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BBEAEHUWE

B mporecce oOydeHust s3bIKy MpOrpaMMHUpOBaHMs BbICOKOro ypoBHs (HMHdopma-
TUKA, 4acTh 2) BaM Ipeasarajioch, Kak IpPaBUJIO, COCTABJIEHUE JOCTATOYHO MPOCTHIX
nporpaMM. OHU MOTYT ITOMOYb 00y4aeMOMY IpH IIEPBOM 3HAKOMCTBE B OBJIQJCHUHU dJIe-
MEHTaMU SI3blKa IPOTPAMMUPOBAHMSA, U MPH UX COCTABICHUM HE TPEOOBAIOCH TPATUTh
CJIMIIKOM MHOTO BPEMEHHM Ha OOAyMbIBaHHE CIIOCO0a peleHHs MOCTABICHHOM 3a/1auu.
YacTte mpuMepoB ObLIIM UCKYCCTBEHHO COCTABJIEHBI JIJIsl TOTO, YTOOBI MOTYEPKHYTH OCO-
OEHHOCTb TOM WM MHOM KOHCTPYKIMHU sA3bIKka. Ha mocnenyromux stanax o0y4eHus 3aja-
HUSL €CTECTBEHHBIM 00pa3oM OyayT 3BOJIIOLIMOHUPOBATD, YCIOXKHATHCS, COOTBETCTBEHHO
OyZIyT yCIIOXKHSTBCSA U METObI UX peleHus. [loaTomy ere 10 oOpalieHus K A3bIKy Ipo-
IPaMMHPOBaHUS CTAHOBUTCS HEOOXOIMMBIM COCTABJICHHUE IJIaHA BBIIIOJIHEHUS 3a/1aHUs
WIH, JPYTUMH CIIOBaMU, pa3paboTKa aneopumma peiieHus..

P S .
L Codopmynupyem nouamue anzopumma — 3mo HabOp UHCMPYKYUL, KO-
b é MOpbLIL ONUCHIBAEN, KAK HEKOMOpoe 3a0anue Mojicem Obimbs 6bINOJIHEHO.

Jpyrumu cioBaMu, alrOPUTMbI — 3TO PELENTHI, OIUCHIBAIOIINE HEKOTOPHIE KJIACCHI
YIPaBIISAIOUIMX MPOIECCOB U MPOIIECCOB 00paOOTKU AaHHBIX. VX cleayeT nmpencTaBisiTh
cebe Kak HEeKOTOPBIE KECTKUE CTPYKTYPBI, COCTOSIIUE U3 OJIOKOB, MTOCTPOCHHBIX JOIHY-
HO, HAJI)KHO U IEIeCO00Pa3HO.

Co0cTBEHHO MPOrpaMMHUPOBAHUE KaK pa3 U 3aKJII0YAeTCsl B IPOEKTUPOBAHUU U (Pop-
MYJIMPOBAHUH AJITOPUTMOB, C IOCIEAYIONIEH 3aIIMChI0 HA HEKOTOPOM AJITOPUTMUYECKOM
a3bike. Kak mpaBumiio, 3TOT mpolecc O4eHb CIIOXKEH, TpeOyeT ydyeTa MHOTOYMCICHHBIX
B3aMMHO 3aBUCAILIUX JETAJIEH U HOCUT UTEPATUBHBIA XapaKTep, T.€. UMEET CBOWCTBO
HEOJHOKPATHO BO3BpAIIAThCs K HEKOTOPBIM €ro dTanam. [Ipu 3ToM TONbKO B OUYEHb pe-
KHMX ClIy4asX CyIIECTBYET €JUHCTBEHHOE pEUICHUE ITOCTABIECHHON 3aaa4u. Yacro peme-
HUM TaKk MHOTO, YTO Ui HalMCaHUs ONTUMAJIbHON MpOrpaMMbl TpeOyeTcss He TOJIbKO
TIIATEJIbHBIN aHAJIN3 U3BECTHBIX aJITOPUTMOB, HO TAKXKe M PacCMOTpeHue Haubosee ya-
CTBIX CIIy4aeB UCIOJIb30BAHMS IIPOTPaMMBI.

[IpakTruecku Bcerna Ipu NPOEKTUPOBAHUMU TEXHUUECKUX YCTPOMCTB MPUXOAMUTCA
UMEThb JIEJI0 C MamemMamuieckou Mooenblo AAHHOTO yCTpoWcTBa. AmpoOauus mnosene-
HUSL YCTPOMCTBA OCYIIECTBISIETCSI HAa JaHHOW Monenu. Mojellb MOXKHO CTPOMUTH pa3-
JUYHBIMHM CpPEICTBaMU, OOJIEryalonMMi MaTeMaTudeckue Bbunciaenus. Ho pasnuunbie



6 BBepneHue

IMPUKJIAAHBIC IPpOTrpaMMbl MOT'YT OBITH HCOOCTYIIHBI B CHUJIY Pa3JIMYHbIX JIMOCH3UOHHBIX
CONIAIIEHUH, CTOUMOCTH U T. . OTHAKO BCEria MO>KHO HAIMCaTh IPOrpamMMy MpaKTH4e-
CKHM Ha JIF0OOM $SI3bIKE MPOrPaMMHPOBAHUSI BHICOKOTO YPOBHS, OCYIIECTBISIONIYIO TPY-
JIOEMKHE TPOIIeCChl MaTeMaTHYECKUX pacyeToB. [Ipy 3TOM 3a4acTyio yKe CYIIEeCTBYET
MHOXCCTBO Pa3JIMYHLIX aJITOPUTMOB, KOTOPBIMH MOXXHO BOCIIOJIB30BAaThCA IJIA PCUICHUA
MaTeMaTH4YeCKHX 337a4d B 3aBHCUMOCTH OT TpeOyeMoro pe3yibrara.

PaccMOTpeHHIO HEKOTOPBIX W3 TAKMX aJTOPUTMOB U MOCBSIICHO JaHHOE MOCOOHE.
Onwucanue alropuTMOB, OCOOCHHO B TEOPETHUYECCKOM YacTH, MPEACTABICHO 0€3 MPHBS3-
KM K KOHKPETHOMY SI3bIKY NporpamMMupoBaHus. JIF00O0i 4eloBEeK, MMEIOIINUN 3JIeMEH-
TapHbIE€ HABBIKU NPOrPAMMUPOBAHUS, MOXET 3TU aIrOPUTMBI PEAIU30BaTh CPEACTBAMU
AOCTYIIHOI'O €EMY S3bIKa IPpOTrpaMMHUPOBaHUS. B OTACJIBHBIX CIIy4YasaX, KOTda HCO6XOHI/IMBI
MOSICHEHUSI HEKOTOPBIX BOIPOCOB peaiu3aliy, MPUBOJATCS KOHCTPYKIMH, (parMeHThbI
KoZIa mporpamm Ha si3bike [lackanb. JlaHHBIN s3bIK BBIOPAH MO MPHYUHE TOTO, YTO €ro
BO3MOXKHOCTEH TOCTATOYHO ISl pealin3allii BCEX MPUBEICHHBIX B MOCOOMH KOHCTPYK-
I_II/II>'I, CTpOFI/II>'I CHHTAKCHUC A3bIKa IIOMOXET MHUHOBATh 4aCThb OIJ_[I/I6OK, BO3HHUKAOMIUX TIPpH
BBIYHCIICHHSIX, @ TaK )K€ UMEEeTCsl cpeia nporpammupoBanus FreePascal B pexxume cBo-
0omHOTO JAOCTYyMA

Cornatwenus, NMPUHATbIE B KHUTE

JUist ynmydiieHus: BOCHPUATUS Marepuana B JAHHOM KHHUIE HCIOJIB3YIOTCS IUKTO-
TpaMMBI U CIEIMAJIbHOE BbIJICTICHUE BaXKHOW MH(OpMAIINH.

9Ta HI/IKTOFpaMMa O3HaA4Ya€T BHUMAHUC. 3I[eCI) BBIJACJICHA BaXHas HH-
dopmarus, TpeOyromas akiieHTa Ha Hed. ABTOp 37€Ch MOXET IOJIe-
JUTHCS C YUTATEJIEM OIBITOM, YTOOBI IOMOYb HM30€XKaTh HEKOTOPBIX
OILIMOOK.

OTa NUKTOrpaMma O3HadaeT npumMep. B n1aHHOM OGs10Ke aBTOp MOXKET IPUBECTH MPAK-
TUYECKUI IpUMeEp AJIs OSICHEHUS U pa30opa OCHOBHBIX MOMEHTOB, OTPAKEHHBIX B TEO-
PETHUYECKOM MaTepHalle.
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OTa NUKTOrpaMMma O3HadaeT coBeT. B gaHHOM Oioke MOXKHO yKa3aTb
Oosiee MPOCTBIE MM MHBIE CIIOCOOBI BBIMIOJIHEHUS ONpPE/eIEHHON 3a-
nagr. CoBeT MOXKET KacaTbCsl IPAKTUYECKOTO MPUMEHEHHS TOJIBKO YTO
U3yYCHHOTO WM COJAEpKaTh YKa3aHUS Ha TO, KAK HEMHOT'O MOBBICUTh
3(1)(1)6KTI/IBHOCTL U 3HAYUTCIIBHO YHOPOCTUTH BBIIIOJIHCHUC HCEKOTOPBIX
3ajad.
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[naBa 1

OCHOBbI AITTOPUTMU3ALNA

1.1 NoHAaTMe anroputma

ITpexne yeM 0OpaTUTHCS K PAaCCMOTPEHHMIO KOHKPETHBIX aJIFOPUTMOB, HEOOXOAMMO
ONPENEINUTBCS C TEM, YTO )K€ TAKOE AJTOPUTM. TpajMLIMOHHO CUMTAETCS, YTO CaMbId
NEPBbIN AITOPUTM ObUI IPUAYMaH JPEBHETPEUECKUM MaTeMaTUkoM EBKinIoM — npaBu-
JI0 HAXOXKJEHUSI HauOOoNbIIero oOLIero AEIUTeNs OBYX LeNbIX uuced. B coBpemeHHOI
MaT€MaTHKE IOHATHE aJrOpUTMa SIBJISETCS KIIOYEBBIM IOHATHEM, KOTOPOE BOCXOOUT
K paboTaM BbIfarolierocs y3zoekckoro maremaruka IX Beka Anb-Xopesmu. B XII Be-
Ke ero paloTel 1o anredpe u apudmeTuke ObLUTH MEepPEeBECHbI HA JAaThIHb U 3aJI0KUIIH,
B 3HAYUTEIIHOW CTENeHH, (DYHIAMEHT BCEil eBPONEHCKON MaTeMaTHKH.

[IpuMepsl anrOpUTMOB B HIMPOKOM CMBICIIE 3TOTO CJI0BA MOKHO BCTPETUTH U B IIO-
BCEAHEBHOM *U3HU. Tak, MoBapeHHas KHUra ABJISETCS COOPHUKOM aJIrOPUTMOB, OIHCHI-
BAIOLIUX MPOLIECCHI IPUTOTOBICHUA NUINK. HecirydaliHO TEpMUH «peLenT» 4acTo MOKHO
BCTPETUTh, KAK CHHOHUM TEPMUHY «aJTOPUTM», HO C yYETOM BO3MOXKHBIX PA3IHMYHBIX
uckioyeHuil. KommnbrorepHble IporpaMMBbl MPECTaBIsAIOT cO0O0W alropuTMbl, 3alHCaH-
HBIE CPEICTBAMM SI3BIKOB IPOIPAMMHPOBAHUS.

B kagecTBe nmpuMepa IpocToro aJropuTMa pacCMOTPUM OIMCAaHUE MPOLECCa YMHO-
JKEHUS JBYX LEJBIX MOJIOKUTENBHBIX uncel [ u J, B pe3yiapTare KOTOPOro MOJIydaeTcs
npousBeaeHue P.

Hlaz 1. Ilpuceoums P 3nauenue 0.

Hlaz 2. [lpuceoumsv K 3uauenue 0.

Hlaz 3. Ecnu I pasno 0 unu J pasno 0, mo nepetimu x wazy 7.
Hlaz 4. Ilpuceoumsv P 3nauenue P + 1.

Hlaz 5. [lpuceoumsv K 3nauenue K + 1.

Hlaz 6. Ecnu K menvwe J, mo nepetimu k wazy 4.

Hlaz 7. Kowney.



10 PA3LENN I. TeopeTnyeckmnmn

Takum 00pa3om, MBI UMEEM ONHMCAHWE HEKOTOPOTO 3aJaHUsl B TEPMHHAX JPYTUX
MOJ3a/IaHUH, Ka)X10€ U3 KOTOPBIX 3apaHee OINpeesIeHO JIN00 TOHATHO 0e3 pa3bsICHEHUH.

VcuepmpiBatoliee ONpesieieHue ai2opumma JaHO BBIIAIOIIMMCS OTEUECTBEHHBIM
marematukoM A. A. MapkoBbIM [5]. Aneopumm — 310 TOUHOE, OOIICTIPUHATOE TPEAIIHU-
CaHue, OIpeeIsIoIIee MPoLUecc MpeoOpa3oBaHUs UCXOOHBLIX OAHHBIX B UCKOMbBLIL pe-
3yabmam. AJITOPUTM JOJDKEH 001a1aTh CIeIyIOIUMH CBONCTBaMU:

e onpedeneHHOCmbI0, T.€. TOYHOCTBIO, HE OCTaBJISIONICH MecTa i MPOU3BOJIA,
1 OOIIEITOHITHOCTBIO;

® @blnoIHUMOCHMbI0 (VM MacCOBOCTBHIO), T. €. BOBMOKHOCTHIO MCXOJUTH W3 JIIO-
6BIX HUCXOOHBIX NaHHBIX, anHaz{neX(ame HCKOTOpOMy MHO)KGCTBy G HNUCXOOHBIX
IAHHBIX;

e KoHeyHocmblo (WU PE3yIbTaTUBHOCTHIO), T.€. CBOMCTBOM ONPENEIATh IPO-
11ecc, KOTOPBIN IS JTFOOBIX JOMYCTUMBIX UCXOIHBIX JAaHHBIX (MPUHAICKAIINX
BBIIICYTIOMSIHYTOMY MHOKECTBY () MPUBOAUT K MOTYUYSHUIO HCKOMOTO Pe3yJbTara.

PaccmoTpuM nsiTh MpHU3HAKOB alnroputMma Oosee moapoOHo. OOpaTUBLINCH K ajro-
PUTMY YMHOXXEHHS, OTMETHUM, UYTO Ui TOTO, YTOOBI OH Hauaj paboTy, HY>)KHO 33/1aTh
YUCJOBbIE 3HaYeHUs [ U J — 3TO UCXOJHBIE IaHHbIE (WIH 6X00) aIrOpUTMa, & BHIYHUCIISIE-
Mas BeJTM4YMHA P — 3T0 UCKOMBINA pe3ynbTar (Uiu @bixod) anroputma. B paspadoranHoM
AJITOPUTME MMEIOTCS J[BA YETKO PA3IMYMMBIX CAMOCTOSTEIBHBIX MHOXKECTBA JAHHBIX,
00pa3yronmx BXOJ U BBIXOJ allTOPUTMA. DJIEMEHTHI ATUX JIBYX MHOXECTB Ha3bIBAOTCS
BXOJIHBIMH M BBIXOJHBIMU MapamMeTpamMu (WId apryMeHTaMH).

B GonpmmmHCTBE CitydaeB mpoiiecc pa3paboTKH allrfOpUTMa MTPOUCXOAUT CIEIYOIIHM
o0Opa3oM. HagaibHBIM 3TanoM pa3pabOoTKH aropuTMa SBISIETCS OMPEISIICHNE MHOXKECTB
BXOJHBIX U BBIXOAHBIX MapameTpoB. Ha Bropom sTtame dopmupyercs (BOZMOXKHO, Ha
WHTYUTUBHOM YPOBHE) CBSA3b MEXKJy dTUMH JByMsI MHOXecTBaMH. Ha 3akiounTenbHOM
JTane 3Ta CBA3b (OopMyIHpyeTcs B BHIE HaOopa (OpPMaTbHBIX MHCTPYKLHN, KOTOPBI
U SIBIISIETCSL COOCTBEHHO OMHCAHUEM alropUTMa.

Jiist paboTOCIIOCOOHOCTH ITOPUTMA KaXKIasi U3 3TUX MHCTPYKIUH JOJDKHA yIOBIIe-
TBOPSTH YCJIOBHSIM ONPEICTICHHOCTH W BBIMIOJTHUMOCTH [4].

Jnis onpedenennocmu anropuT™Ma Kaxjaas U3 COCTABISIOLUINX €r0 HHCTPYKIUH TOMK-
Ha OBITH OIpEEeIeHa YEeTKO U HEJIByCMBICIICHHO. ECIu airopuT™ BbIpaKeH Ha KaKOM-
HUOY/Ib €CTECTBEHHOM SI3bIKE, TO BOBMOXKHO MOSBICHUE HEOIHO3HAYHOCTH. PaccMoTpum
TPETUH IIar ajlropuT™Ma YMHOXKEHHs (Ha nmpuMepe, npuBeleHHOM paHee). Eciu [ pas-
HO 0, TO JOMKEH MPOU30MTH Iepexo] Ha mar 7, ecau J paBHO 0 — IIPOM30MIET TO Ke
caMmoe, HO 4YTO Mpou3ouieT, ecnu I, u J paBubl 0? B MareMaruyeckoil TIOTMKE yCIOBUE
«A nmn B» mctuHHO, eciii A MCTHMHHO WM B mctmHHO, mau uctuHHBI — A B B. Ho
B PYCCKOM U, 0COOEHHO, aHIJIMICKOM SI3BIKaX O] CJIOBOM «HJIM» BIIOJIHE MOXET IMOJpa-
3yMeBaTbCsl UCKIIIOUEHUE Cllydas, Koraa 00a ciiydasl HCTUHHBI (T. €. €CJIM IOJ 3TUM BBbI-
pakeHUEM MO/pa3yMeBaeTCs 000POT «UJIH. . .MIIH. . .», AJI1 KOTOPOro B MareMaTu4yecKon
JIOTHKE TIPEIyCMOTPEHA oneparus «uckimodaromiero uim» — XOR). Takum o6pazom, mo-
Ka MBI OTOBOPHJIM TOYHOE 3HAUECHUE TEPMHUHA «HIIW», Iar 3 He OyIeT OIpe/ieJIeHHbIM.

JUist TepMHUHA «8bINOIHUMOCTIbY SICHOE He(POpPMaJbHOE OIpEesICeHHE MPEIIoKUII
J. Kuyt. MHCTpyKIHs BBINIOJHMMA, €CJIM BKJIIOYEHHBIE B HEE ONEpalMU JOCTAaTOYHO
3JIEMEHTAapPHbI, YTOOBI UX 32 KOHEYHOE BPEMSI MOT BBIIIOJIHHUTH YEJIOBEK, BOOPYKEHHBII
kapaHpgamoM u Oymaroil. To, 4yTo nake mpocTast HHCTPYKIUS MOXKET OKa3aTbCsl HEBBI-



MaBa 1. OcHOBbI anropMTMmM3aummn 11

MIOJIHUMOM, JIEMOHCTPHUPYET CIEAYIOIIUNA MPOCTOM MpUMEpP — BBIYUCINUTL HAauOOJblIee
BEIIECTBEHHOE YMCIIO, MEHBIIEE €IMHULBI. SICHO, YTO ¢ TOYKH 3PEHUSI MATEMAaTUKH Ta-
KO€ YHCJIO OINPEACIUTh HEBO3MOXKHO, HampuMmep eciiv BrIOparh uyucio 0.9999, yucio
0.99994 Gynet Gonbie U T. 1.

OObecreynTh BHIMIOTHAMOCTD JITOPHTMA — O3HAYAET MCKIIIOYUTHh U3 HETO BCE HEBBI-
HOJTHUMbIE HHCTPYKLUHU; 00€CTIEUUTh OIPENEIEHHOCTh — O3HaYaeT UCKIIIOUYUTh HESICHBIE
WM 6€CCMBICIIEHHBIE UHCTPYKIIHH.

B omnnuune oT ABYX NMOCHEIHNUX CBOMCTB KOHEYHOCMb ABIIAETCS] CBOMCTBOM aJITOPUT-
Ma B IIEJIOM, & HE OTJENbHBIX €r0 UHCTPYKIUU. TUITHUYHBIN cly4ald anropuTMa, KOTOPBI
HUKOTJIA HE 3aKaHYMUBACTCS, — 3TO OSCKOHEYHBIN ITUKII:

Hlaz 1. [lpuceoumws I 3nauenue 0.
Hlaz 2. [lpuceoums I 3nauenue I+1.

Hlaz 3. Ilepetimu x wazy 2.

Jliis mr000T0 anropuTMa JKENATeNIbHO JT0Ka3aTh €ro KOHEYHOCTh (XoTs Obl Hedop-
ManbpHO). K cokanenuro, Takue J0Ka3aTelbCcTBA OOBIYHO UPE3BBIYAWHO CIIOKHBI. [Ipu
3TOM MOXKHO BBIJIETIUTH JIBa Kjlacca aJrOpUTMOB.

Bo-nepBbIX, CyIIECTBYIOT UTEPATUBHBIE YHUCIICHHBIE aJITOPUTMBI, KOTOPbIE JAIOT MPH-
ONMKEHHBIE pe3yNbTaThl. B 3TOM ciiydae yciaoBHe 3aBepIIeHUS OOBIYHO OMpEAemseTCs
MPU TIOMOIIM OLIEHKH 3HAUYEHUs MOTPEIIHOCTH M CPABHEHHS €€ C Hamepes 3aJaHHBbIM
KpUTEpUEM TOYHOCTH. Takue alropuT™Mbl XOPOIIIO UCCIEIOBAHBI C MATEMAaTUYECKOM TOY-
KU 3pEHHsI, HO TOJBKO B PEAKMX YACTHBIX CIydasx JUIsi HUX UMEIOTCS CTPOTHe JI0Ka-
3arenbcTBa MX KOHEYHOCTH. CKa3zaHHOE HE O3Ha4aeT, YTO yKa3aHHBIE allfTOPUTMBI HE
CJIeyeT MCIIONIb30BaTh (TeM 0ojiee 4acTo OHM OBIBAIOT €MHCTBEHHO JOCTYIMHBIMU CIIO-
cobaMM pelieHus), HO B TO K€ BpeMsi HaJ0 CO3HABAaTh BO3MOXKHOCTb BO3HMKHOBEHUS
TaKuX IpoosIeM.

ANTOPUTMBI BTOPOTO pOJia MPEAHA3HAYCHBI JUIsl HEYUCIIOBBIX MporieccoB. s HUX
BO3MOXHO JI0Ka3aTeIbCTBO KOHEYHOCTH M B OOILEM BHUE, HO YacTo Oojiee CylleCTBEH-
HBIM SIBTISIETCS TO, KaK OBICTPO alTOPUTM 3aBEPILASTCS M CKOIBKO MPH 3TOM TpelyeTcs
1IaroB.

JUisg 3amucu anropuTMOB CYIIECTBYET HECKOJIBKO CIOCO0OB. Bhllie mpeanoxeHa
CJIOBECHAs 3alUCh AJTOPUTMa Ha €CTECTBEHHOM SI3bIKE. YacToO BCTpEYaeTCsl TaKKe 3a-
MUCh AITOPUTMOB NP TIOMOIIK OJIOK-CXeM M pertaromux Tabnui. OqHaKko 1 Hac Hau-
6onee ynoOHO OyleT 3amuchIBaTh alrOpPUTM JTMO0 HEMOCPEACTBEHHO Ha SI3bIKE MPOrpam-
MHUPOBaHUs, THOO Ha TaK HA3BIBAEMOM ncegdoKode. 110/ TICEeBIOKOIOM TOHUMAIOT HEKO-
TOPBIN HETOCTATOUHO (DOPMATM30BAHHBIH SI3BIK, IPOMEKYTOUHBIN MEX/Ty €CTECTBCHHBIM
SI3BIKOM U SI3BIKOM TIporpamMmupoBanus. [ICeBIOKO MO3BOISET MPOrPAMMHUCTY IOJIB30-
BaTbCsl IOCTATOYHO MPOU3BOJIBHBIMU CJIOBECHBIMU M MaTeMaTHYECKUMHU BBIPAKEHUSMU
B COUETAHUM C KOHCTPYKIMSIMH aJITOPUTMUYECKOTO sA3bIKa. [Ipu 3TOM, Kak mpaBuio, uc-
MOJIB3YIOTCSI KOHCTPYKLIMHM TOTO aJITOPUTMUYECKOTO s13bIKa, HA KOTOPOM BIOCIJIEICTBUU
OyleT ommchIBaThCs MporpaMMma (B Hamem ciydae —3To s3bIKk Free Pascal), xors 3to
U HE 00s13aTeNbHO.
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1.2 CTpyKTYypHOE nporpaMmmMmmpoBaHue

B HacTosiiee Bpems B OoJiblIel cTeNeHH MPU3HAHO, 4To /Ui 3G (EKTUBHOTO U ObICT-
pOro MpPOEKTUPOBAHMS HAAEKHBIX, «IIPABUIBHBIX» MPOrpPaMM HEOOXOAMMO MCIOJIb30-
BaTb CTUJIb CMPYKMYPHO20 npocpammuposanus. OCHOBHbIE NPUHIMIIBI, 3aJI0KCHHbIC
B €0 OCHOBY, COCTOST B TOM, YTOOBI IPHU 3alIUCH AJTOPUTMOB II0JIb30BAaThCS OTPAHU-
YEHHBIM Ha0OpPOM MHCTPYKLMH, a UMEHHO CJIEIYIOIIUMHU CTPYKTYPHBIMH OIl€paTopaMu:

e 0IepaTop IPUCBAUBAHUS «:=);
e ycioBHBIN oneparop «if. . .then. . .else»;
e omneparop nukia «do. . .whiley.

XO0Ts 3THUX TpeX ONepaTopoB JOCTATOUHO JI MOCTPOEHHs MPOrpamMM pPa3IM4HOM
CJIOKHOCTH, BBILIECKA3aHHOE HE HAJI0 BOCIIPUHUMATh Kak aormy [1]. Pazymeercs, Broi-
HE JIOMyCTUMBI U IPYTHE CTPYKTYPHBIE OIepaTopbl — ONepaTop BeIOOpa, Apyrue onepa-
TOpBl LMKJIA U T. . CTPyKTypHOE MPOrpaMMHpPOBAHHUE MPEAINOIAraeT Mpu MOCTPOSHUU
IIPOrpaMM Memoo Nowazosol oemanusayuu, Ipu KOTOPOM, BHadaje pa3padaTblBaeTCs
o01mas CTPyKTypa IpOrpaMMbl, COCTOSIIAsi U3 3alMCU aJIrOPUTMa HE C MOMOIIBIO 3Je-
MEHTapHBIX omepauuii, a 6ojee KpynHbIMH OjJokaMu. BriocnencTBum, Ha CIEAyIOIIMX
JTanax KaxIbld U3 3THUX OJOKOB JeTaln3upyeTcs Ha Ooyee MEJKHe, IIOKa B pe3ysbTare
HE I0JIy4aTcsl AJIEMEHTapHbIE AEHCTBUS, KOTOPbIE MOYKHO BBIPA3UTh HEMOCPEICTBEHHO
CPEICTBAMH SI3bIKa IPOrPaMMHUPOBAHUS.

JIpyruMHU CIIOBaMHU, CIPYKMYPHOE NPOZPAMMUPOSAHUEe — 3TO METOA POrpaMMHUpPO-
BaHUs, 00ECIEUNBAIOLINI CO3JaHUE MPOrpaMM, CTPYKTypa KOTOPBIX SICHA U HEMOCPEN-
CTBEHHO CBSI3aHA CO CTPYKTYpOH pellaeMbIX 3a1ad.

W3 omnbiTa NpoU3BOACTBA XOPOILO U3BECTHO, YTO YJIy4lIaTh Ka4eCTBO FOTOBOTO H3/ie-
aus — Ge3Hazie)kHoe 3aHsATHe. HecMoTps Ha BaKHOCTh NMPOBEPKH KayecTBa, 00ECIeUnTh
€r0 MOYKHO TOJIBKO Ha IIPOM3BOJICTBEHHON JIMHUHU. AHAJIOTUYHO ISl IPOrpaMM — TECTH-
pOBaHUE U OTJIAJIKA IPEICTABIISIOT COO0M KpailHe HEHAJIE)KHbIE CPEICTBA IO CPAaBHEHUIO
C IPaBUJILHBIM HaIlUCAaHUEM MPOrpamMM C camoro Hayaia. HeBo3MoxHO nmporecTupoBarh
Ka)/(blii BO3MOXHBIN Cilydail, U IIO3TOMY €r0 MOKHO HPUMEHSTh TOJIBKO JUIsl JOKa3a-
TEJIbCTBA HAJIUYUSA OIIMOOK, HO HE UX OTCYTCTBUS.

Heckonvko npunyunos, Komopuelmu JHceiamenbHo no1b308AMbCs NPU HANUCAHUU NPO-
2pamm.

1. He IMPUMCHATH BCCBO3MOKHBIC TPIOKH WX 3aYMHBIC MCTO/BI. He Hag0 UCIIOJIb-
30BaTh CJI0KHBIC METOABI TaM, II€ €CThb IIPOCTHIC.

2. Hcnonp3oBaThb Kak MOXKHO MEHbIE IepexofoB goto. ABTop s3bika Ilackaib
H.Bupr npennaraer ux HMCHOJIb30BaTh TOJBKO U BBIXOJA W3 LUKIOB, MHO-
TOKPAaTHO BJIIOKEHHBIX IPYyT B ApyTa.

3. OmepaTopsl HUKJIA JODKHBI OBITh HCIIOIB30BaHbI CAMBIM MPOCTHIM 0Opaszom. He
HaJ0 ucroJyib3oBarh UK do...while Tam, rie mpoie ¥ HarIsgHEE BBINISAIUT
nuki for. . .to. . .do.

