK Ha
oOpartnbiif. [losToMy MaTpuiia mpeoOpa3oBaHUsl ITUKIMYECKUX KOOPAUHAT TpHU
WHBEPCHOHHOM TIOBOPOTE OTJIMYAETCS OT TMOJYYCHHOW paHee MAaTpHUIlbl s
MPOCTOTO TTOBOPOTA TOIBKO 3HAKOM:

Cky = €75y,
YcnoBus MHBapUAHTHOCTH TEH30pa OTHOCUTEIILHO MHBEPCUOHHOW OCH MOpSIIKA 1

NMCHKOT BU.
27
{(—1)r .exp{Tﬁ(H +lo 4.+ /r)} —1} Alp...l, =0, (4.30)

rjie r - paHr TeHsopa A. Jlis TEH30pOB YETHOTO paHTa OHO, TAKUM OOpa3oM, He
OTJIMYAETCS OT YCJIOBUS MHBAPHMAHTHOCTH OTHOCHTEILHO MPOCTOM OCH MOBOPOTOB
TOTO K€ MOpsAKA. Y TCH30pOB K€ HEYCTHOT'O PaHra, MHBAPHAHTHBIX OTHOCHUTEIBHO
MOBOPOTOB, OTJIMYHBI OT HYJIA JIMIIb KOMIIOHCHTBI, JUIS KOTOPBIX YacTHOE OT

ACJIICHUA CYMMBI HHJACKCOB Ha IMOPAAOK OCHU €CTh IMOJIYHCIIOC YHCIIO:
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%(/1+/2+...+/r)=i

JleiicTBUTENBHO, KBaJpaTHas CKOOKka B ypaBHeHUHU (4.30) mpu HEUYETHOM 7 NpH
ATOM yCIIOBHH 00pPAIAETCs B HOJIb.

HetpynHo 3anucarh 3TH yCJIOBAS HHBAPUAHTHOCTH JIJISl ICEBIOTEH30POB.

Ecnu y TeH30pa OTIMYHBI OT HYJS TOJBKO TaKHE IUKINYECKHE KOMIIOHEHTHI,
CyMMa MHJIEKCOB KOTOPBIX paBHA HYJIO, TO TEH30p, OUYEBUIHO, OYJET MHBApUAHTEH
OTHOCHUTEJILHO JIIOOBIX MOBOPOTOB, TaK KakK yclioBHEe MHBapuaHTHOCTH (4.30) mis
HEro BBINONHSAETCA Opu M0ObIX n. Ho 3T0 oO3Hawaer, 4TO JaHHBIA TEH30p
WHBAPUAHTEH OTHOCHUTENILHO TPYMIBI 00 M SICHO, YTO TOJBKO TaKH€ TEH30pbI U
00J1aJat0T 3TUM CBOMCTBOM. DTOT PE3yJbTaT HE TOJIBKO JAET BO3MOKHOCTh HAUTH
oOLuMii BUJ MaTepHAIIbHBIX TEH30pPOB JJI TEKCTYpP, HO TAKXKeE MO3BOJISAET J0KA3aTh

OJIHY U3 BOXHEUIIINX TEOPEM KPUCTAIOPHUUKH.

Teopema ['epmana. Eciim TeH30p paHra r umeer 0Cb CHMMETPHUHU NMOPAAKA

n U r<n,To I JaHHOT0 (U3NYECKOT0 CBOICTBA OCh CHMMETPHUM 1 — TOTO
NMOPSIAKA BBICTYNIAET KAK 0Ch CHMMETPHUH 0€CKOHEYHOI0 MOPSAKA.
JloKkazarenbCTBO 3TOM TEOPEMBI JOBOJIBHO IMPOCTOE. TaK Kak HUKIMYECKHUE
WHJIEKCHl TNPUHUMAIOT 3HayeHue =1, 0, TO cymMMa UHIEKCOB [Jisi JIHOOOM
KOMITOHEHTHI 110 a0COTIOTHOM BEJIMYMHE HE MPEBBINIACT paHra MaTpuilsl 7 . Eciom r
< n, TO JJIs BBIMOJHEHUS YCIOBUS MHBapuaHTHOCTH (4.30) HEOOXOIUMO, YTOOBI
3Ta CyMMa HMHJIEKCOB ISl OTJWYHBIX OT HYJISI KOMIIOHEHT paBHsach Hymo. Ho
ecnu yuciautenb Jpodbu B (4.29) paBeH HyNm0, TO 3TO YCIOBHE OOECIECUUT
HEPABEHCTBO HYJIIO BCEX KOMIIOHEHT TEH30pa C YKa3aHHOW CYMMOW MHJEKCOB BHE
3aBUCHUMOCTH OT BEJIMYHUHBI MOpsJKa Oocu cuMMeTpuu. [lorTomy mopsimiok ocu
CUMMETPHUH 7 MOXKET OBITh JIOOBIM, a ATO O3HA4yaeT, 4TO MMEEM JeJI0 C OChIO
CHUMMETPHUH OCCKOHEYHOT'O TIOPSIIKA — TOJIBKO OHA COJEPKUT BCE BO3MOXKHBIC OCH
CUMMETPHH JI000T0 MOpsaKa. 3HAYUT, B3aMEH OCH 71 - TOTO TIOPSAAKA TEH30P UMEET