4. I'pomo3nKHe IpPOrpaMMBbl, COCTOSIIME U3 OJHOM OCHOBHOM IPOTpaMMBbI, KaK Ipa-
BUJIO, HEBO3MOYKHO YMTaTh. 3a4acTyl0 IIyOMHA BIO)KEHHOCTH LIUKJIOB U YCJIOB-
HBIX OIIEpaTopoB TakoBa, 4yTo i Kaxzjoro if...then 3arpynHutensHo HalTh
cooTBeTCTBYyIOUIMH else. UTOOBI 000iTH yKa3aHHYIO TPYIHOCTb, KaXkIyl0 OO0JIb-
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IIYIO IPOrpaMMy MOXKHO pa3OUTh HA MHOKECTBO MOJYJIEH U poLeayp, CIpoeK-
TUPOBAaHHBIX TaK, YTO LIEJIb KaXI0H U3 HUX onpesesieHa (Kak Jorudeckasi 4acTh
MCXO/IHOW 3aJjauM) U B Ka)KJOH MO BO3MOXKHOCTH HCIOJIb3YIOTCSI CBOM JIOKAJIb-
Hble IepeMeHHble. He Hasto pa3ouBath nporpaMmy Ha MPUOTU3UTEIHHO PABHbIC
«KYCKW», CTapalTeCh BBIJCIATH JIOTHYECKH CBSI3aHHBIE (parMeHThl. Jlaxe eciu
(¢parMeHT NporpamMmbl BCTPEUAETCS B €€ TEKCTE TOJBKO OAMH pa3 (Hampumep,
BBOJI HauaJIbHBIX JAHHBIX), €r0 pa3yMHO OGOPMHUTH B BUJE OTAEIBHOMN Ipolie-

Ty PBI.

B 3akiioueHre OTMETHM, YTO XOPOIIO MOCTPOEHHAs Mporpamma JOJKHA OBITh HE
TOJIBKO XOPOIIO CMPYKMYypupo8aud, HO W XOPOIIO OOKYMEeHmuposanda. ITO HY)KHO He
TOJBKO JUISI TOTO, 4TOOBI Barry nmporpaMMy MOT YMTaTh KTO-TO JPYro (3T0 MOXET OBbITh
KOJUIETa WM, YTO 4acTO Topa3/o BakHEe, 3aKa3uuk Baiuell nporpaMMsel), HO U Bel camu
CIIyCTsI KaKO€-TO BPEMsI — HallpUMeEP, MECAL WIN IoJ — II0CIE HAIMCAHUs IPOrPAMMBI.
Jj1s 5TOrO B TEKCT MPOTrpaMMBbl KeJIaTeIbHO BCTABIISATh JOCTATOYHO NOAPOOHbIE KOMMEH-
TapyH, OIMCBIBAIOLINE, YTO U KAK AEJAI0T OTACIbHBIE ONEPATOPBI WU TPYIIIBLI ONIEPATO-
poB. Jl71s1 UMeH NlepeMeHHBIX, PYHKIHMH U T. JI. )KeJIaTeIbHO UCTI0JIb30BaTh MHEMOHUYHbLE
(T. €. comeprkarenbHbIe) UACHTU(DHUKATOPHI, IO KOTOPBIM MOXKHO TOHSTH, IS YeTO WM
KaK JIaHHas NepeMEeHHas WK (PyHKLHUS UCIIOJIb3YIOTCS.

1.3 lNowaroBas paspaboTka nporpamm

Kak yxe oTmedanoch BbIlIE, TPOTPAMMHUPOBAHNE HEPA3pPHIBHO CBS3aHO C TMPOEK-
THPOBAaHHEM aIropuTMOB. lIpy 3TOM yacTo ymOoOHO codeTaTh MO3TAIHYI0 Pa3pabdoOTKy
QJITOpPUTMa C HamMCcaHueM COOCTBEHHO NMPOrpaMMbl. DTOT METO/I HOCUT Ha3BaHHUE nouia-
20801l paspabomku NPoOSPAMM.

KoHcTpynpoBanue aiaropurMa TpeOyeT TIIaTeIbHOTO OCMBICIUBAHUS U HCCIIE0Ba-
HHS BO3MOXHBIX pelreHud. Ha paHHuX cramusx oOpamaroT BHUMaHHE TJIaBHBIM 00Opa-
30M Ha I00aNbHBIC POOJIEMBI, YIIyCKasi M3 BUAy MHOrue jaetanu. [lo Mepe npoaBmxe-
HUS TIpoliecca MPOESKTUPOBAHUS 3a7a4a pa30uBaeTcsa Ha MOJ3aJa4dH, U IMOCTEIIEHHO BCE
OosblIee BHUMAHKE YIENIAETCS MOJpOOHOMY ONMMCAHHIO TPOOIEMBI M XapaKTEPUCTHKAM
MMEIOIINXCSI HHCTPYMEHTOB IIPOTPaMMHUPOBAHHS.

BeposTtHo, Hanbonee oOmias TakTHKa IPOrPaMMHUPOBAHUS COCTOHUT B Pa30MEHUH 3a-
Ja4d Ha HEOOJBIIOE YHMCIIO MOA3a/iay, KaKaas U3 KOTOPBIX MpPEACTaBisieT coboi Oonee
IPOCTYIO CAMOCTOSATENIBHYIO 33/1a4y, @ COOTBETCTBYIOIIUX IPOTPaMM Ha OTACIbHBIC WH-
cTpykumu. [Ipu 3TOM Ha Ka)KJIOM TaKOM IIIare 3TOW IEKOMITO3UIIUH PEIICHUS YaCTHBIX 3a-
71a4 JIOJDKHBI TPUBOAMTH K PEIISHHI0 001l 3a1aun, a BHIOpaHHas! TOCIIeI0BAaTEIbHOCTh
VHIMBHIYaJIbHBIX JICHCTBUI OJDKHA OBITH pasyMHAa U IMO3BOJISITH IOJNYYUTh MHCTPYK-
uun Oosee ONMU3KKE K S3bIKY, HA KOTOPOM, B KOHEYHOM cyeTre, OyneT copMynupoBaHa
porpaMma.

HmenHO mocrnenHee TpeOOBaHUE MCKIIOYAET BOSMOXKHOCTH MPSAMOJIMHEHHOTO HpO-
JIBMDKCHUS OT IEPBOHAYAIBHON IOCTAHOBKHM 3aJa4M K IporpamMMe, KoTopasi JOoJDKHA MOo-
JYYUTHCS B KOHEUHOM HTOre. Beskuii 3Tan 1EKOMITO3UIMH COMIPOBOXKAAETCs (hopMyIu-
pOBaHMEM YacTHBIX HporpaMM. B mpormecce 3Toif paboThl MOXKET OOHApPYKUTHCS, YTO
BBIOpaHHAs JEKOMITO3UIMS HEydayHa B TOM HJIM MHOM CMBICIIE XOTS OBI ITOTOMY, YTO
MOJIPOrpaMMBbl HEYTOOHO BBIpaKaTh C MOMOIIBIO MUMEIOIINUXCS CPEenCcTB. B aTom ciy-
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Yyae OJMH WJIM HECKOJIBKO MPEJbIIyIIHX IIaroB JAEKOMIIO3ULIUU CIEAYET NEePEeCMOTPETh
3aHOBO.

[TosTanHas 1EKOMITO3UIMS, COUYETAIOMIAsACA C OJHOBPEMEHHON JeTanu3aluei mpo-
IpaMMbI, Ha3bIBAETCS €IIe METOIOM HUCX00AUe20 NPOeKmuposanus W MPOEKTUPO-
BaHUEM ceepxy 6Hu3. BO3MOXEH ajbTepHATUBHBIN MOAXOJ K PEIICHHIO 3aJaud, Korna
MPOTrPaMMUCT CHauaja M3y4daeT MMEIOIIYIOCS B €r0 paclopsKeHUHM BBIYUCIUTEIBHYIO
CHUCTEMY, a 3aTeM COOMpaeT HEKOTOPhIE MOCIEI0BATENBHOCTH UHCTPYKIUI B 3JIeMEHTap-
HbIE MPOLEAYPHI, TUIIUYHBIC JJIS pelIaeMol 3aJadu. DJIeMEHTapHbIe MPOLEAYPhl 3aTEM
WCIIONIB3YIOTCSI Ha CIIeAyIoleM, Oosiee BHICOKOM YPOBHE HMepapxuH mporenyp. Taxoit
METOJ] Ha3bIBAeTCs gocxodawum (MU cHu3y esepx). Ha mpaktuke pa3paboTKy CKOIBKO-
HUOYZIb CJIO)KHOM MPOrpamMMbl HUKOTJA HE YIAETCSl MMPOBECTU CTPOTO B OJJHOM HAarpaB-
JeHuu (CBEpXy BHU3 WJIM CHM3Y BBepX). OAHAKO MpHU KOHCTPYHUPOBAHUM HOBBIX aJro-
PUTMOB OOBIYHO B OOJIBIIIEH CTETIEHH MCTIONB3YeTCsl HUCcXoasmuii metoa. C apyrou cro-
POHBL, IIPU alallTalluyd IPOrPaMMbl K HECKOJIBKO U3MEHEHHBIM YCJIOBHAM 3KCILTyaTalluu
MPEANOYTEHHE 3a4aCTyI0 OTJAETCS BOCXOJALIEMY METOLY.

Ecnu mporpamma pa3zbuBaeTcsi Ha TMOANPOTPAMMBI, TO IS YCTAHOBJICHUS CBS3U
MEXKJy HUIMH 4acTO NMPUXOAUTCS BBOAUTH HOBBIE IIEpEMEHHbIE. Takue nepeMeHHbIe clie-
JyeT BBOAWUTH M OIUCHIBATh HA TOM 3Tare pa3padOTKH, HA KOTOPOM OHHU HOTPEOOBAIHCH.
Bonee toro, neranusanus onucaHus MpoLEcca MOXKET CONMPOBOXKIATHCS JAeTaau3anueit
OMMCAaHUS CTPYKTYPhl UCIOJb3YEMBIX NMepeMeHHbIX. Clen0BaTenbHO, B A3bIKE JOKHBI
OBITH CpelCTBa Ui OTPAKEHHUS HUEPApXUUYECKOW CTPYKTYphl JaHHBIX. M3 CKa3aHHOTO
BHJIHO, KaKylO0 Ba)KHYIO POJIb UTPAIOT TaKUe MOHATHS si3blka [lackanb, kKak mpoueaypsl,
JIOKAIIbHOCTh OOBEKTOB M CTPYKTYpUPOBAHUE JAHHBIX B CBSI3H C MOIMIATOBOW pa3paboT-
KOM ITPOrpamMMBl.

1.4 PekyppeHTHble anropuTmbl

[Ipy pelieHny pa3aMdHOro Poaa MaTeEMATHYECKHX 3a/1a4 YacTO MPUXOIUTCH UMEThH
JIENIO ¢ aJIrOPUTMAMH, TIOCTPOECHHBIMU HAa PEKYPPEHTHBIX COOTHOIIEHUSX, T. €. BBIPAKe-
HHSX BHUIA

vi =f(vi_1) nost Beex i > 0. (1.1)

[Tpu »TOM TOCTIENOBATENBEHOCTD Vg, Vi, ..., V, Ha3bIBACTCS PEKyPPEHTHOH IOCIIEO0-
BaTeJIbHOCTHIO. YacTo MCHoNb3yloT Oojiee oOliee ompeneeHne 3IeMEHTOB PeKyppeHT-
HOH TOCIIeI0BaTEIbHOCTH IPU MOMOIIN (HOpMYIT BHIA

Vi Zf(i, Vicls Vic2y v vy V,'_k), l? k
Vo = Xo,

Vi =X,

.

Vi-1 = Xk-1-

OnHako HETPYJHO BUAETH, UTO HA CAMOM [I€JI€ 3TO ONPEIEIIEHUE CTAaHOBUTCS YacT-
HBIM cilydaeM onpenenenus (1.1), ecin B kauecTBe v; pacCMaTpuUBaTh 8eKMOp, OJHUM
13 KOMIIOHEHTOB KOTOPOTO MOXET OBbITb COOCTBEHHO HOMEp 3JIEMEHTa PEeKyppPEHTHOI
ITOCJIEI0OBATEILHOCTH |.
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C caMpIM MPOCTHIM NMPUMEPOM HCIIOJIb30BAHUSI PEKYPPEHTHBIX COOTHOILEHUN MbI
CTAJIKUBAeMCsl TIPU OIpeJIeNIeHUH (aKTopuana

f(n)=n'=1-2-...-n, n20,
KOTOPBIH MOXKHO BBIYUCIUTH TIPU TIOMOIIH PEKYPPEHTHBIX COOTHOLICHMUIA

f(0)=1 (1.2)
f@)=i-f@i-1).

[Ipu peanuzanuu 3Toro anroputma Ha sizbike Free Pascal ynoOHO 3aMeHUTH pekyp-
pentHbie hopmyibl (1.2) cucTeMol peKyppeHTHBIX COOTHOIICHUMA

Ji=ki-fia .
mrsti>0
kl' = ki—l +1
C HAYAJIbHBIMHU 3HAYCHUSIMU
ﬁ) = 1, k() = 0

Torga nporpaMmy BBIYHUCIICHHUA (baKTopI/IaJ'Ia MOKHO 3aIlluCaTtb B CICAYIOIIECM BUJIC:

var f, k, n: word,

begin
writeln ('3anaiite n');
read (n);
f=1k:=0;
while £ < n do
begin

k==k+1;,f=kxf,

end;
writeln (f);

end.

Tak xak k pacTeT, NpruHUMas 3HAYCHHA W3 MOCJICAOBATCIIBHOCTU HATypaJIbHBIX 4YH-
cen,an 2 0, TO IIporpamma 00s13aTeNLHO 3aBCPUINUTCA, T. €. ,Z[aHHBIfI AJITOPHUTM KOHEUYEH.
CnenyeT 06paTI/ITI> ocoboe BHUMaHHE Ha TO, YTO CYHICCTBCHHO BAXXCH IMOPAI0K, B KOTO-
POM BBINIOJHAKOTCA JABC BBITIOJIHACMBIC HHCTPYKIHH. Ecnu ux noMeHsaTh MeCTaMH:

f=kxf;, k=k+1
TO JIPYTUMH CTaHYT U COOTBETCTBYIOIINE UM PEKYPPEHTHBIE COOTHOIICHUS:
Ji=kioifions
k,' = ki—l + 1.

B monHOM COOTBETCTBMM C UAEAMH CTPYKTYPHOIO IMPOTrpaMMHPOBaHMs M IOLIAro-
BOH JieTaJIN3alUU AJITOPUTMbI TAKOTO poJa MOKHO M300pa3uTh B BUJE TaK Ha3bIBAEMOM
CXEMBbI MPOrpaMMBbl, KOTOpasi MIPEJCTABIISAET COO0I HE UTO MHOE, KaK BapHaHT IICEBJIOKO/IA!

V= vy; (1.3)
while p (V) do V :=f (V).
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3nech p 0003HaUAET yCIOBHE (JJOTUYECKOE BBIpAKEHUE), f — QYHKIHIO, V' — MHOXKe-
CTBO BCEX MEPEMEHHBIX, BCTPEYAIONIUXCS B Mporpamme. [lpu padote 3Toro aiaropurma
V' mocnepoBaTenbHO MPUHUMAET 3HAYEHUS Vo, Vi, ..., V,;, KOTOPblE UMEIOT CIEAYIOLINe
CBOICTBA:

1. v; =f(vi_1) mnst Beex i > 0,
2. v; # v; 14 BCeX 1 # J,

3. =p(v),
4. p(v;) mst Beex i < n.

3nech - — MaTeMaTUYeCKUil onepaTop OTpULlaHus, 17sl KOToporo B si3bike Free Pascal
ucrnomnb3yercs oneparop not. Takum oOpa3oM, JTOTHUECKHE BHICKA3bIBAaHUS 1—4 MCTHHHBI
Ha KaxJaoM mare ajroputrma. [Ipu cocraBieHMM KOHKPETHOIO ajaropuTMa cxema Mpo-
rpaMMBbl ACTATU3UPYETCS MyTeM PacIM(GPOBKU U 3aMUCH MHCTPYKIUUA WHUIIMATIU3AINN
BEKTOpa V' HavalbHBIM 3HAYEHUEM V), JJOTHUECKoro oneparopa p (V) u omeparopa mpu-
cBamBaHus B Tene ukia V= f (V) npu momomnm oneparopos si3bika Free Pascal.

Bbluncnenme KBagpaTHOIro KOpHA

HYCTB ABC MMOCJICOOBATCIIbHOCTH Ay, d1, ... U Cp, C1, ... ONPCACTIAIOTCA PCKYPPCHT-
HbIMH COOTHOIICHUAMM:

1
a;=aj1- (1 + _Ci—l)
2 i > 0 (1.4)

1
2
ci=ci-=(3+ci1)
4
Y HayaJbHBIMU 3HAYCHHUSIMH:
ag=x, co=1-x, 0<x<2.

C noMOIIBIO HECIOKHBIX MaTeMaTHYSCKUX BBIKJIAIOK MOXKHO I1okKasarb, 4TO.

a, =\/x(1-c¢,).

Tak kax |co| < 1, TO
limc, =0, lima,=x (1.5)
n—>o0o

n—oo

[Toncrasnsast pexkyppenTHbie cooTHouienus (1.4) B (1.3), momyuum mporpammy, Ko-
TOpast BEIYUCIISIET NPUOUNCCHHOE 3HAYCHUE /X.

var a, ¢, e, x: real,;
begin
writeln (3anaiite x);
read (x);
writeln (3anaiite e);
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read (e);

a=x,c:=1-x;

while ¢ > e do

begin
a=ax(1+0.5x%c);
c:=sqr(c) » (0.75+0.25 x ¢);

end;

writeln (a);

end.

Ota nporpamma 00s13aTeNbHO 3aBepIIUTCS (001a1aeT CBOMCTBOM KOHEUHOCHU), T0-
ckoiIbKy (1.5) rapanTupyer Ham, 4TO AJISi CKOJIb YIOJHO MaJIOrO e HalaeTcs n, Takoe,
410 ¢, < €.

PeKyppeHTHLIe AJITOPUTMBI 4aCTO HCIIOJIB3YIOTCA HE TOJBKO JJIsI BBIYHUCIICHUSA c00-
CTBCHHO 3JICMCHTOB PCKYPPCHTHLIX HOCHeI[OBaTeHBHOCTeﬁ, HO TaKX€ U pﬂdog YUCCII.
HYCTB 3aaHa MmocJCca0BaTCIbHOCTb YJICHOB pAja:

tO’ tl, t2a ceey
TOTrAa pAa 4aCTUYHBIX CYMM!:
80, S15 82, -+

OIIPCOACIIACTCA TakK, 4TO:
Si=l+t+...+1.

Ecnu nocnenoBarenbHOCTD 334a€TCA PEKYPPEHTHBIM COOTHOLLIEHUEM:
ti=f(t-y) mst i >0,
TO psi ompenensieTcs: Gopmymno:
Si=S8i1+4 11> 0,
So = by
Amnanoruuso (1.3) npuBenemM cxeMy NpOrpaMMbl, IO3BOJSIOUIYIO C ITOMOLIbIO CO-

OTBETCTBYIOIIEH 3aMeHBbl / U f; MOJydYaTb MMPOrPaMMbl, KOTOPbIE Ha i-OM IIary OyayT
IIPUCBANBATh IEPEMEHHOM S 3HAYECHUS ;.

T:=Ty; S:=T (1.6)
while p (S, 7) do begin
T:=f(T); S:==8S+T
end
Onpenensromuye CBOMCTBA CXEMbI IPOTPaMMBbI IMEKOT BH/JT

1. t; =f (1) st Beex i > 0;

2.t # t; s BCEX [ # J;

3.5, =s8;_1+¢ nst Becex i > 0;

4. =p(sp,ty);
5. p(s;,t;) st Beex i < n.
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BbluncrneHne npubnmkeHHoro 3HaveHus exp(x)

YacTU4HBIE CyMMBI:

2 i
X X
= T .
s 1+x+2!+ I (1.7)
MOXKHO OIPEICITUTh PEKYPPEHTHBIM COOTHOLICHHEM
X,
’j=j—1'j-.aj>0 (1.8)

" HadaJIbHBIM YCJIIOBUCM:
fo=1.

W3 Kypca MaTeMaTHYECKOrO aHajInW3a W3BECTHO, 4TO dyacTHuHas cymma (1.7) umeer
npeze:
lim s, = €.

n— 00

OTOT Pl CXOAUTCS Ul JIFOOOr0 BEIIECTBEHHOIO X, YTO MO3BOJSET JeTaln3aluei
cxembl (1.6) myTeM MOACTAHOBKMU B HEE PEKYyPPEHTHBIX cOOTHOIIEeHUH (1.8) momyuyuTsb
CJIEAYIOILYIO IPOrpaMMy:

var ¢, s, e, x: real; k: integer;
begin
writeln (3agaiite x);
read (x);
writeln (3anaiite e);
read (e);
t:=1;s5:=t; k:=0;
while 7 > e do begin
ki=k+1;t:=txx/k;s:=s+t
end;
end.

TodHOCTP MONMYyYCHHOW NMPUOIMKEHHON BEJIMYUHBI § KOPPEIUPYET HEKOTOPBIM 00-
pa3oM co 3HAYCHUEM e, HO, BOOOIIe TOBOps, HE paBHa eil. [lorpemHoCcTh BHIYUCICHUI
MOXET OBITh CKOJIb YTOHO MaJIOW MPU JOCTATOYHO OONBIIOM A (KaK 3TO MOKa3aHO B CO-
OTBETCTBYIOIIUX ITIaBaX Kypca MaTeMaTHYECKOTO aHAIN3a), HO €€ KOHKPETHOE 3HauCHHE
OLIEHUBAETCS, KaK MPABHJIO, OTIBITHBIM ITyTEM.

Heo6xomumMo OTMETUTbh, 9TO TIOCTPOSHHE aJITOPUTMA, TTO00HO OMMMCAHHOMY BHIIIE,
JOJDKHO CTPOUTHCSA HA TIIATEIFHOM IPEABAPUTEIBHOM MAaTEMaTH4eCKOM aHaJHM3€ MOo-
CTaBJIEHHOH 3a7aun. B mpoTHBHOM ciydae, BO3MOXHO MOTyYCHHE HEBEPHBIX Pe3yIbTa-
ToB. Hanpumep, u3BeCTHO, 4TO XOTS
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FapMOHUYECKUM PSA;

PacxoauTcH, T. €.

n

Yim

Crnenyer oOparuth 0c000€ BHUMaHHE Ha TO, YTO B MPHBEJCHHBIX BBIIIC MMPOrPaM-

Max BBIYHCIICHHUS /X U eXp(X) YHCIIO HOBTOPEHH OMPEICTIUTh HE MPOCTO. DTH YUCIa

3aBHUCAT HE TOJIBKO OT BEJIMYUHBI €, ONPEACISAIONIeH TOYHOCTD, HO B OT ObICIPOMbl CXO-

oumocmu psoa (KOTopasi 3aBUCUT B JAHHBIX CIIydasX OT BEIHMYUHBI X). [loaTOMy MCTIONb-

30BaHHE TAKOTO POAA PEKYPPEHTHBIX COOTHOLICHHN TpeOyeT OOJbIIONW OCTOPOKHOCTH,

JIKe €CJIM MaTeMaTHYeCKUI aHalh3 TapaHTUPYeT HaM aOCONIIOTHYIO CXOTUMOCTh, TaK
KaK Ha MPaKTHKe BaKHA OBICTpasi CXOAUMOCTb.

1.5 Pekypcus

DJNEraHTHBIM W YHUBEPCAJIbHBIM METOJOM, 3aCiIy>KUBAIOIIUM CIIEI[MaJIbHOIO pac-
CMOTpEHHs], SIBISETCA peKypcus. Pekypcus mepBoHavyanbHO ObLTa pazpaboTaHa mare-
MaTHKaMH KaK CPEACTBO JJIs OmpeAeNieHus] PYHKIUNA U IHUPOKO HCIIONIb30Balach B Ma-
TEMaTHYSCKOM JIOTHKE.

Pekypcugnvte onpedenenus (6y0b mo QyHKyuu uiu arzcopummol) xa-
PaKkmepusylomcs mem, 4mo onpeoensieMviii 00beKm cam gueypupyem
6 onpeodenenuu. Mnu, opyeumu cnosamu, o0vekm HA3bLI6AEMCs peKyp-
CUBHBIM, eClU OH cooepicum cam cebs uiu onpeoenen ¢ NOMOUbIO
camoeo ceos.

Camblif mpocToii MpuMep — peKypCcruBHOE onpezeneHue hakropuania:

0!'=1; ecniun>0, Ton! =n(n-1)!

MOIIHOCTh PEeKypCHH CBsI3aHA C TEM, YTO OHA MO3BOJISIET ONPEACIUTh OECKOHEUHOE
MHOXECTBO OOBEKTOB C IMIOMOIIBI0O KOHEYHOTO BBICKA3bIBAHUSI.

B03MOXXHOCTb HCIONIB30BaHUS PEKYPCUBHBIX AJTOPUTMOB B S3BIKE MPOTrPaMMHPO-
BaHus Free Pascal oGecnieunBaeTcsi peKypCUBHBIMU ONPEECIICHUAMU MPOLEAyp U (PyHK-
muii. C mpouenypoii MPUHSATO CBSI3bIBATE HEKOTOPOE MHOMXECTBO JIOKAIBHBIX OOBEKTOB,
T. €. IEPEMEHHBIX, KOHCTAHT, TUIIOB U MPOLIELYP, KOTOPIE ONIPEEIECHBI JIOKAIBHO B 3TON
IIPOLIEAYPE, BHE €€ HE CYLIECTBYIOT WJIM HE UMEIOT cMblcaa. Kaxablil pa3, korna takas
MpoLeAypa BbI3BIBACTCS, /Ul HEE CO3JAeTCsi HOBOE MHOXKECTBO JIOKAJIbHBIX MEPEMEH-
HBIX. XOTSI OHM MMEIOT T€ K€ MMEHA, YTO U COOTBETCTBYIOLIME 3JIEMEHTHl MHOXKECTBA



20 PA3LENN I. TeopeTnyeckmnmn

JIOKJIbHBIX MEPEMEHHBIX, CO3/IaHHOTO MPH MPEIbIIYIEM 00palleHnu K 3TOM ke mpolie-
nype, uX 3HaueHus pasnuyHbl. Creayroniye npaBuia o0nacTu AeicTBUS UACHTU(DUKA-
TOPOB MO3BOJISAIOT UCKITIOYUTh KaKOH-1M00 KOHQIIUMKT IIPU MCIIOIb30BAHUU UMEH: U/IEH-
TU(HUKATOPBl BCETNa CChUIAIOTCS Ha MHOXKECTBO MEPEMEHHBIX, CO3aHHOE IMOCIEIHUM
BBI30BOM IIpoLieaAypsl. TO k€ MPaBUJIO OTHOCUTCS U K IapaMeTpaM IpPOLEAYPBI.

PexypcuBHbIe aJlropuTMBbl HanboJIee NPUTOJHBI B CIIy4asX, KOrja MOoCTaBlIeHHas 3a-
Jladya WM UCIIOIb3yeMbIE TaHHBIE OIIPEIEIeHbl PeKypCUBHO. HO 3TO He 3HAYUT, YTO MpH
HaJIMYUU TaKUX PEKYPCUBHBIX OIpPENEICHUN HAWIydlIMM CIIOCOOOM pEIIeHUs 3ajauu
SBJISIETCS] PEKYPCUBHBIN anroputM. K coxasieHuio, O4eHb 4acTo peKypcHsi 0ObsCHIETCS
Ha HEMOJXOASIIMX IpUMepax, 4To MPUBOAUT K PaCIPOCTPAHEHUIO IPeayOexkIeHHs Ipo-
TUB UCIIOJIb30BaHUs PEKYpPCUU B MPOTPaMMHUPOBAHUH, KaK Hea(p(EeKTUBHOrO cpercTaa.
Hanpumep, paccmoTpum (pyHKIHMIO JUIS BBIYMCICHUS (pakToprana

function 1 (i: integer): integer;

begin
if i > 0 then
f=ixf(i-1)
else
f=1
end;

Od4eBuIHO, YTO 3/1€Ch PEKYPCUI0 MOKHO 3aMEHUTH MPOCTON UTEpaIleil, a UMEHHO
nporpammoit u3 naparpada 1.4. MoxxHO ¢ YBEpEHHOCTBIO CKa3aTh, UTO CIeAyeT u30erarb
PEKypCHUH, €ClTU UMEETCsl ouesuoHoe UTepaTUBHOE PeLIeHHe MOoCTaBlIeHHON 3a1aun. Ho
3TO HE 03HAYAET, YTO HAJI0 U30ABIATHCS OT PEKYPCHH 000 1eHoi. Bo MHOTHX citydasx
OHa BIIOJIHC ITpUCMJICMaA.

1.6 CTpPYKTYpbl AaHHbIX

Ha nepBbIX 3Tanax pa3BUTHs BBIYMCIUTEIBHON TEXHUKH KOMIIBIOTEPHI IpEAHAa3Ha-
YaJIUCh JJIs IPOBE/ICHNUS CIIOKHBIX U JUIMTEIbHBIX pacueToB. OHAKO BIIOCIEICTBUU OKa-
3aJI0Ch, YTO Ha MEPBBIM IJIaH BBIILUIA UX CHOCOOHOCTh XpaHUTh U 00pabaThiBaTh OO0JIb-
e o0beMbl nHpopmaruu. [IpeacTasisisi HEKOTOPYIO aOCMpaKyuro KaKOW-To 4acTH pe-
aJIbHOTO MHpa, UH(pOpMALUs, TOCTyIHAs KOMIBIOTEPY, COCTOUT U3 HEKOTOPBIX OAHHbLIX
O JIEWCTBUTENBHOCTH, KOTOPBIE CYumaromcs OTHOCSIIMMUCA K pEIIaeMOil 3ajaue U U3
KOMOpbIX MPENIONAraeTcs MoIyYuTh TpeOyeMblil pe3ysbTar.

KoHnenuust CTpykTyp JaHHBIX Ype3BblUaiiHO BaxkHa B MH(popmaruke. He cimyyaiino
OJIHAa M3 CaMBIX W3BECTHBIX KHUT B 3TOW 00JACTH HA3bIBAETCSH «AJITOPUTMBI + CTPYKTY-
pBI JaHHBIX = nporpaMmb» (ee aBrop — H. Bupt — siBiisiercss 0CHOBHBIM pa3zpaboTUMKOM
s3bika [lackanp). [IpaBna, ¢ MareMaTHuecKO TOYKM 3pEHHs 3TO Ha3BaHHE HE COBCEM
TOYHO, TaK KaK MBI IIOMHHMM, YTO BXOJIHBIC U BBIXOJHBIC JaHHbBIEC AJITOPUTMA SBIIAIOT-
Csl €ro HeoThEeMJIEMOH 4acThlo. B KOHEUHOM cyere npozpammbsi MPENCTABIAIOT cOO0M
KOHKpETHbIE (POPMYIUPOBKH AOCTPAKTHBIX AI20pUMMOS, OCHOBAaHHbIE Ha KOHKPETHBIX
MIPEJICTABICHUAX U CTPYKTypax Oaumnbvix. [Ipym 3TOM NaHHBIE NPEACTABIAIOT COOOH al-
CTPaKIMM peabHbIX O0BEKTOB, C(OPMYIMPOBAHHBIE B TEPMHHAX KOHKPETHOIO SI3bIKa
MIPOrpaMMHUPOBAHUS.
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Kak npaBuio, pa3paboTka ajaroputma HadMHAETCA C pa3pabOTKH CTPYKTYp BXOA-
HBIX U BBIXOAHBIX JaHHBIX. [I0CKONBKY TaHHBIE SBISAIOTCA a0CTpaKIMen WM YIPOIIEHU-
€M JICHCTBUTEIBHOCTH, B HUX UTHOPUPYIOTCSL HEKOTOPBIE CBOMCTBA U XapaKTEPUCTHKH,
HE CyIIECTBEHHBIEC MPU PELICHUN AaHHOU 3aja4u. s Toro, 4ToObl OMEepHpoOBaTh J1aH-
HBIMH B KOMIIBIOTEPHOH Mporpamme, Ui HUX BBIOMPAETCs HEKOTOPOE IMPECTaBIICHNUE,
JIOIYCTUMOE B MCIIOJIB3YEMOM SI3bIKE IIPOIPaMMHpOBaHusA. B 3aBUCHMOCTH OT Xapakre-
pa HCIOJIb3YEMBbIX JTaHHBIX M BHJA MX IPEICTABICHUS B KOMIIbIOTEpE (TOYHEE, B S3bIKE
IpOrpaMMHUPOBaHHUs1) BBIOMPAIOTCS WIN pa3padaThIBalOTCs METO/bI PEILICHUS TOCTaBIICH-
HOH 3ajauu. Bripouem, yacTo BCTpedaeTcss U 0OpaTHOE BIMSIHUE UCIOJIB3YEMBIX METO-
JI0OB Ha JTaHHBIE, KOTOPBIMU OHU ONEPUPYIOT. B mpouecce KOHCTpyUPOBAaHUS IIPOrPaAM-
MBI IIPE/ICTABIICHNUE TaHHBIX ITOCTENIEHHO YTOYHSETCS BCIE 3a YTOUHEHUEM aJITOPUTMA,
Bce 0oJjiee MOAYUHSSACH OTPAaHUYEHUSIM, HAKJIabIBAEMbIM CUCTEMOM IPOrpaMMUPOBAHUS
U NIPUMEHSEMBIM METOJOM pELICHHs 3a7a4u. BIiosiHe MOJKeT 0Ka3arbCsi, YTO MBI HE MO-
JKEM HaIMCaTh MPOrpaMMmy Ul PEIIEHUs 3aJaud B IOJHOW IOCTaHOBKE — IIPOCTO HE
yMEEM WM HE XBaTaeT PeCypcoB KOMIIbIOTEPA. Torga, BEPOSATHO, PUIAETCSA YIPOCTUTH
3aJa4y U COOTBETCTBEHHO MOIU(HUIIMPOBATH CTPYKTYPbI BXOAHBIX U BBIXOJHBIX JaHHBIX.

B kauecTBe nmpuMepa pacCMOTPHUM JIMYHYIO KapTOUYKY CIIY)KaIIero Kakoi-1uoo opra-
Hu3auu. Kaxaplii COTpYIHUK MOXKET ObITh CIeHU(DHUIIMPOBAH B COOTBETCTBYOIIEM (haii-
Jie TIPY TIOMOIIIM HEKOTOPOTo Habopa JaHHBIX, CYIIECTBEHHBIX JINOO ISl €ro XapakTepu-
CTHIKH, TUOO JIJIsl IPOIIeIyphl pacueTa. B aToM Habope MOKET cotepikaThes uMsi U (haMu-
JISL COTPYAHHKA, €T0 BO3PacT, M0, 3apaboTHas 1iara u T. 1. [Ipu 3ToM HecyIeCTBeHHbBIS
JaHHbBIC, TAKUE, KaK IIBET BOJIOC, BEC M POCT, BPSI JIM €CTh CMBICI XPaHUTh. Bripouem,
HaBEPHOE, B HEKOTOPHIX OPraHM3allMsIX BEC U POCT MOI'YT OKa3aThCsl BaxKHbI. B mporiecce
COCTaBJICHUA HpOFpaMMBI 9TU JAHHBIC MOFYT 6BITB JOITOJIHCHBI, HaHpI/IMep HOp}II[KOBI:IM
HOMepOM COpr,IIHI/IKa, I/ICHOJIBSYGMBIM TOJIBKO KaK BHYTpCHHee JUUIA 3T0ﬁ HpOFpaMMBI
CBOMCTBO OOBEKTA.

B 3akitoueHue oTMeTHM, 9TO TpeOOBAHUE SIBHO OIMCHIBATD JIF00ble TAHHBIC HE SIBIISI-
eTcs, 10 CyTH, TpeOOBaHMEM WM OTpaHHYeHHeM coOcTBeHHO si3bika Free Pascal (B ot-
JUYre, HampuMep, oT si3bika DopTpaH, e NepeMeHHbIE MOKHO HE OIHCHIBATH SIBHO).
D10 TpeboBaHHE (a TaKKe HACTOSATEIbHBIE PEKOMEHIAIIMU HCIIONB30BaTh TaM, INIE 3TO
BO3MOXKHO, BMECTO IICTIBIX THUIIOB OTPAaHUYCHHBIC THUIIBI) TUKTYETCS, IO KpaiHeh mepe,
CJICAYIOIIMMHU TPUIHHAMU:

1. 3HaHue Auaria3oHa 3HAYCHHU I NEPEMCHHBIX OYCHb CYHICCTBCHHO 1JIA IMOHHMA-
HUSA aJiropuTMma. Ot HECTo, B OOJIBIIMHCTBE CJIy4acB, 3aBUCUT MPABOMCPHOCTH
N KOPPCKTHOCTH HUCIIOJIB30BaHUA MIPOTrpaMMEBI.

2. Kak npaBuio, MHOTHE ONEpaTOpbl ONPEAEICHBI TOIBKO AJIsi HEKOTOPBIX Juana-
30HOB 3HAYECHUH.

3. Peasmsanust MHOTMX OIIEPATOPOB YACTO 3aBUCHUT OT JHMANA30HOB IPUHUMAEMBIX
3HAYEHUHN WX apryMEHTOB.
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[Ipu permieHun BCEBO3MOXKHBIX 3a7ad 00paboTKU MH(GOPMAIMK OTPOMHOE 3HAYCHHE
HUMEIOT TaKhe CTPYKTYPhI JaHHBIX, KaK OIpenesseMble Mmojib3oBareneM 3anucu (record),
B TO BpeMs Kak IIPU PEIICHUH 3ajJjad YUCICHHOTO aHAIN3a OCHOBHYIO POJIb BBINOJIHSIIOT
BEIIIECTBEHHbIE TIEPEMEHHBIE U 00pa30BaHHBIC U3 HUX MACCHUBBI.

ITpy mOCTpOEHUM YHMCIIEHHBIX AJITOPUTMOB YacTO MPUXOIUTCS MUMETh
JIeJI0 ¢ OYeHb OOJBIIMMM MacCHBaMH BeLIeCTBEHHBbIX uucen. Ilosto-
My 4YacTO HPHUXOAUTCS BHIOMpATh MEXAY TOYHOCTBIO INPEICTABICHUS
BEIIECTBEHHBIX YHCEN U 00BEMOM 3aHUMAaeMOil UMU mamsTH. B 60ib-
LNIMHCTBE CJIY4YacB HAa COBPEMEHHBIX KOMIIBIOTEpAaX PEKOMEHAYETCS
nosib3oBaTbes TUIIOM double, XOTs B KaXKJJOM KOHKPETHOM CIIy4ae Bbl-
0op THna MpPeACTaBICHUS BELICCTBEHHBIX YHCEIN JIKUT Ha MpOrpam-
MUCTA.

B s3pike Free Pascal cymiectByer u3simnbiii cioco® CMEHBI THNA cpazy y OOJbIIo-
TO 4YWcia MepeMeHHbIX. Hampumep, eciaw Bo BCell mporpamMme HEOOXOIUMO 3aMEHHUTH
TUl real Ha T double, TO HanboEee MPOCTO ATO MOXKHO CHIEJIaTh, IOMECTHUB B HaJaJe
MIPOrPaMMBbI CJICIYIOIIEE ONUCAHUE:

type

real = double;

1.
2.
3.
4.
3.
6.

10.
I1.
12.

Yro Takoe anropurM? [IpuBeanure U3BECTHBIE BaM OINPEAEICHUS aJITOPUTMA.
ITpuBeuTe OCHOBHBIE IPU3HAKU AJITOPUTMA.

Yro Takoe ONpeneNeHHOCTh, BBIIOJIHUMOCTh U KOHEYHOCTD aJIrOpUTMa?
Kakue BbI 3HaeTE€ OCHOBHBIE KJIACCHI AJITOPUTMOB?

Yrto Takoe CTpyKTYypHOE NPOrpaMMHUPOBAHUE?

[IpuBenuTe OCHOBHOWM CHMHMCOK MHCTPYKUHWNA, UCIOJIB3YEMBIX MPU CTPYKTYPHOM
IIPOrpaMMUPOBAHUH.

Kakue npuHIunsl Bl MOXKETE MOPEKOMEHI0BATh MPH HAMCAHUU MPOrpamMmm?
Yro Takoe TOKyMEHTUPOBAHHOCTh IIPOIPAMMBI?

Yro Takoe peKyppeHTHbIE COOTHOLICHHS U PEKYPPEHTHBIE aJITOPUTMBbI?

Yro Takoe cxema nporpamMmmbl?

Yo Takoe peKkypcus U Korja ee He CelyeT NPUMEHSTH?

Kak anroputmsl cBs3aHbl ¢ UCIIOJIB3YEMBIMU CTPYKTYpaMU JTAHHBIX?
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NHOOPMATUKA N ANEKTPUYECKUE
LIEMW

2.1 Mopgenb uenun B NPOCTPaHCTBE COCTOSHUN

DiekTpudecKas Ienb, CoAepiKalas # PEaKTUBHBIX JJIEMEHTOB — HHIYKTHBHOCTEH
W/WITH eMKOCTEeH, — MOYKET OBITh MPEACTABIICHA B BUJIC CUCTEMBI 72 TUHEHHBIX auddepeH-
IIHAJIbHBIX YPaBHEHUH 1-T0 MOpsiKa ¢ MOCTOSHHBIMU Kod(hdunnentamu. Dtumu qudde-
PCHIIMALHBIMUA YPABHEHUSIMU CBS3BIBAIOTCS TOKH Y€pe3 MHAYKTUBHOCTH, HATIPSHKEHUS
Ha eMKOCTSIX ¥ BO30YXKJAIOIINE CUTHAIIBI, B POJIM KOTOPHIX BBICTYIAIOT U3MEHSIOMINECS
BO BpeMeHH BenuuruHbI D/IC MCTOYHHKOB HANPSDKCHHS W/WIA BETUYUHBI TOKOB HCTOY-
HHKOB TOKA.

B nersix, comepikaiiux peakKTUBHbBIC 3JICMEHTHI Pa3HOIO THIA (€MKOCTH M MHyKTHB-
HOCTH), BOBMOXKHBI KoJie0aTeIbHbIe MMePEXOHbBIE TIPOIECCHI, CBA3AHHBIE C IUKIUICCKUM
MIEPETOKOM SHEPTUU MEX]Ty EeMKOCTBIO M HHIYKTHBHOCTBIO. B 3TOM cirydae MOKHO TOBO-
PUTH O YaCTOTaX COOCTBCHHBIX KOJICOAHUH CHCTEMBI U O Pe30HAHCHBIX 61eHUsX, XapaK-
TEPHU3YIOLIUXCS BO3PACTAHUEM aMIUTHTY/bl KOJICOAHUH TOKOB/HANPSIKCHHUH B IICIH MPU
ee BO30Y)KJICHUHU MEPHOAMYCCKUM BHEIIHUM BO3JCHCTBHEM, YaCcTOTAa KOTOPOro OJIM3Ka
K 4acTOTe €€ COOCTBEHHBIX KOIeOaHMIA.

Mopuens 1enu B BUIE CHCTEMbI U GEpEeHIINATBHBIX YPAaBHEHUN OTHOCUTEIBHO TO-
KOB, TPOTEKAMIINX Yepe3 WHIYKTHBHOCTH, M HANPSHKCHUA HAa €MKOCTSX Ha3bIBACTCS
MOOENbIO INEeKMPUYEcKoll yenu 6 npocmpauncmee cocmosinuii. BeiOop Takoro cocra-
Ba KOMITOHCHT IPOCTPAHCTBA COCTOSHUN OOYCIIOBJIEH TE€M, YTO TOKH HMHIAYKTHBHOCTEH
U HaNpsOKCHHS €MKOCTCH HEe MOI'YT HU3MEHSTHCS CKAUYKOM IPH JIIOOBIX KOMMYTAIIHSX.
BcnenctBre 3100 TpaeKTOPUU JBUKECHUS CHCTEMBI BO BPEMEHU B TAKOM IPOCTPAHCTBE
OKa3bIBAIOTCSI HEMIPEPHIBHBIMU, H KOHEYHASI TOYKA OJHOTO (PparMEeHTa TPACKTOPHH CITy-
JKUT HaYaJIbHON TOYKOH JUTS TIOCIIETYIOMIETO.
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2.2 lony4vyeHne mogenu Lenu B NPOCTPaHCTBE
COCTOSIHMM Ha OCHOBe cucTembl ypaBHeHUW Knpxroda

JIrobast MmaTemaTuueckas MoJiesIb CTPOUTCS] Ha OCHOBE (OopMasibHOM 3anucu Gpusuye-
CKUX 3aKOHOMepHocTel. J{ist snexTpudeckoil nenu pu3niyeckre 3aKkOHOMEpHOCTH OTpa-
KAIOTCS 3akonamu Kupxeoga ¢ NCTIONB30BaHUEM T. H. KOMHNOHEHMHbIX COOMHOUEHU.

Hanomuum, 4to mepBslii 3akoH Kupxroda «3ampemaer» HakoIJIeHHE
3apsAZI0B B y3J1aX CXEMbL: CYMMA MOKO8, 6MEKAIOWUX 8 Y3€ll, PAGHA CYM-
Me MOKO08, 8bIMeKawux u3 y3id.

Bropoii 3akon Kupxroga npencrasnser coboii ogHy u3 GHopM 3aKoHa COXpaHEHHS
SHEepruu: paboTa, coBeplacMas EKTPUYSCKUMH CHJIAMHU TIPH TEPEMEIICHUH 3apsia
1o JTF000MY 3aMKHYTOMY KOHTYpPY B LI€IIH, paBHa padOTe BHENIHUX CHII, Pa3IeIISIONINX
3apsa/pl B UCTOYHUKAX. Vi, 9T0 SKBUBAJIEHTHO, a2eOpauieckds cymma nadenull Hanps-
JHCEHUTl HA YUACMKAX KOHMYPA pasHa cymme anzedopaudeckoti cymmol /]C ucmouyHuxos,
BXOOSAWUX 8 IMOM KOHMYP.

KoMmoHeHTHBIE COOTHOIICHNUS CBSA3BIBAIOT HANPSDKCHUS HA AJIEMEHTE IICTU C BEJIH-
YMHOM MPOTEKAIOIIEro Yepe3 Hero TOKa.

JI71st aKTHBHBIX COMPOTUBIICHHI KOMITOHEHTHBIE COOTHOIIICHUS OTPaYKAIOT H3BECTHOE
BbIpakeHHe 3akoHa OMa JIJIs yyacTKa Lemu:

i= 2 (2.1)
rae i — TOK uepe3 conporusieHue; U —najeHne HanpsyKeHUs Ha CONPOTUBIEHUU; R —
BEJIMYMHA CONPOTUBJICHHUS.

JUil peakTUBHBIX 3JIEMEHTOB (MHIYKTHUBHOCTEH M €MKOCTEH) 3aKOHBI CBSI3U TOKOB
U HanpspkeHUH HocsaT auddepeHnnanbHblii XxapakTep.

JUI1 MHlyKTUBHOCTH:

U,=L e (2.2)
I1€ iz — TOK 4epe3 NHAYKTUBHOCTh; U, — najieHne HanpsHKeHUs Ha UHAYKTUBHOCTH; L —
BEJIMUMHA UHAYKTUBHOCTH.

JI1s1 €MKOCTH:

dUc

dr’
IIe ic —TOK 4epe3 eMKOCThb, Uc —IajieHue HanpspkeHHWs Ha eMKocTd; C — BeM4nHa
€MKOCTH.

Cucrema ypaBHeHuil Kupxroda mo3BossieT cBs3aTh HalpsDKEHUs M TOKU B LEMH
anreOpandyecKuMU ypaBHEHUSIMH. J[J1s TMHEHWHBIX 1ienel, mapameTpsl KoTopeix R, L u C
HE 3aBUCAT HU OT BEJIMYMH TOKOB, IIPOTEKAIOIIMX Yepe3 dJIEMEHTBI, HU OT HAIPsKEHUU
Ha HUX, 5TH YPaBHEHHs MMEIOT JIMHEWHbIH Buj. Hannume muddepeHnnanbHbIX cBsI3ei
(2.2) u (2.3) npuBOIUT K TOMY, YTO YacTh ajNreOpanyecKux ypaBHEHHH MpeBpalatoTCs
B nuddepeHanbHele.

(2.3)

ic =
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2.3 lpumep NOCTPOEHNA MoLeNn Lenn B NPOCTPaHCTBe
COCTOSIHUM

HyCTB HUMECTCA CXEMa LI C OAHUM BHCUIHHUM BO3I[CﬁCTBPIeM B BUJC€ NCTOYHUKA
OMIC E(t), noka3anHas Ha pucyHke 2.1.

o iy R2 ;
—,
*
" O
IE

Puc. 2.1 — Cxema uenu

B cxeme umeercs 6 BeTBell u 4 y3ia, mociae pa3sMETKH BBIIEICHO 3 KOHTYpA.

N3 xypca TOD u3BeCTHO, UTO U1 TAaKOW LIENU MOXXHO COCTAaBUTb 6 ypaBHEHMM:
3 ms Gananca TokoB B y3nax (I 3akon Kupxroda) u 3 s Oananca HanpspkeHHA B KOH-
typax (II 3akon Kupxrocga).

3anumiem cucrteMy ypaBHeHud Kupxroda nmst 3Toi menu ¢ y4eToM KOMIIOHEHTHBIX
COOTHOILLICHUH.

1) nnst y3ma 1: ig — i, —ip = 0; (2.4)
dU,
2) nis y3na 2: i) — CTtC -i3=0;

3) nnst y3na 3: ip +i3 — iy = 0;
4) nns xoutypa I: R2 -i, + U — E = 0;
5) st koutypa II: —Uc+R3-i3+R4-iy =0;

i
6) s xoutypa III: L% +R1-iy—R4-iy—R3-i5 = 0.

Cucrema ypaBHEeHHH (2.4) CBA3BIBACT 9 EpeMEHHBIX:

di; dUc
dt’ dt
[Tpu npaBuIbHOM 3anucH ypaBHeHHI Kupxroda moydaercs cucTeMa He3aBUCHMBIX
ypaBHEHUH, U MOXKHO BBIPA3HTh JIFOOBIC 6 MIEPEMEHHBIX YepPe3 OCTaBIIUECS 3.

di; dUc
[TocraBuMm 3amaqy BBIpa3UTh IIEPEMEHHBIE o ar
Bocnonb3yemest 1751 Takoro BBIpaXEHHs CpeACTBaMH MaTpuuHOU anreOpsl. [Ipen-

cTaBUM cuctemy (2.4) B MaTpuuHOil ¢popme:

5 i29 i3a i47 iEa iLa UC) E.

) iZa i39 i4: lE qepe3 iLv UC: E.

X-D=0, (2.5)
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rae D — npsmoyronsHas Marpuna 9 x 6 (9 crondioB u 6 cTpok); X — BEKTOp-CTONIOCI] U3
9 KOMITIOHEHT.
Jlnia Hamero npuMepa mMarpuna D u Bektop X OyayT UMETh BUI:

di;
dt
00 1 -1 0 0 -1 0 0 dUc
0 -C 0 1 -1 0 0 0 0 l‘ﬁ
0 00 0 1 -1 1 0 0 £
D=1'o 0 0 R2 0 0 0 1 -1 X:?'(M)
0 0 0 0 R3 RA& O -1 0 l.3
L 0 0 -R2 -R3 0 Rl 0 0 l.z
Uc
E
[Ipeobpazyem (2.5) k TakoMy BUAY:
di;
dt
dU¢ .
- lL
po-| 9 |=p1-|Uc|, 2.7)
lg
: E
Iy
I3
Iy
rae marpuuel DO u D1 nns paccMarpuBaeMoro nmpuMepa UMEOT BHL:
0 0 I -1 0 0 1 0 0
0 -C 0 1 -1 0 0 0
0O 0 0 0 1 -1 1 0 0
DO=1o 0 02 o of P71 o -1 1) (2:8)
0 0 0 0 R3 R4 0 1 0
L 0 0 -R2 -R3 0 “R1 0 0

BBuny Toro, 4ro ucxoaHas cucTeMa ypaBHEHUH JIMHEWHO He3aBUcuMa, Marpuia D0
nMeeT o0paTHyIo, IOCTaBJIEHHAs BbIIIE 3a7a4a UMEET €IMHCTBEHHOE PElICHUE:

di;
ddt

dUc i

a |- g.|ue], (2.9)
lE E

Iy

i3

I4

rne G =D0~'- D1 —wmarpuma 6 x 3 (6 cTpok u 3 crosbia).
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B namewm cinyyae matpuna G UMeeT BUA:

—(R3-R4+R1-R4+R1-R3) —R4 1
(R4+R3)-L (R4+R3)-L L
R4 - (R4+R3+R2) 1
C-(R4+R3) C-R2-(R4+R3) | | C-R2
- 1
1 i —
G-= R2 R2 (2.10)
0 - _
R2 R2
- R4 1 0
R4 + R3 R4 + R3
R3 1 0
R4+ R3 R4 +R3

B cucreme ypaBuenwmii (2.9) nepssie a1Ba ypaBHeHUs auddepeHnraabHbe, 0CTallb-
Hble — anreOpanueckue. B Beipaxkenuu (2.10) mpsIMOYroibHUKaMH BBIJEJIEHBI KOMIIO-
HEHThI MaTpulel G, MPEJCTABIAIOIINE TapaMeTphl CUCTEMbI AU depeHInalIbHBIX ypaB-
HEHUH, — MOJIeNb LIeNH B IPOCTPAHCTBE COCTOSIHUN. Bhinuinem B siBHOH dopme cucteMy
muddepeHInanbHbIX ypaBHEHUH]:

diy
dr |-y [k .
PR (UC)+b E(1), (2.11)
dt
IpIS
—(R3-RA+R1-R4+RI1-R3) ~ R4 |
4 L-(R4+R3) L- (R4 +R3) bo| I
- R4 — (R4+R3+R2) T
C-(R4+R3) C-(R4+R3)-R2 C-R2

Penienne ypaBuenuii (2.11) nossonset Haiitu npoueccs iy (¢) u Uc(t). OcraBuirecs
anreOpandecKkue ypaBHEHHsS CUCTEMBI (2.9) MaroT BBIpaKEHUS TOKOB B BETBSIX CXEMBbI
B BUJIC JIMHEIHON KoMOuHanuu mporeccos i (t), Uc(t) u E(t).

Kak npaBwiio, MoJesb ey B MPOCTPAHCTBE COCTOSHUS MOMHUMO T depeHiab-
HbIX ypaBHeHu# (1Y), onpenesnsonumx ee IMHAMHUKY, BKJIFOYACT CIie U TaK Ha3bIBacMbIC
VPaHeHUs. HAOMIOOEHUS.

Ypasuenua naonrwoenus —smo evipadicenus moxos, NPOMEKAIOUJUX
yepe3 Kaxkue-iubo 3a0aHHvle dNeMEeHmbl, U/UNU HANPAACEHUL MeHCOY
3a0AHHBIMU MOYKAMU CXEMbL.

HyCTB B Hall€EM MpUMEPE Ha6J'IIOI[a€MI>IMI/I BCJIMYMHAMU SBJIAIOTCA TOK 4YCPE3 CM-
KOCTb W HAIIPSAKCHHUC Ha PE3UCTOPC R4. CornacHO KOMIIOHEHTHBIM COOTHOIICHUSIM
dUc

U =R4-iyuic=C-—E.
4 Iy U 1c dr
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[Tomyuum BeIpaXkeHus a5 HaOMOAaeMbIX epeMeHHbIX Ugy U i, UCTIONB3YS BbIpa-

KEHUS IS iy U th u3 (2.9):

R} 1 .
U4(t)—R4-(m'lL(t)+m'UC(t)+O'E(t))a (2.12)
R4 R4 + R3 +R2 1
ic(t)=C-| ——— i, (1) - -Uc(t -E(t
ic(1) C- (R4 +R3) (1) C-R2-(R4+R3) )+ &g B0
WU B MaTpu4HOU popme:
R4-R3 R4 o\ (a0
Us() _|R4+R3  R4+R3 Lo 2.13)
ic(t) R4 RA+R3+R2 1 Ec(t) - :

RA+R3 R4-(R4+R3) R2

VYpasuenus (2.11-2.13) npencraBisitoT co00il MOJHYIO MOJENb LENU B MPOCTpaH-
CTBE COCTOSIHMU. JlabHENIIee peleHne 3a1a4u CBOJUTCS K OTBICKAHUIO PEIICHUS CHU-
cremer IV (2.11).

2.4 Npobnema BblYMCIIEHUN

W3 npuBeneHHoro npumepa BUIHO, YTO, IOMUMO 3HAHUM MPABUII IOCTPOCHUS AJIEK-
TPUYECKUX IIETICH, UIsi OKOHYATEIIbHOTO PELICHUs 3aaun TpeOyeTcs 3HaHHEe MaTeMaTH-
YEeCcKOro ammapara B O0JacTH MaTPUYHBIX OMNEpaluid, CUCTEM JIMHEHHBIX YpaBHEHUH,
muddepeHnnanbHbIX ypaBHeHu#, cucteM Y u T. 4. YclaoKHEHHE cocTaBa 3JIEKTpHU-
YeCKOW IIeTH BJIEeYeT 3a CO0Oi CYIIECTBEHHOE YCIOKHEHHE MaTeMaTHU4ecKOW MOCIH.
AHaNUTUYECKHE BBIYMCIICHUSI CTAHOBATCS. OUYEHb TPYIOEMKHUMHU, JaXe MPHU YCIOBUH OT-
CYTCTBHS OIIMOOK KaK B MCXOJHBIX JAHHBIX TaK U B MPOIECCE BBHIYUCICHUS. 3a4aCTyIO
HaWTH aHAJIMTUYECKOE peIIeHHe, 0coOeHHO B 4acTu pemenus Y u cuctem [V, He
MPEICTABIISIETCS BOSMOKHBIM.

Nmest mon pykoit OrpOMHbBIE€ BBIYUCIUTEIBHBIE MOIIIHOCTU COBPEMEHHBIX MEPCOHATb-
HBIX KOMIIBIOTEPOB, MPOLECC BBIYMCIEHUS MOXHO CYIIECTBEHHO YCKOPHUTH, MEPEIOKUB
Ha HEero pyTUHHYIO padoty. Ha cerogusmHmii MOMEHT pa3zpaboTaHO MHOKECTBO METO/IOB
pELIEeHHs] MaTEeMaTHYECKHUX 3aJ1a4 Pa3IMdYHOro YpoBHs ¢ ucnonb3zoBanueM [IK. ITpomece
MOJICIMPOBaHUS yHpolnaercs. J0CTaTOuHO M3MEHHMTh KaKOM-THOO0 BXOTHOW Mapamerp
U 3aIyCTUTh MPOTPaMMy BbIYUCIIEHUH. Pe3ynbrar Oyner moiydyeH 3a HECKOJIBKO MUHYT,
a He YacoB, KaK B CJIy4ae eciid Obl pacyeThl MPOBOAUINCH BPYUHYIO.

Koneuno, BO3BMOXXHO (M pa3ymMHO) CTPOUTH MOJEINb PAa3IHUYHBIMU CPEICTBAMHU, 00-
JEr4YarolMI MaTeMaTU4ecKue BblYMciIeHus. Ho, kak yke oTMedalloch paHee, MOopou
pa3iInyHble MPUKIAJHBIE POTPAMMBbI HEJAOCTYIIHBI, B CUIIy Pa3JIMYHBIX JTULEH3HMOHHBIX
CONJIallIEHUM, CTOMMOCTH U T. [I.