OCb CHMMCTPHH OECKOHEYHOTO InopssaiKka Wi, JApyrumMu CJIOBaMu:  IJIA

124



(u3rYecKoro CBOMCTBA paHra r < n 0Ch MOPSAJIKA 7 BBICTYIAET KAK OCb CAMMETPUU
O0eckoHeyHOro nopsjka. Teopema jgoka3aHa.

Teopema I'epmana HaxoaUT MHOTOUYMCIIEHHBIE TpuMeHeHud. [lonb3ysch e,
MOXXHO TPEACKa3blBaTh H30TPONMHOCTh M AHU3OTPONHUI0 (DU3UYECKUX CBOMCTB
UCXOJI1 TOJBKO M3 CpaBHEHMsI paHra (pU3MUECKOro CBOMCTBA M TOpsAKa Ocei
CUMMETPHUH, UMEIOIIIUXCS B AlleMeHTapHo suelike. [lokaxkem 3T0 Ha mpuMepax.

MartepuanbHble TEH30pbl BTOPOrO paHra i KPHUCTaUIOB CpeaHeH
KaTeropuy MMEIOT COTJIAaCHO ATOM TEopeMe OCh MOpsAKa 0o, MPOXOAAUIYIO IO
[JIABHOM OCH CUMMETPHH KPHUCTAIA. 3HAYNUT, B EPIEHAUKYISIPHON €1 IIII0OCKOCTH
¢du3nyeckue CBONCTBa BTOPOr0 paHra OyayT HM30TpONHBIMH. Jlaiee, corjacHo
ATOM TeopeMe, Bce (U3MYECKUE CBOMCTBA BTOPOTO paHra g KyOMYeCcKuX
KPUCTAJUIOB U30TPOMHBI, TaK KAK 3TU KPUCTAJUIbI UMEIOT OCH CUMMETPUU TPETHETO

N YCTBCPTOI'O ITIOPAAKA, 4 paHT paCCMAaTPUBACMBIX TCH30POB PABCH JIBYM.
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IMTPMJIOKEHUA
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Tabmuna 1

CraHgapTHbIe YCTAHOBKH KPHCTALIOTPAa(pUYecKoil CHCTEMbI
KOOPAMHAT B KPHUCTA/UIAX PA3JIMYHBIX CHCTEM

Obosnauenun: Tpuxnunnan Monoxnunnan Pombuueckan
z
a#b#c
C
a
L/ D
¥ V| azBzr=90" 0
a y#90
X
TpuZOH(lJle(l}l u Tempazonanvnan Kyﬁuqec,{aﬂ
2eKCAONAIbHAA
4,4 | a=b#c . a=b=c
— - 0
a=p=y=90 4,42 | a=P=r=90
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Taoauna 2

Crepeorpadguueckue NpoeKun KpUucTaLioB

Pa3JIM4YHON TOYEYHOU CUMMETPUU

1 Tpuxnunnas cunzonus 7

Monoxiunnas cumnzomus

Yy
X2

Pomouueckas cunzonust
mm2

222

X, X;

mmm

m

R4
X2

2/m

X, X;
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TaOmuma 2

Tempaeonaﬂbna;l CUHZOHUA

4 4
4/m 422
Eg ",
%
X, X;
4dmm 12m
z, x3 ?
9%
X, X
1 4/mmm X X
‘ ‘ Xy ¥
X, X;
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Tabmuma 2

TpUBOHaﬂbHaﬂ CUH20HUS

3 3
32
FrA

3m
.u u4
Y y
AV EmRdys
X, X; X, X,
3m
i
z|x;
Y
X2
X, Xy
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TaOmuma 2

I'excazonanvnasa cunconusn

6/m 622
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TaOmuma 2

Kybuueckasi cuH20HUS
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