Bo3nukaromue 3aiaun, XO0Th U KaXyTCsl Ha NEPBbIA B3I OYEHb CIIOKHBIMU, IPU
0oJiee IPUCTATHPHOM PACCMOTPEHHH OKa3bIBAIOTCS CYIIECTBEHHO mpoine. [[ist ux pere-
HHUSI JOCTATOYHO HaBbIKA IPOrPAMMHUPOBAHUS U 3HAHUS aJTOPUTMOB YUCIEHHOTO perie-
HUSI MATEMATHUYECKUX 3a]1ad.
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1. Yto coboii mpencrapsieT MOAENb IEKTPHIECKOH LIETH B MIPOCTPAHCTBE COCTOSTHUMN?

2. Ilouemy mpH MOCTPOEHUU MOJAETH SIEKTPUUYECKON Ienu MosABIstoTcsa audde-
peHIUaIbHbIE YpaBHEHUS?

3. Kaxoil kaueCTBEeHHBIH CMBICII HECYT 3HAYCHHUS IEMEHTOB MaTpHllbl ko3 duiu-
€HTOB MaTPUYHOI'O YPABHEHUS, OIIUCHIBAIOLIETO MOJEIb 3JIEKTPUYECCKON LEIH.



[nmaBa 3

YACIEHHbBIE AJITOPUTMBbI

Haunnas ¢ mmyOokol APEeBHOCTH, JIOISAM MPHUXOTUTCS 3aHUMATHCS BBIYHCICHUSMHU.
OnHol U3 MEepPBBIX BEIUMCIUTEIBHBIX (POPMYIT SBISIETCS XOPOIIO U3BecTHas Teopema [1u-
¢aropa. Ilo kpaiiHell Mepe, COTHH JIET B HABUTALUU U T'€0J€3UH UCIIONIb3YIOTCS pa3iny-
Hble MaremMaTtudeckue Tabnuipl. OAHAKO TOJBKO MOCJE MOSIBICHHUS KOMIIBIOTEPOB UYHC-
JICHHBIH aHAJIN3 OKOHYATEIbHO COPMUPOBANICS KaK CaMOCTOSATENIbHAs HayKa, a KPYIHO-
MacmTaOHble aBTOMAaTU3UPOBAHHbIE BBIYMCICHUS CTAJIH UTPATh OOJBIIYIO POJIb B HAyKe
" TexHUKe. [1osiBIeHrEe KOMIIBIOTEPOB M3MEHWIO XapaKTep BBIYMCIICHUM MO JIByM IIPH-
YHUHAM — BO-TIIEPBBIX, PE3KO BHIPOC 00bEM BBIYMCIIEHUH, BO-BTOPBIX, KAYECTBEHHO H3Me-
HUWJICS MX XapakTep, T. K. MallIMHHAs apu(pMeTHKa CYIIECTBEHHO OTIIMYAETCs OT apudme-
TUKU PYYHOM.

Omo omauque o0vACHAEMCA, 8 OCHOBHOM, CILEOVIOWUMU NPUYUHAMU:

1) MHOXECTBO uucen ¢ niagaroujeli mouxoul (T. €. BEIIECTBCHHBIX YHCEI, UMCIOIIHNX
pasiuyHoe MAIIMHHOE NPEACTaBICHUE) KOHEYHO;

2) CyIICCTBYIOT HAUMEHBIIINE W HAUOOJBIINE YUCAA C NAasaoueli MmoyKkol;

3) cyuiecTByeT BEUIECTBEHHOE YHUCIIO (MAIIMHHAS TOYHOCTD), PABHOE PA3HUIIE MEX-
ny 1.0 1 cienyronuM 1o BeJIMYMHE BEIIECTBEHHBIM YUCIIOM;

4) apudmeTHUeCcKHe ONepaluyd PEIKO MPUBOIAT K TOYHO MPEIACTABUMBIM PE3yilb-
TaraMm, MO3TOMY pe3yJIbTaT OKPYIJISieTCs 10 OMMKaWllero yucia c¢ niasarouel
MOYKOIL;

5) wuwucna c nrasaroweli mouxkor pacmoiOKEHbI MEXKy HYJeM M HauOOJbIIUM 3Ha-
YeHHEM HEpaBHOMEPHO — UX OOJIbIIE OKOJIO HYJIS.

KoMImibtoTepHbl€ BBIUNMCIEHHS MIOYTH BCETIAa IPOUCXOIAT C OLIMOKaMHU, IPUYEM OCO-
Oyl0 poJib UTparoT Jake HE OMMOKM IMPOrpaMMUCTa, @ OLIMOKH BO BXOJHBIX JAHHBIX
(cBsi3aHHBIE, HATIPUMED, C MOTPEIIHOCTIMHU U3MEPEHUI) U, 0COOEHHO, OLIMOKH OKpyTie-
HUSI 1 OLIMOKY 1pHU (POpMYNHpPOBaHUM KOPPEKTHOIO YHCIEHHOro anroputma. Ilociennue
JIBa THIa OUIMOOK CBSA3aHBI, B OCHOBHOM, C YCTOHYHMBOCTBIO U YyBCTBUTEIBHOCTBIO all-
TOPUTMA K MAJIBIM OHIMOKaM.
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3.1 PelwieHune cuctem nuUHenHbIX ypaBHEHNN

OpnHa u3 3aa4, Hanbollee 4YacTo BCTPEUAIOIIUXCS B HAYYHBIX U MIPUKIIATHBIX BBIYHC-
JIEHUSIX, — PELLEHUE CUCMEMbl TUHEUHbIX YPAGHEHUIl; TIPU STOM OOBIYHO YMCJIO ypaBHE-
HUI paBHO YMCITy HEU3BECTHBIX. TaKyl0 CHCTEMY MOXHO 3alllcaTh B BUIE

Axx=Db,

rme A —3amaHHas KBaJparTHas MaTpuila Mopsaka #, b —3amaHHBI BEKTOp-CTOIOEI
C 7 KOMIIOHEHTaMHU U X — HEM3BECTHBIA BEKTOP-CTOJIOCI] ¢ 77 KOMIOHEHTaMu. MHbIMU
cioBamu, 4 = {a;}, i,j=1,...,n,b=(by, by, ..., b,), x=(x1, X2, ..., X,). To e camoe
MOKHO 3aIlUucaTh B KOOpOuHamHou Gpopme:

anx) +apx; +aixy+...+ax, = b],

ariXp +axpnXy +axyXxXz +...+ayX, = bz,

(3.1)

A1 X1 + AypXo + Ay3X3 + ...+ AppXy = by;

n
WJIH Zaijxj =b,i=1,...,n.

j=1

Cpenu UCTOYHUKOB JIMHEWHBIX YpaBHEHHI HEOOXOAMMO OTMETHUTH alMpOKCHUMAIIUIO
muddepeHIInaIbHBIX YPaBHEHU KOHEYHBIMH (IMCKPETHBIMU) areOpandecKuMu CUCTe-
MaMH, TOCTPOCHUE TTOJTUHOMOB MJIM KPUBBIX KAKOTO-TMOO MHOTO CIEIUAILHOTO BUAA TI0
3aIaHHON MH(OPMAIIUH, a TAaK)KE€ MHOKECTBO JPYTHX 3a7ad.

[Ipu u3yueHuM JMHEWHOH anredOpbl CTYAEHTHI, KaK MpPaBHIIO, B MEPBYIO OYEpEIb
3HAKOMSATCSI C PEIICHHEM HEBBIPOKIEHHBIX CUCTEM JIMHEWHBIX YpPaBHEHUU IPHU MOMO-
um npasuia Kpamepa, cormacHO KOTOpOMY BCE KOMITOHEHTBI PEILICHUS MPECTaBISIOTCA
OTHOIICHUSIMU OMPEIETUTENCH C PA3IMUYHBIMU YUCIUTEISIMHA M OOLIUM 3HAMEHATEIIEM.
Opnnako, ecau Obl Bbl MONPOOOBaIM PEIIUTh cucTeMy U3 20 ypaBHEHHH € MOMOIIbBIO
npasuiia Kpamepa, To Bam motpeOoBasiock Obl BBIUMCIUTH 21 ompeaenuTenb Mopsiaka
20, 20 x 21 onpenenutens nopsiaka 19 u 1. 1. B utore, peiieHne JUHEHHON CUCTEMBI
npennonaraer 21 x 20! x 19 yMHOXXEHUH IUIIOC IPUMEPHO TAKOE€ KE YUCIO CIOKEHUH.
Ha nr060M COBpeMEHHOM OBICTPOACHCTBYIOIIEM KOMITBIOTEPE IS 3TOTO MOTpeOyeTCs
MHOTHE TBICSAYHU JIET, IPU YCJIOBUH, YTO MAIIMHA HE BBIIJET M3 CTPOS B MPOIECCE BHI-
YUCJICHUM.

Jns GonmpmmMx cucteM ypaBHeHUH mpaBuiio Kpamepa oObIYHO BeneT
K YpE3MEpHBIM OIUOKAM OKPYIJICHUH.

W3 nuneitHON anreOpbl U3BECTHO TaKXKe, YTO PELIEHUE CUCTEMBbI A X X = b MOXHO
npeacTaBuTh B BuIE X = A~! x b, rne A~! — marpuna, obparnas wis 4. OQHaKO B OrpOM-
HOM OOJIBIITMHCTBE MPAKTHUYECKUX BBIYMCIUTEIBHBIX 3a7]ad BOBCE HE 00513aTeIbHO U Jia-
K€ HEXEJATeNbHO B JCHCTBUTEIBHOCTH HAXOMUTh A~!. DTOT MeToz JaeT HE CIMIIKOM
TOYHBIN PE3ylbTaT M, TIaBHOE, TPEOYET BBITIOTHEHUS CIUIIKOM OOJBIIOTO KOJIMYECTBA
JUITHUX omnepanuii. BenencTBue sToro 00paruM raBHOE BHUMAaHHUE HA MPSIMoOE pellie-
HUE CUCTEM ypaBHEHHH, a HE HA BHIYUCIICHHE OOpAaTHOW MaTpHIIBI.
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Baxmno pasjinyarhb JABa THUIIAa MAaTPHIL:

1.

XpaHI/IMaﬂ Marpuia, T. €. MaTpula, BCC n? BIEMEHTOB KOTOpOﬁ XpPa”HATCA B OIIC-
paTHBHOﬁ maMsTH MalllKMHBI.

Pa3pexxennass mMarpuiia, T.€. MaTpuiia, OOJBIIMHCTBO AJIEMEHTOB KOTOPOW HY-
JM, @ HEHYIIEBbIE JJIEMEHTHI MOTYT WJIU XPAHHUTHCS MOCPEACTBOM KaKOH-JIHOO
CIIELUATILHON CTPYKTYPhI IAHHBIX, WM T€HEPUPOBATHCS IO Mepe HE0OXOIUMO-
ctu. MaTpHuIlpl 3TOTO TUIIA YaCTO BCTPEUAIOTCS MPH perieHnn AuddepeHimaib-
HBIX YPaBHECHHUH B YACTHBIX MPOU3BOJAHBIX KOHEYHO-PA3HOCTHBIMH M KOHEUHO-
AJIEMEHTHBIMU MeTofaMu. [Ipu 3TOM MOPSAIOK 7 MOXKET JOCTUTaTh HECKOJIBKUX
JIECSATKOB ThICSY, a MHOTA 1 TOro Oounbine. Cpean pa3peKeHHBIX MaTpHUIl 0c000e
3HAYEHUE UMEIOT JIeHMOYHble MaAMpUuybl — MaTPUIIbl, BCE HEHYJIEBBIE AJIIEMEHTbI
KOTOPBIX PAacHONIOKEHbI BOIM3K INIABHOM JUAroHamu, T.e. a; = 0 jisa Beex i, j,
TaKuX, 4TO |i —j| > m, nmpudem, Kak mpaBuio, m << n. Beanunna 2m + 1 Ha3bI-
BaCTCS WUPUHOL JIeHMbl, BCE HEHYJIEBBIE DJIEMEHTHI PACIIONIOKECHBI Ha TJIaBHOM
IHUaroOHAaJIM, Ha m JUaroHajaX, JIe)KalllMX BBIIIE IIaBHOM AMAroHalId, U Ha m aua-
TOHAJISIX, JIeKAUIUX HIDKE ee. JIeHTOUHbIe MaTpUIlbl BaKHBI HE TOJBKO MOTOMY,
YTO OHU YaCTO TOSBIAIOTCS B MPHJIOKEHUSIX, HO W MOTOMY YTO /I HUX CY-
HIECTBYIOT clienuaibHble d()PeKTuBHBIE anropuTMbl. Huke mpuBeaeH mpumep
MpexouazoHalbHol JCHTOYHOW MaTpuilbl. [IoOHATHO, YTO MM XpaHEHUsS 3TOM
MaTpHIIbl B MMaMATH KOMIIbIOTEpa HEOOXOIUMO TOJIBKO OJWH MAacCHUB Pa3MEpPHO-
CTBIO 71 U JIBA MacCHBa Pa3MEPHOCTBIO 77 — | (WM TpU MaccuBa pa3MEPHOCTBIO 7).
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Pa3pesxeHHbIe U XpaHUMBbIE MAaTPHIIBI B U3BECTHOM CTENEHHU MepeceKaroTcs. XpaHH-
Masi MaTpuIlla MOXKET UMETh MHOTO HYJIEBBIX SJIEMEHTOB U, CJIEJOBATENBHO, OBITh B TO K€
BpeMs paspexeHHON. OIHAKO, €CIM JUIsl HyJIEBBIX IEMEHTOB OTBOAMTCS MECTO B OIle-
PaTUBHOM NMAMATH U Pa3peKEHHOCTb MATPULBI HE YYUTBIBACTCS, TO, KAK IPABWIO, €€
pa3peKEHHON HE HA3bIBAIOT.

HGKOTOpBIe YUCJICHHBIC MCTOIbI, IIPUMCHSACMBIC IJISI XPAaHUMBIX MatT-
pu1, B€CbMa OTIIMYAKOTCA OT MCTOHOB, HpI/ICHOCO6.HCHHBIX AJig pa3pe-
JKCHHBIX MAaTpHull.
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MeTonp! a7t XpaHUMBIX MaTpHI] O0Jee YHUBEPCAIbHBI, U UM OyIET yIeIeHO OCHOB-
HO€ BHHUMaHHE. JTH METOJbI MOXXHO MOIU(MDUIIMPOBATH TaKUM 00Opa3zoMm, uyToObI 0Opa-
OaTbIBaTh JICHTOYHBIC MATPHIIBI M JIPYTUE THUITHI OONBIINX WA YMEPEHHO Pa3peKEHHBIX
MaTpHII.

3.1.1 Metopg lNaycca

PaccmoTpuMm penieHne TMHEHHON CUCTEMBI alreOpandyeckux ypaBHEHUH:
Axx=b,

C XpaHUMOM 1 x n-mMaTpuliel A u BekropaMu b u X nopsaka n. [l perienus 3Toi 3aauu
OOBIYHO TPUMEHSETCS aJTOPUTM, SBJISIFOIIMNACA OJHUM U3 CTapeHIIMX YUCIEHHBIX Me-
TOZI0B, — METOJ ITOCJIEI0BATEIBHOIO UCKIIIOUEHHS HEU3BECTHBIX, Ha3bIBAEMBIM METOAOM
I'aycca. OH ocHOBaH Ha NPUBEACHUN MAaTPULBl CUCTEMBI K TPEYTOJIbHOMY BHIy IIyTEM
MIOCJIEJOBATEIILHOTO UCKIIFOUEHUSI HEN3BECTHBIX U3 YPABHEHUN CHCTEMBI.
[Ipeanonoxum, uto ay; # 0. Pazgenus nepBoe ypasaenue (3.1) Ha a;, MOIy4InM:

M .. m_%, ,n_bh
x1=by’"->» a.’x;; a.,)=—; by’  =—.
1 Z; 1 7 1j ap 1 ap

3arem Moy4YeHHOE X MOJICTABIISETCS B ocTanbHbie (n— 1) ypaBHeHuit. B pesynsrare
nony4aetcs cucrema (n — 1) ypaBHenwuii ¢ (n — 1) HEU3BECTHBIMH Xy, . . ., X,

n
M, _ . () _ a0 _ bi . .
Zaij x;=b;’; a;’ =a;—ap—; b, =bj—ap—; 1,j=2,3,...,n.
- ai ai
J
DTOT MPOIIECC HA3BIBAETCSI HCKITIOUEHHEM HEeM3BeCcTHOTO. Eciu ero moBroputs (n—1)
pas, TO CHCTEMa CBEIACTCS K OJHOMY YPaBHEHHIO C OJHHUM HEU3BECTHBIM, a TAKOE ypaB-
HEHHE PEIIAcTCs COBCEM MPOCTO. YTOOBI MONYYUTh MPOrPaMMy, TOYHO OTPAKAIOLIYIO
3TOT MPOIIECC, MbI B 00IeM Bue cHOpMyIIUpyeM k-i 11ar UCKIFOYCHUs HEU3BECTHOTO.

Ha k-m mrare Mt umeem zeno ¢ (n—k + 1) IMHEHHBIME ypaBHEHUSIMHU.
S0 )
Zaij x;=b"", i=k . .n
=k

k+1 k+1
HoBbie koadduninenTsr al.(j ) u bz(1 1)

crema (n — k) ypaBHeHHii:

BBIYUCIAKOTCA Tak, YTOOBI nojay4yujiacb Cu-

> a% Dy = bfkﬂ), i=k+1...n

ij ]
J=k+1

OTu K03(PPUIMEHTHI MOTyYaroTCs KaK JIMHEHHass KoMOMHaIus K03 (UIIMEHTOB k-T0
U i-TO YpaBHECHUH (CTPOK)

(k+1) _ (k) ai’ (k)

k+1) _ (k g k

aij _aij - W aik .
A

(3.2)

e _ (B0
i =0; w0 | %k >
Ak
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st i, j = k+1,..., n. Teneps k-e ypaBHEeHHE BBIUUTACTCS U3 i-TO, TPEIBAPUTEIHHO
YMHOXXEHHOE Ha BEJIMYMHY, BEHIOPAHHYIO TaK, 4TOOBI /sl j = kK M1 COOTBETCTBYIOIIETO i

a®
k1) _ 0 | Zhe ) () _
Qg =y o | % =Y
e
DTO 3HAYUT, YTO B HOBOW cHUCTEME Bce KOA(D(PHUIIMEHTHI MPHU X; PaBHBI HYIIO H, Ta-
KUM 00pa3oM, UCKIIFOUAETCS X;. 3aMETHM, KCTaTH, YTO HET HEOOXOJUMOCTH BBIYHUCISATH
k+1
KO3 PUIHEHTHI afk ),
ITocne n — 1 maroB cucrema cCBEAETCS K YPAaBHEHUIO

al)x, = by,

W3 KOTOPOTO HEMOCPEACTBEHHO BBIUUCISAETCA X,. OCTadbHble HEM3BECTHBIE MOIYYaIOT-
Cs TMOJCTAHOBKOM YK€ BBIYMCIICHHBIX HEU3BECTHBIX B ITOJIYYECHHBIC PaHEE ypaBHEHHS.
Hanpumep, aJist BBIYMUCIEHUS X,,_; JOCTATOYHO MOACTaBUTH X, B

a(n—]) (n-1)

(n-1)
n—l,n—lxn—l +an—1,n :

x,=b,

DTOT mpolecc Ha3bIBaeTCs oopamuou noocmanosxou. OOpaTHYIO MOJCTAHOBKY Ha
k-M 11are€ MOXKHO BBIPA3UTh Cleayromen oorieit hopmynoi

n
k (k)
bi - E a; X
J=k+1

(3.3)
ay’

X =

JUTSL TIPOM3BOJILHOTO i, TAKOTO, 4TO k < i < .

OOpatute BHIMaHUE Ha TIOCIEAOBATEILHOCTD, B KOTOPOW BBITIOTHSIIOT-
cs1 oOparHble mojcTaHOBKU. OHA OmpenesnsieTcss TeM, 4TO JUIsl BBIYKC-
JIEHUS Xj, JOJDKHBI OBITh M3BECTHBI 3HAYECHUS Xj 1, . - ., Xp.

3.1.2 O6ycnoBneHHOCTb MaTpuLbl

OmubKku OKpYyIIEHUH, COBEPIIEHHBIX B MPOLECCE BBIUUCICHHM, IOUTH BCEIa MpH-
BOJIAT K TOMY, YTO BBIYMCIIEHHOE pelIeHue (KOTopoe Mbl OyZieM Ternepb 0003Ha4aTh yepes
X,) B ONPEICICHHON CTEIICHN OTIIMYACTCS OT TEOPETUIECKOro perieHus X = 4~'b. B neii-
CTBUTEJILHOCTH, OHO U JOJDKHO OTJIMYAThCS, MOCKOIbKY KOMIIOHEHTBI BEKTOpPA X OOBIUHO
HE SIBJISIIOTCSA YUCIAMU C IJIaBAOLIEH TOYKOM.

Hmeromesn 0se obwenpunamole mepvl OMKIOHEHUSL OJIS X!

ouuoKa

e=X—-—X,
u

Hee6A3Ka
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4 3 TCOpHUU MaTpull U3BCCTHO, YTO €CJIM OAHA U3 3THX BCIWYMWH paBHA
HYJI0, TO U JpyTas TakXke JoJKHA ObITh paBHA Hymo. Ho oHu coBcem
He 00s13aTeIbHO OJHOBPEMEHHO OyIyT «MaJIbIMU».

Paccmotpum crnenyromuil mpocToil (XOTs M CHENHMaJbHO CKOHCTPYHPOBAHHBIN)
npuMep:
0.780 0.563) (x; 0.217

0.913 0.659)\x,] \0.254

Ecnu npoBectn ["ayccoBo UCKITIOUEHHE C YaCTHYHBIM BEIOOPOM Ha THITIOTETHYECKOU
Mpex3HayHou NEeCITUYHON MamuHe (T.€. pPe3yJdbTaToM JIIo0oW apudMeTHUecKoi orie-
pamuy SBISETCS YUCIIO C TPEeMs JECATHYHBIMHU 3HAYAIIUMHU IU(PpPaMH), TO TOIYYUM
perieHue

~[-0.443
¥~ 1.000

Ecian Obl MBI He 3HAIH IIpaBUJIBHOIO OTBE€TA, TO C LCJIbIO OLCHHUTL IIOJYYCHHYIO
TOYHOCTH MOIJIM OBl (TO‘IHO) BbIYHCJIIUTb HCBA3KY:

-0.000460

r=b-A% = _0.000541

Bce HeBs3ku Menbine, uem 1073, EnBa 11 MOXKHO OKHIATh JY4IIEr0 Ha TPEX3HATHON
MamrHe. OQHAKO JETKO BUAETH, YTO TOUHOE PELICHUE 3TOM CUCTEMBI €CTh

1.000
-1.000

Takum o6paszom, ommbka Goblile, YeM pelIeHue.

KoneuHo, npuBeIeHHBIN TPUMED CHEUATBHO CKOHCTPYHPOBAH U HETUIINYEH, OJ[HA-
ko ["ayccoBO UCKIIIOYEHHE C YACTUYHBIM BBIOOPOM BEIYLIETO 3JIE€MEHTa TapaHTHPOBAHHO
Ja€T MaJIbIC HEBA3KH.

Cea3b MedicOy GenuyuHol He6A3KU U 8eNUYUHOU OWUOKU onpedersent-
CA om4acmu Xapakmepucmukou, Ha3vleaemou YUca10m 00yci1061eHHO-
cmu mampuybl.

Koa¢¢unmentsl MaTpuIbpl ¥ IpaBOi YacTH CUCTEMBI TMHEWHBIX YPaBHEHUH PEIKO
OBIBAIOT M3BECTHBI TOYHO. HEeKkoTOphle CUCTEMBbI BO3HUKAIOT U3 3KCIIEPUMEHTA, U TOTAa
k03 PUIIMEeHTH ToABEepkKEHbI omunOKkam HadmoneHus. Koadduunents npyrux cucrem
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3aMuChIBatOTCs GOPMYIIaMHU, YTO BIICUET OMIMOKU OKPYIVIEHUH NPHU UX BhIYMCIIEHUU. [la-
e €CII CUCTeMY MOXHO TOYHO 3allucaTh B MaMATh MalIMHBI, B XOJ€ €€ pelIeHus mo-
YTU HEU30ekHO OydyT clienaHbl OIIMOKU OKpYIIeHHH. MOXKHO IOKa3aTh, 4TO OLIMOKHU
OKpyIJIeHHH B ['ayccOBOM MCKITIOUEHHH MMEIOT TO K€ BIMSHHUE HAa OTBET, YTO U OIIUOKH
B MCXOJHBIX KOd(PunmenTax.

BcenencrBue 3Toro Mbl moaxoauM K (yHaaMmeHTanbHOMY Bompocy. Eciu npu BbI-
YHUCJIEHUU KOAPPHUIIMEHTOB CUCTEMbl JUHEWHBIX YpaBHEHUI JeaioTcs OMMOKHU, TO KaK
CWJIBHO IIPH 9TOM MeHseTcs pemienue? Wnn, npyrumu cinosamu, ecian 4 x X = b, To kak
MOYKHO M3MEPHUTh YyBCTBUTEIBHOCTh X IO OTHOIIECHHUIO K M3MeHeHusM B 4 u b? Otser
Ha 3TOT BOIIPOC JIEKUT B YTOUHEHUU IOHATHS «IIOYTU BBIpOXACHHas». Ecin 4 — BbI-
pPOXIE€HHAs MaTpula, TO JUIsl HEKOTOPbIX b pellieHne X He CyIIEeCTBYET, TOrna Kak s
npyrux b ono Oyner HeeAMHCTBEHHBIM. Takum 00pa3oM, eciii A MOYTH BBIPOXKIECHA, TO
MOXHO O’KMJaTh, YTO Majible U3MEHEHUS B 4 1 b BBI30BYT O4YeHb OOJIbIINE U3MEHEHUS
B X. C npyroi CTOpOHBI, eciii 4 — €qUHUYHAS MAaTPULA, TO b 1 X — OUH U TOT K€ BEK-
top. CrnenoBarenbHo, ecnu A O61M3Ka K eTUHUYHON MaTpHIle, TO Majble U3MEHEHUs B A
u b 101KHBI Biledb 32 COOON COOTBETCTBEHHO MaJlble U3MEHEHMS B X.

Ha nepBblii B3I MOXKET MOKA3aThCs, YTO €CTh HEKOTOpask CBA3b MEX]y BEJINYH-
HOW BeAyIUX JIEMEHTOB B ['aycCOBOM HMCKIIIOYEHUM C YaCTUYHBIM BBHIOOpOM U OiM30-
CTBbIO K BBIPOXKJIEHHOCTH, TOCKOJbKY €Cld Obl apu(pMETUKY MOXKHO OBLIO BBINOJIHSATH
TOYHO, TO BCE BEIYIIME JIEMEHThI ObLIM Obl OTIMYHBI OT HYJS TOTZA U TOJBKO TOTNA,
KOIJla MaTpHila He BBIpOXkAeHA. J[0 HEKOTOPOH CTENEHU BEPHO TAKXKE, UTO €CJIM BELYIIUE
3JIEMEHTHI MaJjbl, TO MaTpula OnM3Ka K BbIPOKICHHON. OHAKO MPH HATUYUU OIIHUOOK
OKpYyIJIEHUs1 00paTHOE y>K€ HEBEPHO, MaTpHIla X MOXKET ObITh OJM3Ka K BBIPOXKIACHHOM
Jla)kKe €CJIM HU OJIMH U3 BEAYLIMX JIEMEHTOB HE MaJl.

YroObl MOTY4YUTh OOJIee TOUHYIO M HAJEKHYIO Mepy OJIM30CTH K BBIPOXKICHHOCTH,
HaM N0TpedyeTcsl BBECTU MOHATHE HOPMBI BEKTOpa [6].

Hopma — smo uucno, komopoe usmepsiem oOwuti yposeHs d1eMeHmos
eéexmopa. Haubonee ynompedbumenvHol 6eKmMopHOU HOPMOU AGNAEMCsl
€6KIU006a ONUHA

1

n

2

Z|x,-|

i-1
Coenacosannou ¢ Hell HOPpMOU 8 NPOCMPAHCMBEE MAMPUY ABIAEMCs
HopMa:

OI[HaKO HUCIOJIB30BAaHUE ATOU HOPMBI JCJIaCT CIIMIIKOM TPYAOCMKHMU MHOTI'UC BbI-
grcieHrs. BMmecTo Hee ompenenrM HOPMY BEKTOpa M3 7 KOMIIOHEHT CIIEIYHOIIUM
obpazom:

n

[x[l = > kel

i=1
CorntacoBaHHOM ¢ HEeWi HOPMOUM B MPOCTPAHCTBE MATPHII SIBISIETCS HOPMA:

4] = max ( las! ).
1
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Ota HOpMa 00J7a7aeT MHOTUMHU W3 AHAJTUTUYECKUX CBOWCTB €BKIIMIOBOM JJIUHBI.
HexoTopble U3 reoMeTpU4YeCcKUX CBOMCTB €BKJIMAOBOW JIJIMHBI TEPSIIOTCS, HO OHU HE
CIIMIIIKOM Ba’KHBI 3/€Ch.

YMHOXKEHHE BEKTOpa X Ha Marpuily A MPUBOIUT K HOBOMY BEKTOpY A X X, HOpMa
KOTOPOTO MOXKET OU€Hb OTJINYATHCSI OT HOPMBI BEKTOpPa X. ITO U3MEHEHUE HOPMBI IIPSIMO
CBSI3aHO C TOW YYyBCTBUTEIHHOCTBHIO, KOTOPYIO MBI XOTHM U3MepsATh. O0nMacTh BO3MOXK-
HBIX U3MEHECHHUI MOXKET OBITh 3aJlaHa JIByMS YHCJIaMU:

4
M = max X1
]
—— 0
< |xl

MakcuMyM ¥ MHHHUMYM O€pYyTCsl IO BCEM HEHYJIEBBIM BEKTOpaM. 3aMETHUM, YTO €C-
nmu A BeipoxaeHa, To m = 0. OtHoureHne M /m Ha3bIBae€TCS YKCIOM 00YCIOBICHHOCTH
MaTpulibl 4,

[Tycts Ab — ommbka B omnpenenenuu b, a AX — coOTBETCTBYIOIIAs €i omnbka B pe-
meHuu X. Torna MOXKHO MOKa3aTh, 4TO

|Ax]
IxI

|Ab]

< cond(A4) bl

DTO HEPABEHCTBO MOKA3BIBAET, YTO YUCIO OOYCIOBICHHOCTH BBIIOIHAET POJIb MHO-
KUTENS B yBEJIIMUEHUN OTHOCUTEIbHOHN OmMOKHU. V3MeHeHus mpaBoil yacTu MOTYT HO-
BIICYb 3a cO0OW M3MeHeHHs B peureHuu, Oonbinne B cond(4) pas. To xe camoe crpa-
BE/IJIMBO B OTHOIIEHUH U3MEHEHUH B K03()(DUIIMEHTaX MATPHULIBL.

Yucno 00yCIIOBICHHOCTH SIBIISICTCS TAK)KE MEPOM OIM30CTH K BBIPOKIECHHOCTH. XO-
TS MBI HE UMEEM €Ille MAaTEMATHYECKUX CPEICTB, HEOOXOOUMBIX I TOUHOH (opMy-
JUPOBKH ATOTO YTBEP)KACHUS, MOXKHO pPaCCMaTpUBATh YUCIIO OOYCIOBIEHHOCTH KaK Be-
JUYUHY, OOpaTHYI0 K OTHOCHUTEJIIBHOMY PACCTOSHHUIO OT JAHHOM MaTpHIbl JO MHOXe-
CTBa BBIPOXKJCHHBIX MaTpull. Yuciao 00yCIOBICHHOCTH TAKKEe UTpaeT (QyHIaMEHTalIb-
HYIO POJIb B aHAJIN3€ OIIMOOK OKPYTJICHUH, COBEPIIEHHBIX B Ipouecce ['ayccoBa uckio-
YEHUSI.

PeanpHoe Beramcnenne uncia cond(4) npenmnonaraer 3nanue 4-!. Ecin a; — cton6-
upl 4, a a; cronbupt A~', TO [1s BEKTOPHON HOPMBI, KOTOPYIO MBI HCIIOJIb3yeEM,

cond(A) = max [a,| max]a; |
J J

Jlerko Berumciuth |A4|, omHako Berdamcnenue |4A~!|| mpumepHO yrmBamBaeT Bpems,
HyXHOe mis ['ayccoBa uckimouenus. K c4acTpio, Ipu pemIeHNH CUCTEM JIMHEHHBIX all-
reOpanvecKux ypaBHEHHH TOUHOE 3HaUeHHE YKcia 00yCIOBIEHHOCTH He Tpedyercs, T. K.
OOBIYHO OBIBACT JIOCTATOYHO JIIO00H pa3yMHOU MPHOIMKEHHON OIEHKH JUIS HETO.

JI7st 110X0 00y CIIOBIEHHBIX MaTPHUIl METO/ | ayccoBa HCKITIOYEHUS 1AeT, KaK MbI BH-
nenu, 6onpimme ommoOku. [TosToMy Xopommre mpouneaypsl pemeHns] CUCTEM JTMHEHHBIX
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YpaBHEHUHN JTOJIKHBI OLIEHUBATh YHCIO OOYCIOBIEHHOCTH MaTpHUIlbl HEKOTOPBIM 00pa-
3oM. Hanpumep, U1 3TOro MOXKHO MCIOJIB30BaTh ClIEAYyIOIIee MPUOIMKEHHOE COOTHO-

IICHHE: Izl
z
cond(A4) ~ max|a;| ;—-
5yl
IJIe Y U Z— BEKTOPBI, Onpe/esseMbie TakuMm obpaszom, uto |z|/|y| ~ |47"|. dmus atoro

pemaroTCs ABE CUCTCMbI ypaBHeHI/Iﬁi

Aly=e,
Az =Yy,

rine AT — TpaHCIIOHMPOBAHHAS U MATPUIIBI A, @ € — BEKTOpP ¢ KOMIIOHEHTaMH =1, BbI-
OupaeMblil Tak, 4TOOBI [0 BO3MOXKHOCTH YBEIMUYUTh (MAaKCUMHU3HPOBATD) Y.

OTa OLIEHKA SBJISIETCA JIMIIb HUKHEN TpaHMIEH sl IE€MCTBUTEIIBHOTO
guciia 00yCIIOBJICHHOCTH, OTHAKO €CTh OINPEACIICHHBIE TEOPETUIECCKUE
OCHOBaHHMS OXKHJATh, UTO 3TO OYEHb TOYHAS OIICHKA.

3.1.3 bonblune pa3peXeHHble CUCTEMBI

MHorue nuHeliHble anredpanyeckre CUCTEMbl HIMEIOT CTOJIb OOJIBIIOE YUCIIO 11 yPaB-
HEHUU U HEU3BECTHBIX, YTO XPAHUTH B OIIEPATUBHON ITAMATH KOMIIBIOTEPA ITOJIHYIO KBaJI-
paTHYIO0 MaTpUIly U3 # 3JIEMEHTOB MPOCTO HEBO3MOXKHO. OOBIUHO TaKW€ CHCTEMBI IO-
JAy4aroTcsl MPpU TUCKpeTH3aluu JuddepeHlrnanbHbIX YpaBHEHUN, OObIKHOBEHHBIX WIIU
C YaCTHBIMM NPOM3BOJHBIMH, a TAK)KE€ IPHU pacdyeTe pa3IMYHbIX KOHCTPYKLMH WU Le-
nedt [8]. 3auacTyro MaTpullbl TAKUX 3a7a4 HACTOJIBKO Pa3pesKEHBbl, UTO MaMITH KOMIIbIO-
Tepa XBaTaeT TOJBKO JIJIsl XpaHEHUS BCEX HEHYJIEBBIX JIEMEHTOB BMeCTe ¢ MH(popManueit
00 ux pacnonoxkeHnd. Kak jke Hy’)XKHO peliaTb COOTBETCTBYIOLIYIO CHCTEMY JTHHEHHBIX
ypaBHEHUI?

Ecin npuMeHeHue ['ayccoBa MCKIIIOUEHUST BO3MOXKHO, TO OHO OCTaeTCsl OYEHb KO-
HOMUYHBIM, TOUYHBIM U IIOJIE3HBIM AJITOPUTMOM. VICKIIIOUeHNE BO3MOXKHO, €CIIU YIACTCs
pPa3MECTUTh B IIAMATH HEHYJIEBbIE DJIEMEHTBI TPEYTOJIBHBIX MATPHLL, CTPOSIIUXCS B X0l
UCKJTIOYCHHUS, BMECTE ¢ MH(OpMaIeld 0 ToM, Iie OHM TIOMEIIeHBI. B mpoTuBHOM cityuae
NPEANOYTUTEIBHBIMU ABIIIOTCS UTEPALUMOHHBIE METOBI.

MeToa nporoHKn

PaccMOTpeHHBIN BBILIE METOJ PELICHUS TUHEHHBIX CUCTEM YPaBHEHUN, OPUEHTHUPO-
BaHHBIN Ha MAaTPUIBI CAMOTO OOIIETO BUJIA, OKAXKETCS KpaliHe Hed(P(PEKTUBHBIM MPHU €T0
WCIIOJIB30BaHUM JJI1 PELICHUS CUCTEM C TPEXJMArOHAIBHBIMU MaTpullamMu. bosbiryio
4acTh BPEMEHM KOMIIbIOTEp OyleT 3aHMMaTbcs 0OpabOTKOM HyseBbIX 3eMeHToB. Ilo-
9TOMY JUIsl PEIEHHsI TAKMX CHUCTEM HCIHOJIb3YeTCs MOAM(UKALMS METOJa MCKIIOUEHUS
I'aycca, B KOTOpOH Y4MTBHIBAa€TCSI CTPYKTypa Marpuilbl A. DTOT aJIrOpUTM Ha3bIBACTCS
MemoooM NPO2OHKU.
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[lycth naHa cucrema JMHEWHBIX anreOpanyecKkux ypaBHEHUM BHUJA!

Yo+ My = ; (3.4)
ayi1teyi+tbyi=fi; i=l.n-1,
Yt MoYno1 = U

DT0 OOBIYHBIN BHJ TAaKUX CHCTEM, KOTOPBIC MOSBIISIOTCS MPH PEIICHUN MpPaKTHYC-
CKHUX 3a1ad. 31echb A, U, @, b, c — KOHCTAHTHI.
3anuineM ee B pa3BepHYTOM BHUJIC.

1 » 0 0 ... 0 0 Yo \ Y51
a Cq b] 0 Ce 0 0 V1 ﬁ
0 a bz c. 0 0 ) 2 _ ﬁ
0 0 0 ... a1 cuo1 by Yn-1 St
0 0 0 ... 0 A I ) \

Bynewm uckarp pemieHne 3Toi CUCTEMBI B BHJIE PEKYPPEHTHOU (OPMYIIbI, CBSI3bIBAIO-
WU Y U Yis1

yi:ai+1yi+l+ﬁi+la i:O:» 19'”3”_19 (35)

rae O U B} — M3BECTHBIC KOHCTAHTBI (O = —Ap; B = Wi), @ O, ..vp Oy | Po, ooy B —
[I0OKA HEU3BECTHBIE KOHCTAHTEI.
[Tonusum B (3.5) uHAekc Ha 1:

Vi1 = 0+ i (3.6)
Tenepw, nmoacraBus (3.6) Bo BTopoe ypaBHeHUE cucTteMsbl (3.4):

a;(ayi + Bi) + cyi + byie1 = £,

rmei=1,...,n—1, IpuxoauM K ypaBHEHHUIO BUJIA
b; _ Ji—aip;
yi+t Yirl = .
a;o; + ¢; a;q; + ¢;

CpaBHUBas MOJIy4eHHOE PaBeHCTBO ¢ (3.5), HaxoAUM

Aiy1 = _—bi; Bir1 = fl_—alﬁl (3.7)
a;o; + ¢; a;o; + ¢;

OTH peKyppEHTHBIC COOTHOIICHUS HAa3bIBAOTCS (hopmynamu npsamou npocouku. OHU
MO3BOJISIOT TIO 3aJIaHHBIM 3HAYEHUSAM O | [3; MOCIEIOBATEIBHO OMPEISIUTh BCE Maphbl
MPOTOHOYHBIX KO3 duimeHToB (b, B2), (03, B3), - --» (s, Pr)-

3areM HAYMHAETCS BTOPOM 3TAIl METOJa MTPOTOHKU — OOpaTHast TIPOTOHKA.

3anumem ypaBHenue (3.5) 1 i = n— 1 1 106aBUM eIie He UCITOJIb30BAHHOE TPETHE

ypaBHeHue cucteMsl (3.4). [Tonyyaem cucrteMmy U3 IBYX YpaBHEHUU C IByMs HEU3BECT-
HBIMHU ), U V1

Yn-1=0pYn + Bna
Vn = _)\'2yn71 + Up.
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Ee pemenue:

My + 1
= 3.8
1 +ha, (3.8)
Bce ocranbhble 3HaueHus y; (i = n—1,n—2,...,0) HaX0OOUM N0 PEKYPPEHTHOU

dbopmyie (3.5). @opmynst (3.5) u (3.8) Ha3bIBAIOTCA opmynamu 0OpamHol NPO2OHKU.
MerToa NPOTOHKH SIBJISIETCS OMHUM W3 HanOosee 3()(EeKTUBHBIX M pacipoCcTpaHEHHBIX
YHCJICHHBIX aJITOPUTMOB JIMHEHHOM anreOpsbl.

NTepaumoHHble MeToabl

MmeeTcss BaXXHBIM KJIACC CHCTEM JIMHEWHBIX YPAaBHEHHH, U1 KOTOPBIX JJIEMEHTBI
MaTpHIbl 3aJal0TCsl KaKOW-HUOYIb MpocTol (OpMYJION M, ClIeA0BaTelIbHO, MOTYT BbI-
YHUCIATHCA 110 Mepe HeoOxonumocTu. Hampumep, paccMorpum ypaBHenue Jlamaca:

0?u  0%u
a2 2

IIpu ero MoaenMpOBaHUN KOHEUHO-Pa3HOCTHBIMU METOAAMM 3JIEMEHTBI 4 OOBIYHO
paBHbI oqHOMY U3 yucen 0, 1 nunm —4; mpudyeM Kakoe HMEHHO 3HA4€HUE NMPUHHUMAETCS,
JIETKO OIIPEIENIUTh UCXOJ U3 FEOMETPUN Pa3HOCTHOM CETKU. B TakoM ciyyae 3J€MEHThI
MOXHO BOBCE HE XpaHHTb, a FTEHEPUPOBaTh MX, KOIja OHM MoHano0sTcs. Kpome Toro,
Y4acTO MOPSAKH 71 CTOJIb BEJIMKHU, YTO OBLIIO ObI HEBO3MOKHO XPAHUTh 3aIl0JIHEHHbBIE Mac-
CHUBBI B IIaMAATH KOMIIBIOTEPA.

JKenarenbHO pemars Takue JIMHEWHbIE CUCTEMBI 4 x X = b MeTonamu, KOTOpbIE BO-
o011e He MEHSIOT MaTpully A U TpeOyroT XpaHEeHUs JINIIb HECKOJIBKUX BEKTOPOB JIMHBI
n. (3aMeTHM, YTO BEKTOP b 0OBIYHO OJKEH XPaHUTHCS TaK e, Kak U BEKTOp X.)

Mertoibl, OTBEYAIOLINE STUM TPEOOBAHHSIM, CYIIECTBYIOT M Ha3bIBAIOTCS UTEPALIUOH-
HBIMH. B HEX, HauMHas ¢ Kakoro-HUOYIb HaYaIbHOTO NpubamKkenus x(O), BumonHsAETCS
HEKOTOPBIi BHIMHCIIUTEIBHBIA MPOLECC I ONpeeaeHns HoBoro Bekropa x(1), ncrons-
3ysa 3Hauenuss A, b u x(9. 3arem npouecc mosropsercs mus onpenenenus x(2), x(),
x®) u 1. 1. [Ipu cOOTBETCTBYIOMIMX MPeANoNoKeHusx Bekropsl X*) cxonsres k npeneny
npu k —> oo. CyImiecTByeT MHOXECTBO MOJOOHBIX UTEPAlMOHHBIX IporieccoB. Hanbo-
Jee yCHeUIHbIE U3 HUX OO0s3aHbl CBOMM YCIIEXOM TECHOM CBSI3M C pelIaeMoil 3amadeid.
[TosTOMy penko MOKHO BCTPETHTh OMOMMOTEYHBIE MOIIPOTPAMMBI UTEPAITIOHHBIX Me-
TOJIOB.

0.

XOTs UTepallMOHHBIN MPOLIECC MATEMATUYECKU MOXKET ObITh HECIIOKEH,
CTPYKTypa MaTpulilbl A, CKOpee BCEro, CIOKHa M CHEeIHaIbHBIM 00pa-
30M CBfA3aHa C IAHHOW KOHKPETHOW 3a/1a4yei.

MeTog npocTon utepauum

CaMbIM IMPOCTBIM ABJIACTCA Memoo l’lpOCI’I’lOIZ umepayuu, KOTOpBIﬁ B BCKTOPHOM BHJC
MOXHO IIPCACTABUTL CIICAYIOIIHUM 06pa30M:

xKD = Bx(0) 4 d,
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a B KOOpAMHATHOU (opme:

k+1 b“xk+b12x2 A blnXS,k) + dl,

k
k+l b21Xk+b22x2 Lot bznx,s ) + dz;
k+1 k k
Xy = b x{+bxs 4.+ b,mx,, +d,.

JI1st cXOMMMOCTH METO/a MIPOCTON UTEPALUHA OOCHAMOYHO, YTOOBI
IB] <1

WJIH, HAaIIpUMeEp,

max Z]blj| <1

1<z<n

OTcrona BBIBOJ: TIPe0Opa3oBaHUE UCXOMHOM cUCTeMBI A X X = b K UTepalMOHHOMY
By XA+ = B x x() + d Hy’HO OCYIIECTBUTE TAKUM 06Pa30M, YTOOBI KO(DPUIIMEHTHI
IPU HEU3BECTHBIX B MPABBIX YACTAX CTAIM CyHMIECTBEHHO MEHBLIE EIMHHUILL B camom
npoctoM cinydae B = A - E, d = —b. Ecau 4 npeoOpa3oBaTe TakuM 00pa3oM, 4TOObI
Ha IJIABHOM JMAroHand ObUIM TOJBKO EIMHMIIBI, TO TIONYYHMTCS Memod Sxkobu (B 3Tom
Cilydae Ha IIIaBHOM JMaroHaIy MaTpuibl B GyIyT TOJBKO HYJIH).

MeTton 3enpens

Otinune memooda 3etioens OT METO/IA TPOCTON UTEPAIIMM COCTOUT JIMIIL B TOM, YTO
npu BeuuciaeHuu (k + 1)-oro mpuOMMKEeHUs paHee MOJYyYCHHbBIC MPHUOIMKCHHS Cpasy
e HCIIONB3YIOTCS B BBIUMCICHHSIX. B KoopanHaTtHOW (opMe UTEpallMOHHBIN MPOIECC
3elinensa UMeeT BUL:

x§k+l) = bllxgk) + blzxgk) .+b nx,, + dl,

xékﬂ) = bzlxik) + b22x§k) +ot ba? +

D = by ®, bn2x§k> A bl 1 d,

VYKkaxeM OIMH npaxkmuyeckuil npuem npeoOpa3oBaHus UCXOTHON CUCTEMBl 4 X X = b
B CHCTEMY BHUa X = BxX+d ¢ rapanTHe# CXOMUMOCTH UTEPALIMOHHOIO MPoIiecca MeToa
3engens.

YMHOXUM JIEBYIO U IIPaByl0 4acTU MCXOJHOW CHUCTEMBI Ha TpaHCIIO-

@ aupoBanuyo Marpuity A7. IMomyuum cuctemy Buga C x X = d, e
C=A" xA; d = AT xb. Dra cucrema Ha3bIBACTCS HOPMALLHOLU W OOIa-
JlaeT cleqyoUMMU CBOicTBaMu:

1) Marpuna c sSBIsSEeTCS CHMMETPHYHOM (¢ = Cj7);

2) BCe 3JEMEHThI IVIABHOW JMAroOHAIM MaTPHIIBI ¢ TOJIOXKHUTEIIb-
HBL c; > 0.
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[Tocne aToro mpoBeaeM yxe 3HAKOMOE HaM MPeoOpa3oBaHUE: JECITUM KaXI0€ ypaB-
HEHHE HOPMAJbHOM CUCTEMBI HA COOTBETCTBYIOIIMI TUArOHAIbHBIN 3JIEMEHT.
ITomyyaem Tak Ha3bIBAEMYIO MPUBEJICHHYIO CUCTEMY:
. Cij d ..
x,-=Za,-jxj+[:’),-, (l: 1...7’1), I (§] (ll'j:—c—; f),': C—, (]il)

i ii ii
U YK€ JUISl IPUBEIEHHOW CHCTEMBI 3allMChIBAEM MTEPALMOHHBIN MPOLECC 3eUEII:

i-1

(k+1) Cij (k1) = Cij (k) 4
+ + i
xg =y o 3 A
= ci’ e ! Cii
Jj=1 *u j=i+1 “ii ii

x0 =4

3.2 CobcTBEHHbIE 3HA4YEeHUs N COBCTBEHHbIE BEKTOpPA

Eme ogHol U3 33134, TOMUMO pEIlIEHUs] CUCTEM JIMHEHHBIX anreOpanyeckux ypas-
HEHU, 4acTO BO3HUKAIOUINX MPHU OCYIIECTBICHUH MPAKTUYECKON NEATEIBHOCTH — 3TO
BBIUMCIICHHE COOCTBEHHBIX 3HAUEHHH MATPHUIIBI U COOTBETCTBYIOIIMX UM COOCTBEHHBIX
BeKkTOpoB. [IpobiieMa onpenenenns COOCTBEHHBIX YUCET U COOCTBEHHBIX BEKTOPOB BO3-
HUKAEeT IIPU aHAJIN3€ CXEM U KOHCTPYKLHUH, XapaKTepU3yIOIIUXCS MaJIbIMU CMEILEHUSIMU
OT TOJIOKEHUS PaBHOBECHSI, MIPU aHAJIM3€ YCTOWYMBOCTH YHCIEHHBIX CXEM, B TCOPUU
MEXaHUYECKUX M AIIEKTPHUUECKHUX KOJICOaHU U T. .

Paznuuator noauyro, korga HeoOXOAMMO HAWTHU BCe 3HAYCHMSA, M YACMUUHYIO, KO-
r7a HeoOXOAMMO HAWTH YacTh 3HAYCHUH, npobiemy cobcmeennblx 3nadenul. 3anady Ha-
XOXKJICHUSI COOCTBEHHBIX 3HAYEHUN M COOCTBEHHBIX BEKTOPOB YaCTO HA3BIBAIOT 8MOpOU
3a0aueti TUHeUHOU aneeopul.

Codcmeennvimu yucaamu 0eucmeumenbHol KeAOpamHou Mampuybl
A nazviearom uucia )\, 8 obwem ciyuae KOMNieKCHvle, NPU KOMOPbIX
onpeoenumens Mampuybl:

ai -\ ap Ain
A-\-E= any azz—x (2527 (39)
Ayl Ay ... Quup— M

pasen Hynio.

WHbIMU c10BaMH, COOCTBEHHOE YUCIIO A MaTPUIbl A JOJKHO YIOBJIETBOPATH ypaB-
HEHHUIO:
|4-\-E|=0. (3.10)

3.2.1 MeToq HenocpeaCTBEHHOIO pa3BepTbiBaHUA

[Tonnyto mpoGiieMy cOOCTBEHHBIX 3HAY€HMM MAJii MaTpHIl HEBBICOKOTO MOpsiaKa
(n < 10) MOKHO PENIUTH METOIOM HEMOCPEICTBEHHOTO Pa3BEPTHIBAHMUSL.
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Ecam packpeite onpenenurens u3 (3.10), TO OH IpeBpaTUTCS B MOJTHHOM CTETICHH 71
OTHOCHTEIILHO A:

POM) =N+ pucy - N7 4 pua NP+ py -+ po, (3.11)

rJe 7 — pa3Mep MaTpHuubl A, a KOOQGHUIHUEHTHI Py 3aBUCAT TOJIBKO OT 3HAUEHHUH >JIeMeH-
TOB Marpuilsl 4. YpaBHenue (3.10) npumer BUI:

P(M) =N +py - N 4 pug - N2+ 4 pr-h+po =0, (3.12)

JlaHHOE YpaBHEHHE €I1Ie HAa3bIBACTCS XapaKTEPUCTUICCKUM ypaBHEHUEM. Takum 00-
pasoMm, 3a7ada o0 MOUCKe COOCTBEHHBIX YMCEN MaTPHUIILI pa3Mepa 7 X 71 CBOJUTCS K TIOMCKY
KOpHEH MOJMHOMA CTENEHH A.

B o0mem ciydae nomunoM (3.11) MoxkeT ObITH IIPE/ICTABICH B BUJIE IPOU3BEICHUS:

P = (=2 (A= ha)™. (b = e )™, (3.13)

rae A; —i-blii KOPEHb IOJUHOMA; M; — KPaTHOCTh KOpPHS A;; K — YUCIIO Pa3IUYHBIX
KOpHEH.

B Mmarematuke ecTb T.H. OCHOBHAsI meopema aieeOpbl, KOTOpas YTBEPKIACT: 8Cs-
KUti NOAUHOM CMeneHu n umeem 6 noje KOMNJIEKCHbIX YUCel POGHO N KOPHeU, npudem
KadHCOblll KOpeHb CUUmaemcs Cmoavko pas, Kakoea €20 Kpamuocns. ITO 03HAYAET, YTO
m;+m,+...+mg=n.

3ajaya moucka KOpHEW MOJIMHOMA B AaHAIMTUYECKOM BHUJE pEIIeHA
JMIIG 01 7 < 4, 111 1 > 4 BO3MOKEH TOJIBKO UX YHCIIEHHBIA TTOMCK.

C coOCTBEHHBIM YHCIIOM MaTPUIIBI CBA3AHO MOHIATHE «coOCmeeHHblll ekmopy. Coo-
CTBEHHBIM BEKTOPOM MAaTpPHIIBI 4, COOTBETCTBYIOIIUM COOCTBEHHOMY YHUCIY A;, Ha3bIBa-
10T BEKTOP #;, Il KOTOPOTO CIPABEAJIUBO COOTHOIICHHE:

A'ti:}\,i'ti, Thoe [ = 1...n. (314)

JlonmycTuMm, 4To Marpuua A4 UMeEeT A Pa3IMYHbIX COOCTBEHHBIX YHCEN M COOTBET-
CTBEHHO 71 COOCTBEHHBIX BeKTOpoB. CocTtaBuM marpuity 7', cToi01sl KoTopoil 00pa3oBa-
HBI BEKTOpaAMM f;:

T=(t & ... 1),
u 3anuiueM ypaBHeHus (3.14) B MmatpuyHoit Gopme:
MO
ar-7.|% * (3.15)
00 .. 1,

Cootnomenust (3.14) u (3.15) MOIHOCTHIO SKBUBAJICHTHBI.
[Ipu onpeneneHun cOOCTBEHHBIX BEKTOPOB, IS KAXKIOTO COOCTBEHHOTO Yucia (Kop-
HS XapakTepucTudeckoro ypaBHeHus (3.12)) HeoOX0qUMO COCTaBUTh CUCTEMY:

(A-MxE)xX, i=1,2,...,n

Y HaTH COOCTBEHHBIE BEKTOPHI X;.
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3.2.2 MeTtopg ntepaunu

Jlist perieHust YaCTUYHON TTPOOIeMbl COOCTBEHHBIX 3HAYEHHH W COOCTBEHHBIX BEK-
TOPOB Ha MPAKTHUKE YacTO MPHUMEHSIOT MeTol urepauuid. C ero moMoIo MOXKHO HpU-
OmKeHHO (C 3aJJaHHOW TOYHOCTHIO €) MOMYYUTh COOCTBEHHBIC 3HAUEHUS MaTpPULBI A,
MMEIOIIEH 7 JTMHEHHO He3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB X;, 1 <i< n [8].

ANropuT™M MeToia UTepaluii COCTOUT U3 CIEAYIOLIUX I11aroB:

Ha nepBowMm mrare 3agaercst HadanbHOE TpuOImKkeHue (otiauaHoe ot 0) cOOCTBEHHO-
ro Bektopa X!, 3/1ech U [aee BEPXHHUM MHIEKC COOTBETCTBYET HOMEPY IPHOIKEHUS,
a HIOKHHM — HOMepy coOcTBeHHoro 3HadeHwus. lllar urepanuu k monaraem paBabIM 0.

Ha sropom miare sbraucisem X' = 4 x X?, A} =x /] ), T1e x{ ) —j-as koopauHara
Bektopa X¥, 1 < j < n, npudem j Moker Obith mo6oi. Illar urepanun k nonaraem
paBHbBIM 1.

Ilar 3. Beruncnsiem X1 = 4 x Xk,

Illar 4. Beruncnsiem Mt = xkrl /xk

(0 %ty
Ilar 5. Beruncisiem A = [M+1 = 3% Ecnu A < €, BoIUMCIIEHNS TIPEKpAIAEM U TIPHHU-
maem A; 2 A1 g mporuBHOM ciiyuae nomnaraem k = k + 1 u mepexonum K mary 3.
[pouece npubmmwkernii X = 4 x X! = 4 x A1 x X cxonures npu k — oo, u XF
CTPEMUTCSI K COOCTBEHHOMY BEKTOPY X;.

3.3 UHTepnonauud

JlocTaTO4HO 4YacTO B PEAJbHOM NMPAKTHKE NMPUXOAUTCS CTAJIKUBATBHCS C JAHHBIMH,
MOJTYYECHHBIMU SMITUPUYECKH, B pe3yJbTaTe Kakux Jnoo Habmonenuii. Kak npasuio, Ha-
OJIO/IEHUsT OCYIIECTBIISIFOTCS B TUCKPETHBIE MHTEPBaJbl BpeMeHu. Ham nocTynHbl TOJb-
KO T€ 3HaYEHHUs, KOTOphIE Mbl HAOMIOJAIM B 3TH MOMEHTHI, @ YTO MPOUCXOIUIO B IMPO-
MEXYTKE MEXIYy MOMEHTAMHU PErMCTpali JaHHBIX, HAM HE U3BECTHO, a 3a4acTyO0 3TH
JaHHbIE HEOOXO/IUMBI.

[IpeamonoKuM, 94T0 33AaHO MHOXKECTBO BEIIECTBEHHBIX abCHHUCC Xi, ..., X, (X <
< X3 < ... < X,) © UM COOTBETCTBYIOILIME OPIHHATHI V1, ..., V,. 3a7a4a OZHOMEPHOM
HUHTEPIIOJSIIIAK COCTOUT B TOCTPOCHUH (PyHKIMHU f, Tako#, 4to f(Xx;) = y; Ui BCEX i,
¥ 1pu 3ToM f(X) IOIKHA TPUHUMATh «Pa3yMHbIE» 3HAYCHHS VIS X, JISKALIAX MEXK-
Iy 3allaHHBIMHM Toukamu. Kpurepuil pasymHocTH c1abo (GopMann3oBaH, CyIIECTBEHHO
3aBUCHT OT 3aJlaud, U €My HEBO3MOXHO J1aTh TOYHOE OIPEIEIICHUE.

WuTepronsuus 4acTo BCTpedaeTcs: Kak Mpu paboTe Ha KOMIIBIOTEpE, TaK U B 0ObIY-
HoM xu3HU. Hanpumep, eciiu cTpenka cnuaoMerpa aBToMOOWIIs (MJIM 4acoB, WM JIHO-
60ro pyroro npubopa) HaXOAUTCSA MEXKIY JEICHUSIMHU, Mbl MBICJIEHHO MHTEPIIOINPYEM,
9YTOOBI MOJYYUTh CKOPOCTh. ECiM y Hac ecTh JaHHbIE, MOJyYeHHbIE C OOJBIINMU 3aTpa-
TaMU BCEr0 B HECKOJIBKMX TOYKaX (HampuMep, pe3ysbTaThl EPENUCH HACEIEHHUs, MPO-
BOJIUMOM pa3 B JIECATH JIET), TO MOXET MOTPeOOBAaThCS ONPEACIUTh BEIUYMHBI MEXKIY
3TUMHU TouKamu. Eciu opauHatel {y;} MPOUCXOAAT OT TIaKONH MaTeMaTn4eckoi (yHK-
MM U OLIMOKM B HUX HE INPEBOCXOMAT YPOBHS OKPYIIICHHH, TO MOXKHO PacCUUTHIBATH,
YTO 3a/laua UMEET Yy OBIETBOPUTEIBHOE peleHue [3].

Ecnu touku (x;, ;) NONTYyYESHBI U3 OYEHD TOYHBIX IKCIICPUMEHTAIBHBIX HAOIIOICHHH,
TO 3a4acTyIO UX MOKHO CUHUTATh JIMIIEHHBIMHU OLIMOOK, U TOTJa BIIOJHE pa3yMHO UHTEp-
MOJIUPOBATh UX Iajkoi ¢yHkuuen. Ecau, ¢ apyroil CTOpOHBI, 3TH TOUYKH MPOUCTEKAIOT



MaBa 3. YncneHHble anropuTmbl 45

U3 CPABHUTEIBHO I'PYOBIX SKCIEPUMEHTOB, TO HEMPAaBOMEPHO TpPeOOBaTh OT MHTEPIO-
nupyrorieit GyHKIMA TOYHO YIOBIECTBOPSTH TAKAM MaHHBIM. [103Bossist 3HAaueHUsIM [ (x;)
OTIINYATBCS OT J;, MOXKHO OYEHb XOPOIIO OTPA3UTh XapaKTep U3MEHEHUS IaHHbIX U Jaxe
HOIMPABUTh HEKOTOPBIE U3 COACPIKAIIMXCA B HUX OIIHOOK.

e uHTEPIONALMN Pa3HOOOPA3HbI, HO OYTH BCETIa B €€ OCHOBE — JKEJIaHUE UMETh
OBICTPBIN aNTOPUTM BBIYUCICHUS 3HAUCHHU f(X) IUISL X, HE COAEPXKAIIUXCS B TaOIHIe
TaHHBIX (X;, Vi).

Jlns 3aa4y MHTEPIOJIMPOBAHMS OUEHb BAXKHO OIpEJENIEHHE TOTO, KaK J0JIKHA Be-
cTH cebs npuemseMas GyHKLIUSA MEXY 3aJaHHBIMU TOYKaMU. B KOHIIe KOHIIOB 3TH TOY-
KH MOTYT OBITh MHTEPHOJIMPOBAHBI OCCKOHEYHBIM MHOXXECTBOM DPA3IUYHBIX (DYHKIHWH,
U HY)KHO MMETb HEKOTOpbIM Kputepuil BpiOOpa. OObIYHO KpuTepuu (HOpMYyIUpPYHOTCS
B TEPMHHAX TIIAJKOCTH W MPOCTOTHI, HanpuMmep, GpyHKIMs f/ TOHKHA OBITh aHAIUTHYHA
¥ MakcHMalbHOe 3HadeHue | (x)| mo BceMy MHTEpBaly JOKHO OBITh HACKOIBKO BO3-
MOKHO MaJIO W f JTOJDKHA OBITh MOJMHOMOM HAaWMEHbILEH CTEeNeHH U T. II.

MHorue uHTeprnoaupyomue (yHKIMA TeHepUpyTCs TMHEHHBIMH KOMOMHAITUSAMH
3JIEMCHTAPHBIX QyHKIHHA. JIMHEHbIe KOMOMHAIINY OJHOYICHOB {X;} MPUBOMAT K TOJH-
HoMmaMm. JInHelHBIe KOMOMHAIINE TPUTOHOMETpHYecKuX (yHkimid {cos kx, sinkx} BemyT
K TPUTOHOMETPUUYECKUM MOJIMHOMaM. VICnonb3yloTcsl Takxke, XOTs U peXKe, JIMHEHHbIe
KOMOWHAINH SKCIOHEHT {exp(b;x)} Win pannoHanbHbIe GYHKIMH BHIA:

ag+ax +...+a,x"
bo+bix+...+bx""

PaCCMOTpI/IM CHa4daJia IMOJIJMHOMHAJIbHYIO MHTCPIIOJIALIMIO, 4 3aTEM OAWH BUJ KyCOY-
HO-TIOJIMHOMHUAIbHOM HUHTCPIIOJIALUMU, TaK HA3bIBACMYIO CHH&ﬁH—HHT@pHOJ’IHHHIO.

3.3.1 lNMonuHomMmnaneHasa MHTepnonAumd

Haunbonee BaKHBIM KJIaCCOM HHTEPIIOIUPYIOMMX (DYHKIHN SBISETCS MHOMXECTBO
anreOpanvdecKux MOJIMHOMOB. [10JTHHOMBI UMEIOT OYEBUIHOE JOCTOMHCTBO — MX 3HaUe-
HUSI JIETKO BBIYMCIATH. VX Takke JIETKO CKIIaJblBaTh, YMHOXKaTh, MHTEIPUPOBATH WM
nuddepentmposars. Eiie 0fHO CBOWCTBO MMOJMHOMOB: €CITH ¢ — KOHCTaHTa, a p(x) —
MOJIMHOM, TO TIoOTMHOMaMu OyayT u p(cx), u p(x+c). Kpome Toro, H3BeCTHO, 4TO 1700as1
HerpepbiBHAas QyHKIuUs f(X) HA 3aMKHYTOM HHTEPBAJC MOXET OBITH XOPOIIO MPUOITH-
’KE€Ha HEKOTOPBHIM TIOJIMHOMOM P, (x).

[TonrHOM cTENEeHH 7 MOXKHO 3amucarh 10 CTENEHIM X:

n
y(x)=ao+ax+...+ax" =) ax’
i=0

[Tockonbky 31€ch 1 + 1 kK03(pPULIMEHTOB, 17151 OTHO3HAYHOTO ONpEeNIeHUs KO3pPu-
LIMEHTOB HY>KHO 33JaTh 7 + | KOPPEKTHO MOCTABJIEHHBIX ycloBuid. [Ipu maTEpnonsimuu
00BIYHO TPEOYIOT, YTOOBI MOIHHOM MPOXOAMIT Yepes n+ 1 touek (x;, ), (i=0, 1, ..., n),
TJIe BCE X; Pa3IuYHbl. DTO JaeT /1 + | JTUHEHHBIX YPaBHCHHH JJII HEU3BECTHBIX KOA(Pu-
LUUEHTOB 4

yi: Za]xi (i:O, 1, 2’ ey l’l)
j=0

MOXHO TIOKa3aTh, YTO PEUICHWE STOW 3a/laudl CYIIECTBYET M OIPEIEIISIeTCS €IHH-
CTBEHHBIM 00pa3oM.
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ITocne TOro xak Mbl PEHMIMIIM U UHTEPIOIUPOBAHMS BOCIIONB30BaThCsl MHOIOYJIE-
HOM CTEIEHM < 71, B HAIIMX pyKax elle OCTAaeTcs BO3MOKHOCTh BbIOOpa 0a3uca B Ipo-
CTPAHCTBE TAKUX MHOTOUWICHOB. Bbiiie ObUT B3AT Ga3uC M3 OMHOWICHOB 1, x, X2, ..., x".
3TO MPUBOIUT, KaK MBI BUEIH, K CUCTEME JIMHEHHBIX YpaBHEHUH, KOTOpasi B MIPUHIIUIIE
MOXeT OBbITh pemieHa Metonamu naparpadge 3.1. OnHako BO MHOTHX CIy4asx TaKue CHu-
CTEMBbl ypaBHEHUH Ype3BbIYAiHO MJI0X0 0OycioBieHsl. [Ipennonoxum, HapuMmep, 4To
aberuccnl {x;} pactpeneieHbl NPHOIU3UTEHHO paBHOMEpHO Ha uHTepBaie [0, 1]. Oka-
3bIBACTCS, YTO TOCIEAOBATEeIbHBIC CTEMEeHH 1, X, X%, ... MOYTH JMHEHHO 3aBUCHUMBI Ha
unTepsane [0, 1] oT4acTi MOTOMY, Y4TO BCE OHH TOJOXKUTENbHBI U IPA(UKUA BCEX UIYT
ot (0,0) x (1, 1). ImenHo 3Ta OIU30CTh K JTMHEHHON 3aBUCHMOCTH JICTACT PEIICHHUE
JMHEWHOHN CHCTEMBI NPU HOPMAJIbHOW pabouell TOUHOCTH KpaiHe TPYIHBIM JEJIOM JUIsS
nopsiika n, npesslmarorero 10.

T'opazno 6onee ynoBIETBOPUTEIBHBIN CIIOCOO BHIYUCIICHHS TTOJMHOMA, KOTOPBIN WH-
TEPIOJIUPYET TOUKH (X;, ;), COCTOUT B MCIIOJIb30BaHUU Oa3uca Tak Ha3blBaeMbIX JlarpaH-
KEBBIX IOJIMHOMOB, ACCOLIMUPOBAHHBIX C MHOXKECTBOM {x;}. D10 momuuoMbl {/;(x)}
(j=0,1,..., n) crenenu n BUA:

=116y

TakHe, 4To
I, ecmmi=j

i(x) =

0 B IPOTUBHOM cCilyuae.

Jlerko BUJACTH, YTO IIOJIMHOM CTCIICHHU 7

(r —x0) (x —x1). .. (x = %1 ) (X = X)) . (x = X)

(5 = x0) (x5 = x1)- - (5 = 2-1) (% = Xp1)- .. (x5 = %)

i(x) =

YIOBJIETBOPSAET 3THM ycioBusM. IIpu 3ToMm /; ompenensercs eqUHCTBEHHBIM 00pa3oM.
Kask1p1ii MHOXXHTENB YucIuTeNs obpammaet /;(x;) B Hylb Ipu HeKoTopoM i # j. CooTBeT-
CTBYIOLIME MHOXKUTEIIN 3HAMCHATEIISI HOPMUPYIOT MOJIMHOM Tak, 4t /;(x;) = 1. [ToanHom
l;(x;)y; IpUHAMAET 3HAaYEHHE ); B TOUKE X; M PAaBEH HYIIO BO BCeX Toukax x; (i # ). Ta-
KM 00pa3oM, HHTEPIOISAIIMOHHBIN ITOJIMHOM CTEIIEHU 71, KOTOPBIN MPOXOAUT uepes 1+ 1
Touek (X;, ;), BeIpaxaetcs: hopMyItoi

() = gzj(x)yj-

Yucno apudpmeTndeckux omepauuil (M, cIenoBaTeNbHO, BPEMsl BBINOJHEHHS) IS
3TOr0 METO/A MPOTIOPIIUOHAIBHO 712,

BaxxHo moguepkHyTh ellle pa3, YTo CYIIECTBYET 0OUH U MONbKO 0OUH TIOJTMHOM CTe-
MEeHU < 1, KOTOPBIA MHTEPIONUPYET 3aJaHHbIe # + 1 Touek. B nureparype [7] umeercs
MHOXKECTBO PA3JIUYHBIX (POPMYIT /Ui MHTEPIOIAHMOHHBIX MOJIMHOMOB, OCHOBAaHHBIX Ha
pa3IM4HOM BBIOOpE 0a3MCOB; OJHAKO MPH JaHHOM HaOOpe TOUEK BCE OHU IMOPOXKIAIOT
OJIMH U TOT K€ MOJMHOM. Takum 00pazoMm, MOJUHOM, MOIY4aeMbIil TOCPEICTBOM 3TOTO
IIOJIXO/1a, COBIIAJAET C OJMHOMOM, HAaUJICHHBIM ITyTEM PEIICHMS JIMHEWHBIX YPAaBHEHUH,
P YCJIOBHHM, YTO BBIYUCIICHUS NTPOBOAATCA B TOYHOU apupMETHKE.
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Omubku OKpyIVIEHUH, COOOpaKeHUs, CBSI3aHHBIE C MaMATbIO U BPEMEHEM, MOTYT
MOBIHUATH Ha BBIOOpP MeTonma. [MlaBHOe cooOpakeHHEe NpU BBHIOOPE —ATO KOHKPETHOE
NPUMEHEHUE MHTEPHOJSIHMOHHOrO noirHoMa. KoadduureHnTsl Takoro moimHoMa Hyx-
HBI penko. OO0pruHO Jlarpan:keBa WHTEPIONALUS WM KaKOH-THOO aHATOTHYHBIA METOJ
SIBIISIIOTCS JTyYIIMM BBEIOOPOM.

CymiectByer MHOTO 0000mIeHn JlarpaH:keBol MHTEPIIONSIIINKN; HauboJiee yrmoTpe-
OWTeNIbHA Cpeau HUX Opmumosa unmepnoaayus. 310ech (UKCUPYIOTCS 71 abCIuce
{x;}, n 3amannbIX 3HaueHuit {y;} U 7 3a7aHHBIX YIIOBBIX Kod(duuuentos {y;}. 3ana-
Ya COCTOHMT B TOM, YTOOBI HAWTH MOMMHOM P(X) MakcHManbHO# crerneHu 2n — 1, Takoif,
yrognai=1,2,....n

P(x;) =y

P'(x;) =y,

[Ipu sTOM, ecnu Bce X; pa3liuyHbl, TO CYIIECTBYET €AMHCTBEHHOE PEIICHUE, U OHO
MOXXET OBITh MIOCTPOEHO CITOCOO0OM, BIIOJTHE aHAJOTUYHBIM MeToay Jlarpamxa.

[TomMuMO BOTIPOCOB II0OALHON CXOAMMOCTH, MTOJIMHOMHUAIbHAS HHTEPIIOIAIUS UME-
€T U JIpyTrue HeJOCTaTKu. BpeMsi moCcTpoeHus U BBIYUCIECHUSI HHTEPIOISALMOHHBIX MOJIU-
HOMOB BBICOKOM CTEIIEHU MOKET JJIsi HEKOTOPBIX MPUIOKEHHUN OKa3aThbCsl Ype3MEPHBIM.
[TonmMHOMBI BBICOKOH CTENEHU MOTYT MPUBOJIUTH TAKKE K TPYAHBIM MpoOiemMam, CBsI3aH-
HBIM C OITMOKAMU OKPYTJICHHH.

3.3.2 CnnanH-nHTepnonsaumns

[NonmuHoMMaNBEHAST UHTEPIOJSILIA SBIISIETCS TTI00AIBHOM, T. €. TIOJIMHOMHUANIbHAS (yHK-
Lusl JAOJDKHA IPOXOAMTH 4Yepe3 Bce 3a/aHHble TOo4uKU. [Ipu mobaBiieHMM NaHHBIX HpU-
XOUTCSl yBEIMYMBATH CTENEHb IOJMHOMA, YTO YacTO MPHUBOAUT K BBIYHUCIUTEIbHBIM
TPYAHOCTSIM. B Takux cityyasx jydine npuOerHyTh K aJIbTEPHATUBHOMY IOAXOIY — HC-
HOJIb30BAHUIO KYCOUHO-HONUHOMUANbHBIX (PYHKIMNA. Ecau mpu pereHun Takux 3anad
HCII0JIb30BaTh KyCOUHYIO MHTEPIOALUIO 00I€e HU3KOIO MOpsAaKa (MHTEPIOISILUS OCy-
IIECTBIIAETCS 110 HEOOJNBIIOMY KOJIUYECTBY Y3JIOBBIX TOYEK OTPE3Ka, a 3aT€M 3TH IOJIU-
HOMBI OOBEIMHAIOTCA B €MHYI0 MHTEPHOISLUOHHYIO (OpMyITy), TO IPU 3TOM B TOUKAX
CTBIKOBKH OOBIYHO TEPIMT pa3pbIB yxke MepBas NPoU3BOAHAA U U PepeHInpoBaTh Mo-
JTYYEHHYIO MHTEPIOJSALHOHHYI0 (yHKIMIO Henb3s. 1 TOoro, 4roObl MOCTPOUTH IVajl-
KyI0 MHTEPHOJSIMOHHYIO (YHKIHIO, MOXKHO HCIOJIb30BaTh TaK HA3bIBAEMYIO CHIALH-
UHMEPNONAYUIO.

Ky6unueckue crnaifH-QyHKIMN — 3TO CPaBHUTENILHO HEJIABHEE MaTeMaTHYeCKoe U300pe-
TE€HUE, HO OHM MOZCIUPYIOT OYEHb CTAPOE MEXAHMYECKOE yCTPOMCTBO. UepTeKHUKHU
W3IaBHA TOJIb30BAJMCh MEXaHUUYECKUMH CIUIAiiHaMU, MPEICTaBIAIOUIMMUA COOOW THO-
KM€ pelKM M3 KaKoro-HMOyap ynpyroro marepuana. MexaHHMUeCKHH CIUIaliH 3aKper-
JSIOT, TOJABEIINMBAs I'Py3Wja B TOYKAX HMHTEPIOJALMM, Ha3blBaeMbIX y3inamMu. CIruraiiH
npuHUMaeT GopMy, MUHUMH3UPYIOLIYIO €ro NOTCHIUAIbHYI0 SHEPIHI0, a B Teopuu Oa-
JIOK YCTaHaBJIMBAETCA, YTO 3Ta PHEPIHsl MPONOPLMOHAIbHA UHTErpaly IO UIMHE OYTH
OT KBaJlpaTa KpUBHU3HBI CIUIaliHa. Jlanee, aneMeHTapHas Teopusi 0aJloK MMOKa3bIBACT, YTO
CIUTaliH SIBJIsSIETCA KyOUYEeCKUM MOJIMHOMOM MEXIY KaXJI0M coceqHeN mapoi y3JI0B U 4To
COCEIHHME ITOJIMHOMBI COEIMHSIOTCS HENPEPBIBHO, TaK K€ KaK U MX IIEPBbIE U BTOpPHIE
MIPOU3BOJIHBIE.
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[TocTpoenune kyOndyeckoro ciuiaifHa — MPOCTON M YUCIIEHHO YCTOMUYMBBIN Ipouecc.

[lycts Ha [a, b] 3amana wempepsiBHas GyHKims f(x). Pa3obbeM 3TOT OTpe3oK Ha
N TMPOMEKYTKOB TOYKAMHU X; d = Xg < X| < ... < X,_1 < X, = b. Ilycte yp = f(x),
k=0,1,2,..,nhi=x;-x_1;j=1,...,n

1) na xasxcoom ompeske [xy_1, x;], k=1,2, ..., n, ¢ynxyus S(x)
A6NAemMCs NONUHOMOM 3-etl cmeneHu;

2) @yuxyus S(x), a maxoce ee nepsas u 6mopasi NPOU3E0OHbLE
HenpepuieHvl Ha [a, b];

3) S(x)=f(xx), k=0,1,...,n

Bynem nckarb KyOMueckuil CruiaiiH B BUze
Sp(x) = ap +bp(x —x11) +cp(x — x50 )2+ die(x —x41)*; xpo Sx<xp; k=1...n.

3Ha4uT, IT00BI OnpeneuTh GyHKIHIO S(x), HEOOXOAUMO OnpeneauTsh 4n K03hdu-
LIMEHTOB ay, by, ¢k, d.

ITo ompenenennio KyOMYeCKOro CIUIaifHA MOXKHO 3aIlucarh CIEAYIOUIYI0 CHCTEMY
ypaBHEHUH JUIsl ONIpesieIeHHsl 3TUX KO3(PPUIIMEHTOB.

Sk(xr-1) = ar =f(x,-1); (n ypaBHeHH#) (3.16)
Si(xk) = ay + bihy + cyhi + dihi = (xx),  (n ypapuenwuii) (3.17)
S, (x) =S,,,(xx), (n-1 ypaBHennui) (3.18)
S, (%) =8,,,(xx), (n-1 ypaBHenuit) (3.19)

JBax b1 ipoaudGepeHIupoBaB Sy, MOIyIUM

S (x) = b + 2¢5(x = x4-1) + 3di(x — x4-1)%
S, (x) = 2¢; + 6d; (x — x;_1).

Ha ocnoBanuu 3t1oro (3.11)—(3.12) MO>kHO mepenucarb B BUJIC

by + 2chy +3dihi = byyy, k=1,...,n—1. (3.20)
Ck+dkhk:Ck+1, k= 1,...,71—1. (321)

Jlnig 3aMbIKaHUS HE XBaTaeT eule AByX ypaBHEHUIl. OOBIYHO UX IOyYaloT U3 yCIIOo-
BUH Ha rpaHuiax orpeska. CyliecTByeT HECKOIBKO CIIOCOO0B 3aJaHus TPAHUYHBIX YCIIO-
BUI — 3a/IaHbI TIEPBbBIE MMPOU3BOAHBIE OT S B @ U b, 3a1aHbI BTOPbIEC MPOU3BOHBIC U T. II.
st onpeneIeHHOCTH MyCTh W3BECTHBI MEPBbIE MTPOU3BOIHEIE.

f@)=fu f(b)=f
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Torna Hepocrarolue qBa ypaBHEHUS:

by =f,. (3.22)
by +2c,hy, + 3d, 0% = f(b). (3.23)

Jlnia perieHus 3Toi CUCTeMbl ypaBHEHUH OOBIYHO MPUMEHSIOT CIEAYIOUINI CrIoco0.

[TocnenoBarenbHo uckimouast a; (u3 ypasuenuit (3.16) u (3.17)), di (M3 ypaBHeHwHIA
(3.21)) u, nHaxoHen, by, Mosy4aeM CUCTEMY ypaBHEHUH JJs HaXOXxJeHus koddduuneH-
TOB ¢, k = 1,..., n. DTa cucremMa MpeAcTaBisieT cOOOW CHUCTEMY 7 JIMHEHHBIX ayreo-
pandecKuX ypaBHEHHMH C TpeXJIMaroHaJlbHOM MaTpHlleil, KoTopas MOXeT OBITh pelleHa
METO/IOM NPO2OHKU.

3.4 YncneHHoe nHTerpnpoBaHme

Paccmotpum pelieHue crenyroniei 3a1a4i — BEIYUCIICHUE ONPEIETICHHOIO HHTETpaa;

1= ff(x)dx.

310 oz1Ha U3 QYHIAMEHTAIIBHBIX 33]]a4 MATEMaTHYeCKOr0 aHajIu3a, TECHO CBs3aHHasl,
B YaCTHOCTH, C peuicHreM TudQepeHIraibHbIX ypaBHeHH [2].

Ecnu HeT BO3MOXKHOCTH BBIPA3UTh MHTETPANl B U3BECTHBIX 3JICMEHTAPHBIX WIIH CIIe-
IMUATBHBIX (PYHKIUAX, TO MPUMCHSCTCS MPUOIMKCHHOE YHCICHHOEC HHTETPUPOBAHUE.
C npyroii CTOPOHBI, IPH PEIICHHH MHOTHX HHXCHEPHBIX 3aJlad YJIauHO BBIOpAHHBIN
YHCJICHHBI METOJ] MOXKET OKa3aThbCsi SKOHOMUYHEH BBIYMCIICHUS] TOYHOTO 3HAYCHUS MH-
Terpasia, BBIPOKECHHOTO Yepe3 TPUTOHOMETPHUECKUE U MTPOUUE CICIUATbHbBIC (QYHKIIHH.

Paccmotpum kBagparypHbie GOpMyIbl (METOIBI YHCICHHOTO HHTEIPUPOBAHUS), OC-
HOBAaHHBIC HA WHTEPIIOJIMPOBAHUU IO HEOOJBIIOMY YHCITY TOYEK. 3aMEHssl IMOJbIHTE-
IpajgbHY0 (PYHKIUIO, HAIPUMEP UHTESPIIOSAIIUMOHHBIM ITIOJIMHOMOM Jlarpamxa, moiaydaem
npUOTKEHHYIO0 HOpMYITY:

b b
I:[ﬂﬂwm[MUMx (3.24)

I[Tpu 3TOM MperoIaraeTes, 4To OTpe3oK [a, b] pa3buT Ha n 4acTell TOYKAMH X = d,
X1y X2y« oy Xp_1, X, = b, IO KOTOPBIM CTPOSIT UHTEPIOJIAMMOHHBIN 1TosmHOM. [loacTasisist
BBIPKEHHUE JJII MHTEPIOJSAIMOHHOTO MOJIMHOMA JlarpaHnika, oJyduM, 9TO OINpeacsiCH-
HBI MHTETPall MOKHO TIPEJCTaBUTHh B BHJIE:

b
ff(x) dx~ )y Coyks
J =0

npudem Kodbdunuentsr C; He 3aBUCAT OT MOABIHTErPaibHOM QyHKIMH f(X), 8 TOIBKO
OT 3HAYEHUH Y37I0B MHTEPIIOJISALHIH.

OT0 NpUOMMKEHHOE PABEHCTBO HA3BIBACTCS KeaopamypHou gopmynou. Touku xi
Ha3BIBAIOTCS y31amu Keaopamyphou gopmynst, a uucia Cy — koagpuyuenmamu Keao-

pamypHou gopmyvl.
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Pasnocts ,
R = [ 1) ds=Y Con
J k=0

Ha3bIBACTCS NOCPEULHOCTbIO K8AOPAMYPHOU (hOpMYIbL.
OtmeTHM, 4To:

1) morpemHocTh 3aBUCUT KaK OT PACIOJIOKEHUS Y3JI0B, TaK U OT BbIOOpa Kodddu-
[IUCHTOB;

2) ecmu GyHKums f(x) — MOJMHOM CTENEHH 7 , TO TOTAa KBajaparypHas (popmyina
Oyaet TouHOit (TO ecTb R,(f) = 0), Tak kak B 3ToM ciydae L,(x) = f(x);

[Tonyunm HekoTOpBIE MPOCTHIE (M B TO e BpeMsl BeCbMa pacipoCTpaHeHHbIe) (op-
MYJIbl YUCIIEHHOTO MHTETPUPOBAHUS, UCTIONB3YS MHTEPIOSAIMOHHbIN onuHOM Jlarpanixka.

g nomyuenust GopMysl YUCIEHHOTO WHTETPUPOBAHUS Ha HEKOTOPOM
= oTpe3ke [a, b] MOCTaTOYHO TMOCTPOUTH KBAAPATYpHYIO HOPMYITY st
MHTErpaja Ha SJIEMEHTAPHOM OTpPE3Ke [X;, X;11], @ 3aTeM ee IPOCyMMHU-

poBars, T.K.
b n—1 Xit1

ff(x)dx=;ff(x)dx.

3.4.1 ®dopmyrna npssMoOyrofibHUKOB

ATNNpPOKCUMUPYEM TNOABIHTErPaIbHYI0 (QYHKLUIO (T.€. NPUOIMKEHHO 3aMEHsS €e)
MOJINHOMOM HYJICBOM CTEIICHH, T. €. KOHCTaHTO# f (X, ), [Ae X, — TOYKa, IPUHA UICKAIIAs
OTpEe3Ky [x;, X;41]. Torma

[r@dss [ fe)dr= (-5 ()

Ecinu, B kadecTBe X, BBIOpaTh CepemuHy OTpeska: X. = (X; + Xi1)/2 = Xuij2, TO
MOJy4uM (POPMYITy «LIEHTPAJIbHBIX» IPSIMOYTOJIbHUKOB!

Xit1

ff(x)dx myH%hi, e h; = Xi — Xi; Viel =f(xi+%).

Xi

[IpocymMMupoBaB, moydaeM cocmasuyro (0000ujeHuyr0) Gopmyny «yYeHmpaibHbIX»
NPAMOY20NbHUKOS:

b n—-1
[ 1@ drs Yy
y i=0

Jlist paBaomepHoit cetku (h = (b —a)/n) dopmyna npumer Bux:
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B nanpneitimem OyneM paccMaTpuBaTh TOJIBKO PABHOMEPHYIO CETKY.

Hcnonp3ys paznoxenus B psia Teisiopa, MOXKHO 1OKa3aTh, 4TO JAJIsi COCTaBHOU (op-
MYJIbl «LIEHTPAJIbHBIX» MPSIMOYTOJIBHUKOB OIIMOKY R MOXKHO OLIEHUTh IIPU MOMOIIHU (op-
MYJIbI:

b-a

R<M, 24

hZ

rne M, = max|f” (x)|.
x€[a,b]
Takum 06pa3oM, MOrPEITHOCTb (OPMYIIBI IEHTPATBHBIX» TIPSAMOYTONBHUKOB Ha

BCEM OTPE3KEe MHTETPUPOBAHHUS €CTh BEJIMYMHA BTOPOTO MOPSAKA MAJIOCTH IO OTHOIIIE-
HUIO K 1ary. [oBopsT, 4To KBajparypHas (opMmyia UMEET 6mopoii nopsA0OK mMOYHOCHU.

Ecnau B kauecTBe y370BOW TOYKH X, BBIOMpATh X; WU X;;1, TO MOJIYYHUM COOTBET-
CTBEHHO KBaJIpaTypHbIe (hOPMYJIBI «IEBBIX)» MPSMOYTOIbHUKOB:

b 1
J 1)

U «IIPaBbIX» MPSMOYTOJIbHUKOB:

b -1
[ r@d~ > (i)

OnHako HETPYIHO MOKa3aTh, YTO 00€ ATH (POPMYJIBI UMEIOT TOJIBKO MEPBBIM MOPSIIOK
TOYHOCTH.

3.4.2 ®opmyna Tpaneuyumn

ANnpoKCHMHUPYEM MOABIHTEIPaJIbHYI0 (DYHKLUIO TOJIMHOMOM IEpPBON CTENEHH, IO-
CTPOCHHBIM I10 IByM Y3JIaM: X; U X;;1. IHTEpIOIALMOHHBINA MOIUHOM Jlarpan;xa nepBou
CTEIIEHU MUMEET BU!

X =X —Xi-1

L) = = (- 1)+ G ((x—xi-l)yi—(x—xi)yi-l).

Xi-1 =X

[Moncrasmsis 310 Boipaxkerue st Ly (x) B (3.16) aist [x;, x4 |, momydum:
Xi 1 Xi 1 Xi h
/f(x) dx ~ Eyi f(x = X;_1)dx — ZJ’:’—I f(x - Xx;)dx = 5(}%’—1 +Yi).
X1 Xi1 Xi1

Ota Gopmyra Ha3BIBACTCS Gopm)noil mpaneyuil JUTs SIIEMEHTapHOTO OTpe3Ka [X;_i,
x;]. TIpoCyMMHpPOBaB 10 BCEMY OTPE3KY, MOIYIUM COCMABHYIO (hopmyILy mpaneyuir:

b
_/f(x) dx ~ g;:(%—l +Yi)-

Bbonee npocto dhopmyiny Tpameuuid MOKHO HOJTYYUTh, 3AMEHHUB MOJBIHTEIPATHHYIO
(YHKIMIO JIOMaHHOHM, TOCTENOBaTeIbHO TMPOXOMAIICH Yepe3 TOYKH (xo, f (xo)),

(xl,f(xl)), e (xn,l,f(xn,l)), (xn,f(xn)). Takum 00pa3oMm, MHTErpajl 10 KakIOMY
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3JIEMEHTapHOMY OTPE3KY (3Ha4€HHE KOTOPOro PaBHO IUIOIIAAN COOTBETCTBYIOIIEH KPHUBOJIU-
HEWHOU TpamneIn) 3aMEeHIeTCsI TUTOIIA b0 COOTBETCTBYIOIIEH MPSMOYTOILHOM TpareIyy.
[TorpemHoCTh (hOpMYIIBI TpANEIMK OLIEHUBAETCS BBHIPAKCHHEM:

dopmyna Tparneuui UMEeT TOT Ke MOPAIOK TOYHOCTH — BTOPOM, YTO
b 1 (hopMyIa MeHTPaTbHBIX MPSIMOYTOIHLHUKOB, HO €€ MOTPENTHOCTh OIIe-

HUBAETCs BETMYMHOM B J1Ba paza Oonbiieit. [loaToMy npeanodrurensb-
Hee MONB30BaThest (OPMYION MPSMOYTOIHHUKOB.

3.4.3 ®opmyna CumncoHa

ATNIPOKCUMUPYEM TMOJBIHTETPATIbHYI0 (PYHKIHUIO TOJUHOMOM BTOPOM CTENEHH, IMO-
CTPOCHHBIM TI0 TPEM Y3JaM: X;_1, X;_1/2, X;. VIHTEPIOJSAIMOHHBIA NOMUHOM Jlarpamika
BTOPOM CTENEHU UMEET BUL:

(r =) (x - x:) (x—xi_l)(x—xl)
G 0w Y G G -

(x - ,_,)(x Xi1)
N A 2 [ x ) xyici-

Lz(X) =

S 1)+

= 2(x = xim ) (r =)y + (=) (- x_ )il

[Moncrasisist 310 BhIpaxkenue st Ly (x) B (3.16) mist [x;, x4 |, momyaum:
X 2 Xi 4 Xi
/f(x) dx = il f(x —xi_%)(x—xi) dx — il [(x —xi.1)(x —x;) dx+

iy '[(x xi1) (x - x; %)dX——(yl Ay ).

[Monyunnu gopmyny Cumncona Ui 3IEMEHTApHOTO OTpe3ka [x;_1, x;]|. [Ipocymmu-
pOBaB 110 OTpe3Ky [a, b], monyyaem cocmasnyio gpopmyny Cumncona:

i=1

b
J s g ey o = 2S4S |

[TorpemmHocTh hopmymnsl CumMiicoHa orieHuBaeTcst HopMyson

< M4(b B a)h4,

2880

e My = rr[la);] 77 (x)].
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Takum o6pazom, hopmyna CuMIICOHA CYIIECTBEHHO TOYHEE, 4eM (op-
MyJa TPSMOYTOJIBHUKOB WM Tpanernuid. [TopsAaok TOYHOCTH — YeT-
BEPTHII.

®opmyna CUMIICOHA Ha3bIBAETCS TaKkke GopMysoi mapadot, T. K. TpaduKOM UHTEP-
HOJISIIUOHHOTO TIOJMHOMAa BTOPOTO MOpsAIKa KaK pa3 U siBisgeTcs mapabona.

3.5 YucneHHoe pelwleHune 3agadm Kown ans
O0ObIKHOBEHHbLIX AndepeHumanbHbIX YpaBHEHUN

Oo6bikHOBeHHOE nuddepernranbroe ypaHeHue (OlY) mepBoro mopsijika MOXHO
3anucaTh B BUJIC

y =f(, 1). (3.25)

D10 ypaBHEHHE MMeeT cemeicTBo pemienuii y(¢). Hanpumep, ecnu [ (v, t) = y, TO
st ipou3BobHON KoHCTaHTBI C QyHkius y(1) = Ce' sBusiercst penieHueM. Boioop
HaYaIbHOTO 3HaYeHust, ckaxeM y(0), CITyXKHT JUTS BBIJIEICHHS OJHON U3 KPUBBIX CeMEii-
ctBa. HauanbHoe 3HaYeHHe 3aBUCHMMOI MEPEMEHHOW MOKET OBbITh 3aJaHO Ui JH000ro
3HauUeHUs ) HE3aBUCUMOMN NepeMeHHOW. OHaKO Y4acTO CYUTAIOT, YTO BBIMOJIHEHO Ipe-
oOpa3zoBaHue, odecnieunBaroliee, 4Too0sl fy = 0. DTO He BIUAET HA PEIICHUE WIIU METOJHI,
WCTIONB3YyEeMbIE JIJIsl IPUOIKCHHS PEIICHHUS.

3avacTyro umeercs 6osiee 4eM OjlHa 3aBUCUMas IIEpEeMEHHast, U TOr/a 3a7a4a 3aKIIo-
YaeTcsl B PEIICHUH CHCTEMbl YPaBHEHHIA IEPBOTO MOPsIIKA; HapUMep,

% =/ (&, 2),
% =8 (ta Vs Z )

Pemrenme 3Toit cUCTEMBI COJEPKUT JIBE TIOCTOSTHHBIE HHTETPUPOBAHUS, U, CIE0Ba-
TENIbHO, HYXKHBI JIBa JOTIOJIHUTEIBHBIX YCIOBHS, YTOOBI OIPEIEIUTh 3TH KOHCTAHTHL. Ec-
M 3HAUEHHMS Y W Z yKa3aHbl [IPU OJHOM M TOM JKE 3HAYEHHH HE3aBUCHMOU MEPEMEHHOMN
ty, TO cucTeMa OyJeT UMETh CJUHCTBEHHOE pellleHHe. 3a1a4a OnpeeeHUs 3HaYeHUN )
u z s (Oymynmx) 3HaUYSHHH ¢ > £y Ha3bIBaeTCs 3adauel Kowwu.

JIro6oe oObIkHOBeHHOE MHddepeHIranbHoe ypaBHEHHE MOPsIIKa 71, KOTOPOE MOKHO
3amucarh TakK, 4To €ro JieBasi YacTh €CTh IPOU3BOIHAS HAUBBICILIETO MOPsIKA, a B IPaBOM
YacTH 3Ta MPOM3BOAHAS HE BCTPEUACTCS, MOXKET OBITh 3alMCAaHO M B BHJE CHCTEMBI M3
n YpaBHEHUI TIEpBOTO MOPsAKA IyTeM BBEIEHHs # — | HOBBIX epeMeHHbIX. Hampumep,
ypaBHEHHE BTOPOTO MOPSIIKA:

u = g(u, u, t)

MOKHO 3aIlluCaTb KaK CUCTEMY:

v =g(u, v, t),

u =
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B BCKTOPHBIX 0003HaYEHUAX ITO BBIITIAUT TaK:

y =1(y, 1),
TIe:
V12 ().
y u )
f(y, t)= g(yZaylat) )
1

IIpu ob6cyxnenun metonoB Ais 3anaun Komm ynoOHO mpencTaBisTh cebe equH-
CTBEHHOE YpaBHEHHUE:

y()=f 1);
¥(to) = yo.
O,Z[HaKO METOIbI C paBHBIM YCHCXOM HpI/IMeHI/IMLI U K CUCTEMaM ypaBHeHI/II?'I.

JInmp oueHp HeMHoOTUE U dEepeHIMATBHBIE YPaBHEHHUSI MOTYT OBIThH
pelIeHbl TOUHBIMH WU MPUOTKEHHBIMU aHATUTUYECKUMH METOJAMH.

[TosToMy (0COOEHHO TMOCIIE TOSIBICHHSI KOMITBIOTEPOB) IIMPOKOE PACIIPOCTPAHCHHE
MOJIYYHIIU YUCTeHHble MemOoObl, B OCHOBE KOTOPBIX JIEKUT 3aMEHA UCXOJTHOTO YpaBHEHUS
€ro IMCKPETHBIM aHAN020M — PAZHOCMHbIM YPABHECHUEM.

OO6sacTh HENMPEPHIBHOTO M3MEHEHUS apryMEHTa 3aMEHSETCS AUCKPETHBIM MHOXKE-
CTBOM To4ueK (y3JoB): &y, t, t, 13, ..., BOBMOXKHO, C MIEPEMECHHON UIMHOW Iara h, =
= t,,1—1,. DTH y3JIbI COCTABISIOT pasHocmuyto cemky. Ickomast yHKIUS HENTPEPHIBHOTO
apryMeHTa MpUOIKEHHO 3aMeHsIeTcsl QYHKIMEH TUCKPETHOTO apryMEeHTa Ha 3aJaHHOM
CeTKe, T.€. B KaKIOH TOuke #, peureHue y(,) 3aMEHSETCs] MPUOIMKCHHBIM 3HAYCHH-
eM (ammpoKCUMUPYETCA) V,, KOTOPOE BBIUUCISETCS MO MPEABIAYIIUM 3HAYCHUSIM. JTa
byHKUMA Hazvieaemcs cemoynou ynxyueti. OHa ONpeIesieHa TONIBKO B y3JIaX Pa3HOCT-
HOM CETKH.

PasHocTHBIN MeTon, Haroiuii GopMymy Ui BEIYUCICHHS Y, MO k TMPEABLIYIIHM
3HAYEHUSAM V1, V-1, Vi-2s - - -» Ynk+1, HA3bIBAETCA k-11aroBeiM mMetopoM. Eciu £ = 1, To
9TO OJHOIIATOBBIA METO/, a P k > 1 3TO MHOTOIIIATOBBIA METO/I.

3.5.1 MeTtopg Gunepa

IIprMepoM OAHOIIATOBOTO METOAA SIBIIAETCA METOX Jiliiepa. B Merone Diinepa 3Ha-
YEHUE )y, BBIUUCIAETCSA MOCPENCTBOM NPSIMOJIMHENHON AKCTPANOSALUN U3 TPEIbIIY-
el Touku y,. Paccmorpum 3agauy Komn:

dy _ .
E _f(ya t)a

¥(t0) = yo.
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Haxnon pemenust y(¢) B HavanbHOI TOYKE MOXKHO BBIYUCIHTBL MO (QopMyIE Y, =
=f(vo, ty). Torna nmpubmmkenne y; K y(t;) MOKXHO HaiiTH, Gepst Ba MEPBBIX WiIeHA psia
Tenmnopa:

y(t1) »y1 = yo + hof (o, 1)

Ilonaras 3arem f, = t; + h;, HAXOOUM:

y(t) mya =y +hif (O, 1)

u T. 1. B o0mewm ciyuae:
Y(tws1) ® Yu+ hof s 1) (3.26)

[Tpu 5TOM OOGBIYHO HA KaXKJIOM HOBOM IlIare MpUOIMKEHHOE pelIeHHE MepeXoquT Ha
JIPYroil YiI€H CEMENCTBA PELICHUMN.

Jis HexoTophIX Iu(epeHIMaTbHbIX YPABHEHUN 3TO SBJICHUE MOXET
NPUBECTH K OOJBIIUM OLIHOKaM.

Hanpumep, npy pelieHUH ypaBHEHHUs V' = Y METOAOM Diillepa OIMOKM, ClAeTaHHbIe
Ha PaHHHUX 3Talax, YMHOXKAIOTCS C POCTOM BPEMEHHU Ha MHOXKUTEIb €. DTO sSBJICHHUE Ha-
3bIBAaCTCS Heycmouuusocmyvio quddepeHnansHoro ypapaenus. MHoraa MoxxHo 00oiTu
3Ty TPYIHOCTb, peliasi 3a7a4y ¢ oOpanmeHHbpIM BpeMeHeM. OTHAKO MMPU PEIICHUH CHCTe-
MBI ypaBHEHUH (DAKT HEYCTOWYMBOCTH YACTO HE 3aBUCUT OT HAIpaBJICHHS perieHus [2].

C apyroii CTOPOHBI, Il ypaBHEHUS } = —) HAYadbHbIE OIIMOKH yOBIBAIOT C POCTOM
t. B aTOM ciiydae ToBOpAT 00 yCTOWUUBOCTH AU QPEpeHIIMATBHOTO ypaBHeHUs. Boobme
nns audepeHnuanTsHOr0 YpaBHeHHs V' = Ay, Tie A 3aJaHo, HauajlbHble OMIMOKK B pe-
IIEHUH YMHOXKAKOTCS NIPY Bo3pacraroiieM ¢ Ha . Ecmu A < 0, To HauaibHBIE OMIMOKH
HE BO3pACTalOT, TaK 4YTO ypaBHeHHe ycToiunBo. Eciu A > 0, ypaBHEHHE HEYCTONUYMBO.
Kak MBI yBUIUM BHOCHEACTBUHU, yCTOHUMBOE nupdepeHransHoe ypaBHEHUE HE 00-
3aTeNIbHO JIETKO PEIIaeTCsl YUCICHHBIMHA MeToaMu. Eciii HyXHa Mayiass OTHOCHTEIbHAs
omuoOKa, TO YCTOWIMBOCTh MU (EPCHIINATHFHOTO YPAaBHEHUS MOXET HE UMETh 3HAUYCHUS.

v A TouHoe pemieHHe

Y3
| IIpubmmwkeHHOE
peleHue

>
t3 X

Puc. 3.1 — I'eomeTprueckasi UHTEpIIPETALIMS CXEMbI Djepa
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[eoMeTpUYECKHIA CMBICIT CXeMbl Diiiepa 3aKiIio4aeTcs B 3aMeHe ¢QyHkuuu y(7) Ha
OTpE3Ke [#, tx+1]| OTPE3KOM KacaTembHOM, IPOBEACHHON K rpaduKy B ToUKe #; (puc. 3.1).

3.5.2 OWKnbKN YNCNEHHOIrO MHTErPUPOBaHUSA

OmmOKH B YMCIEHHOM peNIeHUH 3a1aun Kormm mpoucTeKarT U3 IByX UCTOYHHKOB:
1. Ommbka AUCKpeTU3aIuu.

2. Omubka OKpyIJIeHus.

Ouiubdka Oouckpemuzayuu ecmsv CEOUCMBO UCHONIb3YEMO20 Memood.
Omo 3uauum, umo eciu Ovl 8ce apugmemuieckue bIYUCTEHUS MO
BLINONHAMbBCSL ¢ OECKOHEUHOU MOYHOCMbIO, MO OpPYy2UX OuWUbOOK, Kpome
owmudKU Ouckpemuzayuu, He ObL10 Obl.

ITockonbKy TOUHOE pelIeHne, BOOOIE FOBOPS, HEU3BECTHO U HE MOXKET OBITh BHIYHC-
JICHO, TO OIIMOKA AUCKPETU3ALUH J0JIKHA, TaK WK WHa4e, MPUOIMKEHHO OIICHUBAThCS.

BaxHo paznuuare Mexay coOOH JIOKANbHYIO M II00aTbHYIO0 OIIMOKH JHUCKpETH3a-
uuu. JlokanpHas ommnOKa JTUCKpPETH3allMM — 3TO OIIMOKa, CellaHHas Ha JaHHOM IIare
IIPU YCJIOBUH, YTO MPEABbIIyIIIe 3HaYE€HUs] TOYHBI M YTO HET olMOOK OKpyrieHus. bo-
Jiee TOYHO, JIOKaJIbHAas OIIMOKA TUCKPETU3ALUU d, €CTh Pa3HOCTh MEXK/Y BBIUMCICHHBIM
PELICHUEM U TEOPETUUECKUM PELICHUEM, OIPEAEIAEMbIMU OAHUMU U TEMHU K€ JAHHBIMU
B TOYKE f,. [mobanbHas ommOKa JUCKPETU3ALUN €CTh Pa3HOCTb MEXAY BbIUYHCIEHHBIM
pelieHreM (OMOKHM OKPYIVIEHUSI UTHOPUPYIOTCS) U TOUHBIM PELICHUEM, OIIpeeIsieMbIM
HCXOIHBIM YCJIOBUEM B TOYKE .

Paznuuue mMexay JIOKanbHOW M II00aNbHON OIIMOKAMU JUCKPETH3alluu JIETKO BU-
JeTh B CICHHAIBLHOM ciiydae, koraa f(y, ¢) He 3aBHCHUT OT y. B aTOM ciydae peuieHue
€CTh IIPOCTO MHTErPalL:

(0 = [ 1

B sToMm ciydae meToz Ditnepa npeBpamaeTcs B CXeMy YHCICHHOTO HHTETPUPOBAHUS
o GopmyIie JeBBIX MPSIMOYTOILHUKOB. JIoKampHas OmMOKa TUCKPETU3AIUH €CTh OIITNO-
Ka Ha OJHOM TOJWHTEpBase, a TIoOanbHas OMMOKa AUCKPETU3ALUU — O0IIas ommoKa.
B naHHOM crienuaibHOM CiTydae KaKIblid IMOJAMHTEPBAJ HE3aBHUCHM OT JAPYTUX (Cymma
MOYKET BBIYHC/IATHCS B JIIOOOM MOPSAKE), TAK YTO IVI00ANbHAs OIMMOKa €CTh CyMMa JIO-
KaJbHBIX OIIHOOK.

B ciyuyae nuddepenimansHoro ypaBuenus, riae f(y, ¢) 3aBUCHT OT y, omIMOKa Ha
JF000M WHTEpBAJie 3aBHCHT OT PEUICHHMA, BBIYMCICHHBIX I MPEABUIYIINX WHTEpPBa-
noB. BenenctBue storo mobanbHas omubka B o0mieM ciydyae OyaeT OOoJbIle CyMMBbI



MaBa 3. YncneHHble anropuTmbl 57

JOKaJBHBIX OMIMOOK, eciiu MudQepeHIraIbHoe ypaBHEHHE HEYCTOWYMBO, HO MEHBIIE
9TOM CyMMBI, ecii TudepeHIraIbHOe ypaBHEHHE YCTOMYUBO.

YeroiunBocTh NUQQEepeHInanbHOrO YpaBHEHUS U, CJIEJOBaTeIbHO, BIMSHUE JIO-
KaJbHOM OMUOKH Ha T00ATBbHYIO YIPABISAIOTCS 3HAKOM Mpou3BoaHoi 0f /dy. Jlns Henu-
HEWHBIX ypaBHEHH Of /0y MOXET M3MEHSTh 3HAK, TaK YTO yPABHCHHE MOXET OBITH
HEYCTOWYMBO B OJHUX 00JAacTAX M YCTOHYMBO B ApYyrux. JlJis CUCTEMBl HEJIMHEHHBIX
ypaBHEHUH cUTyaIus eme 0oJjiee CIOKHA.

@OyHIaMEHTAIBHBIM MOHATHEM IPU OLIEHKE TOYHOCTH YHCJIEHHOTO METOJa SIBISETCS
ero nopsnok. [lopsaok onpenensiercs B TEPMUHAX JOKAIbHOM OMIMOKU AMCKPETU3ALINH,
MOJTy4aeMO MpU MPUMEHEHUH METO/a K 3aja4aM C IIAJKUMH peleHusMu. [oBopsT,
YTO METOJ UMEET MOPSIOK p, eciH cymecTByer uucio C, Takoe, 4To:

|d,| < Cho*!.

OO6b1yHO yncio C 3aBUCUT OT MPOU3BOIHBIX (DYyHKIUH, onpenenstonmx nuddepeH-
LMaJIbHOE YpAaBHEHUE, U OT JUIMHBI MHTEpPBajia, Ha KOTOPOM HIIETCS pEIIeHne, HO OHO He
JIOJDKHO 3aBUCETh OT HOMEpa Illara # W BeJIM4MHbI mara h,. Hanpumep, Meton Diinepa
UMeEeT MEePBbIil NOPsIIOK.

PaccmoTpum teneps ernodanvhyro oMKy TUCKpeTH3aluu B (PUKCUPOBAHHOM KOHEY-
HOH TouKe ¢ = #;. [Io mepe nmoBelIeHus: TPEOOBAaHUM K TOYHOCTH, JUIMHEI IIAaroB /4, OyayT
yOBIBaTh, a oOmiee uX 4uciao N, HeOOXOAMMOE I JOCTHXKEHHS f;, OyIeT BO3pacTarh.
['py0o roBopsi:

_h-t

“Th

rae h — cpenusisa aymHa mara. Jlanee, mobanbHas OMIMOKa ey MOXKET OBITh ITPEICTaBIICHA
Kak cymMMa N JIOKaJbHBIX OHIMOOK C MHOXUTEJISIMHM, ONMHCHIBAIOIIUMH YCTOMUHUBOCTH
YpaBHEHUA. DTH MHOXXHUTEIH JIMLIb CJ1a00 3aBHCAT OT BEJIWYMH ILIAroB, U IOTOMY MbI
MOYXeM, OrpyOIsisi, CKa3aTh, YTO €CIH JIOKadbHas ommbka ecth O (hP*!), To mmobanbHast
omnbka 6yner N O (h7+!) = O (h?). Bor nouemy B oIpeeeHUH TOPsKa B OKa3aTele
ObLI0 B35ITO p + 1, @ HE p.

Jlnst merona Oinepa p = 1, Tak 4YTO YMEHBIICHHE CPEIHEN JUIMHBI 11ara B 2 pasa
YMEHBIIUT CPEHIOK JOKAJIbHYI0 OMMOKY mpuMepHO B 2P*! = 4 pasa; HO Tak Kak Juis
JOCTHKEHUS #; TeNepb NOTpeOyeTCcs NPUOIM3UTENBHO BBOE OOJIBIIE IIAT0B, TO IT00aIb-
Has OIMOKa yMEHBIIUTCS JHUIIb B 27 = 2 pa3a. [lyis MeTo 0B 6osiee BHICOKOTO MOPsIKa
106anbHas OMMOKa IS IAJKUX PEIICHUH YMEHBIIMIACH OBl TOPA30 OIyTUMEIA.

Ha npakrtuke npoBeneHHbIN aHAJIN3 JOHKEH ObITh JJOTIOJIIHEH, YTOOB! YYECTh OIIMOKH
okpyrieHuil. IlycTs Ha KaxJI0M L1are MeTona Diiepa AenaeTcs HauxXyaulas BO3MOXKHasI
omnOKa oKpyriieHus €. MOXXHO HaJesAThCsl, OHAKO, YTO BMECTO TOTO, YTOObI ObITh KOH-
CTaHTOM, € SBJIACTCS B U3BECTHOM CTEICHM CIy4aliHON BEJIMYMHOW CO CPEIHHUM 3Haue-
HueMm 0. Ecnu nipu BBITIOJIHEHUHU OTEpaluil ¢ IJIABAIOIIECH TOYKONW KOMIIBIOTEP Pe3ysIbTar
OKPYIVISIET, TO HA MPAKTHKE OoO0IIas OmMOKa, HAKOMUBIIASACA OT OKPYIJICHHH, OOBIYHO
BeseT cebs kak ev/N. Ha KommbloTepax, KOTOpbIe HOC/E apUpMETHUECKHX ONepaluii
IPOCTO OTOPACHIBAIOT JIMIIHUE Pa3psi/ibl, OMIMOKA OKPYIICHUH UMEET TeHAEHIHIO PacTH
JIMHENHO 10 N.

CyMmMupys m100aabHyI0 OINOKY AUCKPETU3ALNU U OIINOKY OKPYIJIEHUH, [TOJTydaeM:

N

obwas owubka ~ b (Ch + %) )
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CrnepnoBarenbHO, 00mIasi omMOKa UMEET MHUHUMAIbHOE 3HAUYEHHUE NI HEKOTOPOTO
ONTHMAJIbHOTO 3HAYEHUS /1, BHIpaXkKaeMoro MpuOIMKeHHON (hopMyInoi:

€

ek

hopt N

ITo mepe yObBaHus /1 ommOKa AMCKpPETH3allMyd yObIBaeT (JTMHEHHO),
Y YHUCJICHHOE PELICHIEe HAYMHACT CXOAUTHCSA K TOUHOMY perieHuto. Of-
HAKO, KOTZIa /i CTAHOBHUTCSI CIIUIITKOM MaJjio, YUCIIEHHOE PelICHHE HAYH-
HACT PACXOIUTHLCS BCIIEICTBUE OMIMOOK OKPYTJICHHIA.

3.5.3 Metogbl PyHre—KyTTa

Merton Diinepa siBiI€TCS YaCTHBIM CIIy4aeM HIMPOKO PacIpOCTPAHEHHBIX B BBIYMC-
JIUTEJIBHOU MTPAKTUKE CEMEMCTBA METOOB, U3BECTHBIX I10J] HA3BAHUEM «METONbI PyHre—
Kytray.

OTu MeTobl 00J1aAAI0T CIEAYIOUUMHI OTIIMYUTEIbHBIMU CBOMCTBAMHU:

1) OHHU SBISAIOTCS 0OHOWIACO8bIMU, T.€. YTOOBI HAUTH Vj.i, Hy’XKHa HH(pOpMALU
TOJNBKO O MPEABITYIIeH TOYKE: X, Vi, W A6HbIMU (SBHAS 3aBUCHMOCTD ki

OT Y);

2) OHM MMEIOT MOPSAOK AP, T p — CTENeHb MopsAaKa (pasnuyHa AJIs pa3iInuHbIX
METOJIOB);

3) oHu He TpeOYIOT BBIYUCICHHS MPOU3BOIHBIX OT f(X, ), @ TPEOYIOT TONBKO BbI-
YHCIEHUS CaMOi (YHKIIHUH.

OpHako A1 BBIYMCIECHUS OJHOM IMOCIEAYIOIEH TOYKM PEIIEHUs NPUXOAUTCS BBI-
quCIATh GYHKIHIO f(X, y) HECKONBKO pa3 MpH Pa3MYHBIX 3HAYCHHSAX X H ). DTO Ta
LIEHA, KOTOPYIO MPUXOAUTCS IUIATUTh 3a MPaBO HE BBIYUCIATh HUKAKUX MPOU3BOIHBIX,
HO IIeHa Oosiee yeM yMepeHHas.

Merton Ditnepa — meton Pynre—Kytra nepBoro nopsizka tounoctu. Ero meanennas
CXOJIMMOCTb XapaKTepHa JJIs BCEX METO/0OB IIEPBOrO MOPSIKA U CIYKUT MPEISATCTBUEM
JUISL €r0 IIMPOKOTO UCTIONIb30BaHUS.

Bce meronpl Pynre—KyTra MOXKHO npeAcTaBUTh B BUJE:

Vi1 = Vi + hep(t, yi)

¢ cooTBeTcTByMOIIEN (QyHkuen . lns metoma Diinepa (yHKIMEH ¢ sABISETCS cama
¢byskus /. PaccMoTpuM yacTHbBIE CIydaw.

MoanduunpoBaHHbIn MeToa dunepa

h h
Vil = Vi +hf (fk T Vet Ef(tka yk))- (3.27)

T'eomempuueckasn unmepnpemayus. Yepes Touky A IPOBOAUTCS IpsiMasi, YIJIOBON
K03((UIMEHT KOTOPO# paBeH yriioBomy ko3 duimenty xacarensHoir BC k uHTETpasib-
HOUM KpuBOU yp(x), MPOXOMAIICH Yepe3 MPOMEKYTOYHYIO TOYKY B, mocTpoeHHyr Mo
Merony Diiepa ¢ mrarom 4/2 (puc. 3.2).
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v A

l‘k tk+1 t

Puc. 3.2 — T'eomeTpudeckas HHTEpIIpeTaIids MOIUPUIIUPOBAHHOM CXEMBI Ditiiepa

Yny4yuweHHbIn MeTog durepa

Visl =i+ g[f(tk, vi) +f (teets i + b (e 1)) | (3.28)

l'eomempuueckas unmepnpemayus. Yepes TOUKy A IpPOBOIUTCS HE KacaTelabHas
K MHTErpanbHON KpuBOW y(x), a mpsimasi AB’ ¢ yIIiOBBIM HAaKJIOHOM, PaBHBIM Cpell-
Heapu(METUYECKOMY YIVIOBBIX HAKJIOHOB KacaTenbHbIX AB u BC, koropsie crpositcs
o mMerony Jiiepa B Toukax A u B. Pemenuem ciyxut opaunara touku B’, xotopas
o0pa3oBaHa MepeCceueHUEM ITON MPSAMON C TIPSIMON X = Xi1 (puc. 3.3).

v A
Yi+1

I U1 t

Puc. 3.3 — I'eomeTpudeckas HUHTEpIpETALMS YIyUIIEHHOW cXeMbl Diliepa

OOparute BHUMaHUE, YTO 3TH CXEMbl MOXKHO TPAKTOBAaTh KAK CXEMbI «IIPEIUKTOP —
KOPPEKTOp» (T.€. «CueT — Mepecyery», «IpeackazaHue — yTouyHeHue»). Hampumep, cxe-
Ma (3.3): cHauana mo cxeme Oiiepa JAENaeTcs Iar MNPEeAUKTOpa U HAXOOUTCS Viy| =
=y + hf (4, i), @ 3aTeM TOIYCYyMMO# JIeaeTcs Iar KOppeKTopa:

Vet =Yk 1

— = E[f(tk, Vi) +f (teat, Frs1) |-
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Haubonee 3namenuToi cxemoil meroga Pynre—Kyrra siBisiercst kiiaccuueckuii me-
TOJl Yemeepmo2o NopsoKa:

1
Vi+l = Vi t g(ml + 21’]’12 + 21’]’13 + I’I’l4), (329)

rac

h m
my = hf (4, ye);  ma =hf(l‘k+ §>J’k+ 71),

h m
m3 = hf (t; + 5’yk+ 72), my = hf (teer, yi +m3).

Hlupoko ucnomib3yercs Takxke MonuuKanus Kiaccuueckoro mertoaa Pynre—Kyt-
ta — Metoa Pynre—Kyrra—MepcoHna:

1
Vil = Vi + g(ml +4my + ms); (3.30)

h m
my = hf(tka yk); mp = hf(fk + g,yk + ?1)’

b

h m mz)
= l‘ —_
ms hf(k+3,yk+ 3 +—6
h m 3m
m4:hf(tk+§,yk+-81+_83)
ms = hf’ (tk+1,yk + —n; - —3’2713 + 2m4).

b

Metonbl Pyare—Kytra 6€3 Tpyaa NmepeHOCSTCS Ha CUCTEMbl OOBIKHOBEHHBIX JH(]-
(hepeHIMaTbHBIX YpaBHEHUH:

y =11, y);
1 fl(f,J’l,J/z,---,yM)
y= y2 : f: ﬁ(taylay25'-',yM) ]
M M(tay19y29"‘7yM)

3anumiem, Hanpumep, Gopmynsl meroga Pynre—Kytra 4-ro mopsiaka ansi cucTeM
JIBYX ypaBHEHUIl:

&

dy _ . dz
E - (p(l, Vs Z)a d - w(ts Vs Z)'

X

1 1
Vis1 =Vi t+ g(ml + 27’}’Z2 + 21’}’13 + H’Z4), Zpyl = Zp + g(l’ll + 21’12 + 21’13 + 1’14).

my = ho(te, Vi, zi); 11 = W (te, Vi, 2);

h m n h m n
mo = I+ 3ok S ) m =it gk S s )

h m n h m n
ms = It 3yt Tz ) = s a5

My = hQp(tisr, Vi + m3, z +n3); Ny = hY(teer, Vi + M3, z + 13).
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3.5.4 MHorowarosble meToabl Agamca

B omnnuume ot ogHomaroBeix MetonoB Pynre—KyTtra 3T METOBI ITO3BOJIAIOT HAWNTH
pELIEHHE ¢ UCIIOJIb30BAHUEM M3BECTHBIX PELICHUN B HECKOIbKUX COCEAHUX TOUKAX.

WTak, mpeamnoaokuM, 4To ¢ MOMOIIbI0 KaKOoro-HHOYIb METoJa YXKe MOJIy4eHa Tao-
JIMIA 3HAYCHUH:

th tl’ t23 ceey tna
Yo, V15 V25 -+ -5 V-

[TycTh miar mocTosiHeH, T.€. t, — t,_; = h.
Haiinem 3HaueHue B TOUKE ,,1. [I[pouHTErprpyeM UCXOIHOE ypaBHEHHUE:

thsl

vt == [ £t () .

In

ATIIPOKCUMUPYS MOABIHTEIPAIbHYIO0 (YHKIIUIO OJTHOTO MEPEMEHHOTO f (t, y(t)) UH-
TEPIOJISIUIUOHHBIM MHOTOUYJIEHOM, KOTOPBIN B y37aX f,, t,_1, t;-2, . . . IPUHUMAET COOTBET-
CTBYIOIIME 3HAYCHUS | (t,,, y(tn)), f (t,,_l, y(t,,_l)), HOJIYYUM OKCIMPAnonsiyuoHuyio Gop-
Myiy Ajgamca B pa3HOCTHOM BHUJIE:

251 95

1 5 3. 4 5 )
= A - 1A - o n— AN n— PmeA Ny R,
Y+l yn+h(fn+2Afnl+12Afn 2+8Af 3+720Af 4+288 fnes + +

e AFf; — KoHeuHast pa3sHOCTh k-ro mopsiaka AYf; = AF1f - ARLf

Rn=m/t(t+l)...(t+n)dt.

(n+1)! J

OctaBnsast B 3Toi (hopMyse HECKOIBKO HAYaIbHBIX CIIATA€MBIX, MONYYalOT s6HblE
Gopmynvl Adamca nns unciaeHHoro uHTerpuposanus OIY.

1. Ecim oCTaBHTh OJHO ClIaraeMoe B CyMME, TO IOdyurIn (popmyity Diinepa:
Yne1 =Vn + h,f;’l

910 popmyna umeer nepBbId MOPAA0K. JIOKanbHAsT TOTPEITHOCTD:

-~ 1 "
R, = Ehzy (E)

2. OcraBmisis 1Ba cllara€MbIX B CyMMe, MOIyYUM (POpMYITy BTOPOTO TOPSIIKA:

h h
Vet =D+ By + S o = 30+ 53 = ).

~ 5
JlokaspHas OrPeIHOCTh 3TON GOpMyIIBI R, = Eh3y(3)(§).
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3. OrpaHuuuBascCh TPeMs CIAra€MbIMH B CyMME, IOIY4YUM (HOPMYITYy TPETHETO IO-
psaKa:

1 5 h
Vol =Vnt+h (fn + EAI n-17+ EAzfn—z) =Wnt 5(23]{:1 - 16f,-1 + 5/u-2).

~ 3
JlokanbHas MOTPEIHOCTh 3TOH (HOpMyIEL R, = §h4y(4)(§).

Jlist Toro, 9ToOBI BOCTONB30BAThCS hopmynamu Adamca, HEOOXOTUMO TIPEIBAPH-
TEJILHO y3HAaTh HENOCTAIOIIME HaudalbHbIe 3HadYeHWs. Hanpuwmep, B dopmyne Anamca
TPETHETO MOPSIKA:

h
Vi+3 =Vis2 + E(23fk+2 - 16fk+1 + ijk), k= 0, 1, 2, .

HeoOxomumo 3HaTh (tipu k = 0) (19, yo), (11, Y1), (t2, ¥2). DTH HemoCTAIOIIHE HAYaTbHBIC
3HAYEHUS MOTYT OBITh HAICHBI C MMOMOIIBIO OJHOIIATOBBIX METOAOB, HAPUMEDP METO-
nom Pynre—Kyrra cooTBercTByronieii TouHoctd. Ho kpome 3Toro Hempocrarka, METOIbI
AJtTaMca UMEIOT U HEKOTOpPbIE MPEUMYIIECTBA 10 CPaBHEHMIO ¢ MeToqoM Pynre—Kyrra.

Hanpumep, B metone Pynre—Kyrra yerBepToro nopsijaka Ha KaxaoM Iiare TpeOyeT-
Csl uemvlpe paza BBIUUCIUTH 3HAYEHUE IIpaBoi yacTu. B MeTone xe Anamca 4eTBepToro
nopsijika:

h
Vnel =Yn + ﬁ(55fn = 59 -1 +37fu—2 = 9n-3)

TpeOyeTCs TOJIBKO 00uUH pa3 BBIYUCIUTH MPABYIO YacTh (T. €. f,) Ha KaXJOM IIare, Tormaa
KakK Apyrue 3Ha4eHHUs ObUIH HaWEeHBI HAa MPEABIAYIINX MIarax.

3.5.5 HeqaBHble pa3HOCTHbIE hOpMYyIibl

J1o cux Top MBI 3aIMCHIBAIIA SIBHBIC PA3HOCTHBIC CXEMBI, T. €. HCOOXOIMMOE 3HaYe-
HUe (QYHKIIMH ONPEASISIOCh SBHBIM 00pa30M IO U3BECTHBIM TOYKAM.

JIJiss MHOTHX KJIacCOB 3ajad IIMPOKO HMCIIONB3YIOTCS TaKXKe HEsIBHbIE CXeMbl. Pac-
CMOTPHUM OJIMH U3 CIIOCOOOB UX MOTyYEHUSI.

ATIPOKCUMUPYEM MOABIHTETPATBHYIO (PYHKIIUIO HWHTSPIOISIIUOHHBIM ITOJIMHOMOM,
Ha4MHAsA C TOYKH X,.|, @ HE C TOYKH X,, KAK 3TO AEJIAJIOCh BBIIIIE.

[TpoBeass MHTErpUpPOBAHKE, MONydaeM HesgHylo (opmyny Adamca (B pa3sHOCTHOM
BUJIE):

1 19 3

1 1
=yt B fo — S Af — — A = — A ——A4n_——A5n_—...).
y”y+(f”2f12](1241(2720/[3160f4

Ocrapysist B 3TOM (opMysie HECKOIBKO HAauaIbHBIX CIIAraeMbIX, MOJIYYaIOT HesABHble
@opmyner Adamca 1 yucieHHoro uaTerpuposanus OY:

1) Vus1 =yn + hf,y1 (HesiBHAS popMmyna Ditnepa).

1
Ota opMysa UMeeT MepBblii MopsIoK. Ee nokanbpHas morpenHocTs R, = —Ehzy(z).

h h
2) VYn+1 = Vn +hfn+1 - EAfn =Vnt E(fnﬂ +fn)

1
®opmysia UMEET BTOPOii MopsoK. Ee joKanbHas NOrperHocTs R, = —Eh3y(3).
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1

1 h
3) Y1 =Yu+h (fn+1 - EAﬁl - EAzﬁ—l) =Ynt E(Sﬁwl +8fy = fuo1)-

1
dopmysia HMEET BTOPOii opsAIoK. Ee IokanbHas morpemnocTs R, = —ﬁh“y(“).

1 1 1 h
4) Ynt1 =Vn t h (ﬁ1+1 - —Aﬁ,, - EAzfnfl - ﬂA3fnZ) =Vnt ﬁ(9fn+1 + 19ﬁ1 - anfl +

2
+5f;,_2).
19

®opmyna yeTBepToro nopsiaka. JlokaibHas morpemHocTh R, = —ﬁiﬁy“).

OCHOBHOW Hedocmamok HESBHBIX PAa3HOCTHBIX (popMyl1, IO CPAaBHEHHIO C SIBHBIMH,
3aKJII04acTCA B TOM, YTO JJIA HAXOXACHHUA MCKOMOI'O 3HAYCHUA q)YHKI_II/II/I y HeO6XOI[I/IMO
B OOIIEM CIydae OpraHU30BBIBATb UMEPAYUOHHbIU Npoyecc, UCHONb3ys T WU UHbIE
(dhopMysbl TPUOTMKEHHOTO PEILIEHUS TPAHCUEHAECHTHBIX YpaBHEHUM (HEKOTOpbIE U3 KO-
TOpBIX OyIyT paccMOTpeHbl B aparpade 3.6).

1. Wcrnonb3yloT MEHbIIE TOYEK, YEM COOTBETCTBYIOLIWE SBHBIE
CXEMBEL.

2. HXx TouHOCTH BbIIIC, Y€M Yy COOTBCTCTBYIOIIUX ABHBIX CXCM.

[[lupe nuamazoH yCTOMYHUBOCTH IO CPABHEHHIO C SBHBIMHU
CXEMaMH.

3.5.6 YCTONMYMBOCTb Pa3HOCTHbLIX CXEM

ITocnenHee cBOWCTBO HESIBHBIX PA3HOCTHBIX CXeM HEOOXOAMMO PaccMOTpETh Oosee
noipoOHo. [ Kakmol KOHKpeTHOH auddepeHIManbHON 3a1a4i U KOHKPETHOM pa3-
HOCTHOM CXEMBI CYIIECTBYET IMAINa30H YCTOMYMBOCTH CXEMBI, KOTOPBIN OIpENeIseTcs
ocpaHuveHusMuy, HaKIapIBAEMbIMU Ha IIar pa3HOCTHON cxeMbl. Heobxonumo ompene-
JUTb, IPU KAKON Maxkcumanvho 601buiol BETUYUHE 11ara pelieHue OyaeT yCTONUrBbhIM.

ITpommroctpupyem 310 Ha npumepe. Paccmorpum nuHeitHoe auddepennunansaoe
YpaBHEHHUE BHJA!

7
Yy :)\'y’ y(o):y()a
rme A < 0—HekoTopas KOHCTaHTa. TO4YHOE pelieHue 3Toi 3amaun y(x) = eyg. Ilpu
BO3PACTaHUU X 3TO PellIeHHE YObIBAET, COXpaHss 3HAK.

1. Jlns sBHOTO MeToAa DUjiepa UMEEM:

Vn+1 = Vn +h7\'yn = (1 +h}\‘)yn'

[TorpebyemM, 4TOOBI pelIeHHEe Pa3HOCTHOM CXeMBbl 00JIafalio TaKuM e CBOM-
CTBOM, KaK ¥ TOYHOE pellleHue. YCIOBUEM TaKOTO MMOBEACHUS PEIICHUS SBISETCS
BBINIOJIHEHHE HEPABEHCTBA:

O<1+hh<].

Ortcrona cieayer, 4yTo
h|A| < 1.



64

PA3LENN I. TeopeTnyeckmnmn

Hns sBHOoro metoga Pynre—KyTra Broporo nopsaka pemieHne pasHOCTHOW 3a-
JTa4Yu MOHOMOHHO YOBbIBA€T MPHU BBHIOTHEHUH YCIOBUS

[\ < 2.

I[J'ISI SIBHOI'O METOJAa AI[aMCB. BTOPOI'O IopsaKa:

Yn+1 =Yn + 2(3)\')/” - )\'yn—l)
HEO0OXOIUMO BBITIOJTHEHHUE yCIOBUS
MK < 1.
st HessBHOTO MeTo/a Disepa (M HEIBHOTO MeTo/la AjlaMca TIEPBOTO TOPSIIKA):
Vel =Vn + h)\'ynﬂa
AQHAJIOTUYHOE YCJIOBUE 3aIMIIETCS B BUJIE
|1 -\ >1,

uto 11 A < 0 BEIIOJIHSAETCS BCET/A.

AHAJIOTMYHO JUIsl HEIBHOTO MeToAa AamMca BTOPOTO MOPsIKa:

h
Vnt1 =Vn t+ E(ﬂﬁl +ﬁ1)a

1+7\ﬁ
2,
1-A=

2

4TO OJ1d BCEX A\ < O BBIIOJIHAETCS TAKXKE BCCraa.

Taxum 06pa30M, MBI BUAWM, YTO IIPU HUCIIOJIBE30BaHNU ABHBIX CXEM CYHICCTBYIOT J10-

BOJIBHO Jfcecmkue OrpaHuiuCHUs Ha 1Iar. HaanMep, JIIA MOI[GJ'ILHOf/i 3aJa4u OHHU MMCIOT
Bug h < C/|A.

[Ipu Gospiux [A| 310 ycaoBue orpanuuMBaeT BbIOOp miara. OTCIOIa BO3HUK TEPMUH

«OKeCTKHE ypaBHEHUsD». Heo0X0quMO OTMETHUTH, YTO GKECTKOCTBY SIBJISIETCSI CBOMCTBOM
ypaBHEHUS, @ HE YUCIEHHON cxeMbl. ClieioBaTeNIbHO, I 00€CIICUeHNUs YCTOMUYUBOCTH
SIBHOM CXeMbl HEOOXOAMMO BbIOMpATh OYEHb MAJICHBKU [Iar HUHTETPUPOBAHMUSL, YTO TPU-
BOIUT K OOJIBIIIOMY YHCIYy IIaroB Ha OONBIIMX MPOMEXKYTKAX WHTETPUPOBAHUS U, KaK
CJIeJICTBHE, YPE3MEPHOMY BO3pPACTAaHUIO 8pemenu pelieHus 3aaad Ha OBM u yBenuue-
HUIO 8bIYUCIUMENbHOU NOSPEUHOCU.
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3.6 PelueHune TpaHcUeHOEHTHbIX YpaBHEHNN

[Tyctb f — HekoTopas (yHKIHMS OIHOM MepeMeHHOH. 3ajaya COCTOUT B TOM, 4YTO-
Obl HaliTi OofHO WK Gonee penreruit ypasaerus f(x) = 0. Vcmons3yemble aqropuTMbl
SIBIISIFOTCS. UTEPALIMOHHBIMY, U 3[I€Ch BAKHBI TAKUE BOIPOCHI: MHOTO JIU TPEOYyEeTCs BBI-
gucienni Gynkimu f(X), Hy’KHBI JIM BHMUCIEHUS TPpou3BoaHbIX [ (x) u £ (x) u T. 1.
Yr06bI HauaTh MOMCK Hy/s f(X), MPEOMONIOKNAM, YTO MOXKHO HAWTH WHTEpBal [d, b],
Ha KoTopoM f'(x) MeHsieT 3HaK. OJHAKO €CITM Mbl HHYErO0 HE 3HAEM OTHOCHTENBHO f,
TO MBI HE MO>KEM OBITh YBEPEHBI, YTO OHA MMEET HyJIb Ha 3TOM HHTepBaie. Jlaxe ecnu
Mmamemamuyeckas GPyHKIUs HETPEPbIBHA M M3MEHSIET 3HAK B [a, b], sviuucisemas GpyHk-
LU IEPEMEHHOTO C IUIABAIOIIECH TOYKOM, 3HAYEHUS KOTOPOM TAKKE ABIISIIOTCS YHUCIaAMHU
C IUIABAIONIEH TOYKOM, MPUHUMAET JUIIb JUCKPETHOE MHOXKECTBO 3HAYEHUM, CPEIH KO-
TOPBIX, BOBMOXKHO, HET HyJs. [loaToMy B KOHEUHOM cuere Oosiee MPAaKTUYHO MCKAaTh HE
HyJIb f, @ Manblii uHTEpBaN [a, ], B KOoTOpOoM f MeHsieT 3HaK. Takoil WHTepBan Bcerma
MOXXHO HallTU U MOXKHO CY3UTh €r0 HACTOJbKO, HACKOJBKO IMO3BOJISIET CUCTEMa YHCEI
C IUIABAIOLIEH TOYKOM, T. €. TaK, 4YTOObl KOHIIEBBIMU TOUKaMH ObUIM /1Ba COCEJIHUX YHUC-
na 9Toil cuctembl. Ecnu o QyHKIMM f HUYEro HE W3BECTHO, TO HanbOoJee HaIeKHBIM
AJITOPUTMOM SIBJISIETCSI METOJ] OMCEKIIUHN WJIM TIOJOBUHHOTO JIETICHHUSL.

MeToj1 OJIOBUHHOTO JICTICHHS, TIPU 3aIaHHON TOYHOCTH €, COCTOMT U3 TAKHX IIAroB:
1. Tlonoxwuth o = a u [ = b. Beruucuts /(o) u f(B).
2. Tlonoxwuts y = (o + [3)/2. Beraucnuts f(y).

3. Ecim sign(f(y)) = sign(f(oc)), TO 3aMCHUTH 0. Ha Y (T.€. TMEPEHECTH JIEBYIO
IPAHUILYy OTPE3Ka B €r0 CEPEeMHY); B IPOTHBHOM Cily4yae 3aMeHUTh 3 Ha Y (T.e.
HIEPEHECTH TPABYIO IPAHUILy OTPE3Ka B ero cepenuny). CyIHOCTh TaHHOTO Me-
TOJA 3aKJIFOYAETCS B COXPAHCHHUHU B JIFOOOM CIydae pasHbIX 3HAKOB Y 3HAYCHUSI
(GyHKIMHU f Ha FPaHULIAX OTPE3Ka.

4. Ecmu - o > €, TO IepeiTH K mary 2; B IPOTHBHOM CIIy4ae 3aKOHUUTh.

AJ'IFOpI/ITM 6I/ICCKHI/II/I JOBOJIBHO MCAJICHCH, HO 3aTO a0COIIOTHO 3acTpa-
XOBaH OT HCyOa4u.

Ecnu xaxmoe BoruucieHue f(x) HECIOKHO, TO OOBIYHO HET CEPhE3HBIX MPHUMH,
4TOOBI OTBEPrHYTH ITOT MeToA. OpHako 100aBOYHAsi CKOPOCTh OUCHb I0JIE3HA, €CIU
BbIumciieHue f(x) TpeGyer MHOTO BPEMEHH.

Ecnu maremarndeckast QyHKIUS f JOCTATOUHO TaaKast (MIMeeT OJHY HIIU JBE Hemlpe-
PBIBHBIE IPOU3BOJHBIE), TO YACTO €CTh BO3MOXKHOCTh 3HAUUTEIILHO COKPATUTh YUCIIO BbI-
YyHuCclIeHUu! (YHKIMU [0 CPAaBHEHUIO ¢ MeToAoM Ouceknuu. CyliecTByeT 0oJbIlIoe 4uc-
JI0 PA3JINYHBIX UTEPALMOHHBIX METOJO0B, U3 KOTOPBIX MBI paccMOTpuUM Merol HeroToHa
Y METOJ| CEeKYILHX.

B Metone HboToHA HYynb 7 QyHKIHMH f HAXOAWUTCS Kak Ipenes MOCIeI0BaTellb-
HOCTH JieficTBUTENbHBIX uncer {x;}. (Mbl mpeamonaraeM ceivyac TOUHYIO apuPMETHKY
JeCcTBUTENbHBIX Ynce.) Kaxioe HoBoe MpUOKEHUE Xy, BBIUUCISETCS KaK €MHCTBEH-
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HBI HYJIb KacaTeJIbHON MPSAMOiA K QyHKIHH ¥ = f(x) B TOUYKE Xi, T. €. MyTEM JOKAIBHOM
JUHEeapu3aluu f OKOJIO Xj.

S (xx)
(o)

Xig+1 = Xk —

B(B)

X

Puc. 3.4 - FGOMeTpI/I‘IeCKaH HHTCPIIPCTAaIrA MCTOAA IMMOJIOBUHHOI'O ACJICHUSA

[eomeTprvecKasi HHTEPIPETAIHs 3TOTO METO/Ia 3aKIIF0YaeTCsl B 3aMCHE Ha Ka0i
urepaiuu rpaduka y = f(x) KacateJIpbHON K HEMY B 9TOM TOYKE.

71 f(x)

\

y=fx)

Puc. 3.5 — I'eomerpuueckas nntepnperanus metona HerotoHa

Ecnu HavanpHOE IPHOIMKEHHE BRIOPAHO docmamoyHo 6u3ko K KopHio, To Heroto-
HOBCKHE UTEpAIUK JOCTATOYHO OBICTPO CXOMSATCS. «XOPOIINMY) HAYATbHBIM TPUOIHIKE-
HHUEM X, ABJISAETCS TO, I KOTOPOTO BBINOIHSETCSA HepaBeHCTBO f(Xo)f (xo) > 0. To ecTh
B KaueCTBE MCXOIHOM TOYKU Xo MOXKHO BBIOpATh TOT KOHEI[ MHTEepBaia [a, b, KoTopomy
OTBEYaeT OpAMHATA TOTO K€ 3HaKa, 9TO M 3HaK f (Xo).
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B Ka4uCCTBC MOI[I/I(i)I/IKaIII/II/I METOIa HLIOTOHa MOKHO HpCI[J'IO)KI/ITI) BBIYHCJICHHUC HpO-
W3BOIHBIX HE Ha Ka)KJIOM IIare WTEPallMOHHOTO MPOIecca, a TOJbKO Ha nepBoM. Haii-
JIEHHOE €€ 3HAUYCHHE MCIOJB3YIOT B JaJIbHEHIIIEM:

S (x)
S (x0)

9T0 COOTBCTCTBYCT 3aMCHC KaCaTCJIbHBIX IMPAMBIMHA IapaJUICIbHBIMU K nepBoﬁ Ka-
caTellbHON B TOUKE X = X0. Z[aHHBIfI npueM CHHMIKACT CKOPOCTb CXOJAUMOCTH, HO 3aTO
n30aBIsgeT OT HGOGXOI[I/IMOCTI/I BBIUUCJICHUA MPOU3BOAHBIX HA KaXIOM HUTCPALIMOHHOM
miare.

Xk+1 = Xk —

Metony HproTOHa 4acTo mpeamecTByeT Kakoi-HuOyab ro0aabHO CXO-

@ JSIIAIACS aNTOPUTM THIA OUCEKIUH, TPEeXAe YeM MOXKHO Oyner Ie-
PCKIIIOYUTHCA Ha 6BICTpO CXOAAImHreCd UTepaiuu METOAOM HreroTona.
Takum o0paszom, meron HbroTOHA 3a4acTyio SIBISETCS JIMIIb 3aBEp-
nrarolel npoueaypoi 0osnee MeAJIEHHOTO, HO 3aTO TapaHTHPOBAHHO-
ro HayanpHOro ajproputMa. [Ipu TakoM KOMOMHUPOBAHUH, K MIPUMEDY,
nOCICAHUEC HECKOJIBKO ACCATKOB I/ITepaL[I/Iﬁ METOIOM 6I/ICGKI_II/II/I MOT'yT
OBITH 3aMEHEHBI HECKOJILKUMH IIaraMu METOOOM Hrrorona.

3amMeTuM, YTO Kaxaas uTepaius Mertona HeroToHa TpeOyeT BBIYMCIIEHHS HE TOJb-
ko f(x), Ho u f"(x). EcTh QyHKIMH, Ml KOTOPBIX BBIYMCIIEHHE f'(X) MOCIE TOro, KaK
HaiiieHo f(x), oueHb «aemesoy. s Apyrux QyHKIMI CTOMMOCTH BBIYMCIEHHS [ (x)
SKBUBAJIEHTHA BTOPOMY BbIurcieHuio f(x). Hakoner, st TpeThbux (PYHKIHUIA BBIYHCITE-
Hue f () TIOYTH HEBO3MOXKHO.

I'maBHOE mOCTOMHCTBO MeToja Hbi0TOHA COCTOUT B TOM, YTO C €rO0 II0-
MOIIIEI0 MOKHO HaXOJIUTh KOMILICKCHBIC HYIH aHATUTUYCCKUX (YHK-
nui f, a TakKe B TOM, YTO €r0 MOXHO PacCIpOCTPAHHUTHh Ha PEIICHUE
CHCTEM HEJIMHEHHBIX YPABHEHU ¢ MHOTUMHU MEPEMEHHBIMH.

IIpy HaxoXkIEHWH HyJIel QyHKIMM f, JUIs KOTOPOH BbIUCIEHHUE f (X) 3aTpyaHEHO,
YaCcTO JIydIIUM BBIOOPOM, deM MeToa HbIOTOHA, SBISETCS Memod cekywiux. B stom
AJITOPUTME HAYMHAIOT C JBYMS HCXOMHBIMU YHCIAMH X| U X,. Ha KaXmom miare xj.,
MOJTyYaIOT U3 X; U X;_| KaK €IUHCTBEHHBIN HY/b JIMHEHHOW (YHKLHHU, MPUHUMAIOLIEH
sHaueHus f(x;) B X 1 f(X4_1) B X4_1. DTa JIUHEHHAS QYHKIUS TPEICTABISIET CEKYILYIO
K KpUBOi y = f(X), IPOXOMAAILYIO Yepe3 TOYKU C aOCIMCCaMU Xy, X;_| M OpIHHATAMH
f(xk) , f(x4-1) COOTBETCTBEHHO, — OTCIOZa HAa3BaHHE: METOJ CEKylHUX (puc. 3.6).

Jlerko mokasarb 4TO:

Xk = Xje—1

S Gx) = f (o)

- (xk)-

Xk+1 = Xk —
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rh 1)

\/

Puc. 3.6 — ['eomeTpuyeckass HHTEpHIpETALSI METOAA CEKYILIUX

Kak u meron HproTOHA, METOX CEKyIIMX OYEHb XOPOIIO paboTaeT AJis aHAIUTHYeE-
CKHX ()YHKLIMH KOMILJIEKCHOTO nepeMeHHoro. OaHako o00OLIeHHEe METO/la Ha CUCTEMBbI
ypaBHEHUH JOBOJIBHO TPYIHO, XOTSI M BO3MOXHO. [Tonqo6HO MeTtony HbroToHa, Hanbosb-
masi TpPyJHOCTh B METOJIE€ CEKYIIMX 3aKJIF0YaeTCs B HAXOXKICHUU X| U X, TOCTATOYHO
ONMU3KUX K 7 JJIsl TOTO, YTOOBI MOIJIa HAYaThCs CXOAUMOCTb.

Kakue BbI 3HaeTE 0COOEHHOCTH MAITUHHON apuPMETHKU?

Kakue BBl MaTpull pa3ivyaroT IpU YUCIEHHOM PELIEHUH CHCTEM JIMHEWHBIX
ypaBHEHUN?

Uro Takoe neHTOUHbIe MaTpullbl? Kakoe WX CBOMCTBO HCIOJIb3YETCS MPU UYKC-
JIECHHOM PEIICHUU CUCTEM JIMHEHHBIX YPABHEHUIA?

B uewm 3akmrouaercss Mmeros uckiaroueHus [aycca?

Yro Takoe o0ycia0BIEHHOCTh MaTpulibl? Kak MOXKHO OLEHUTH YMCIO 00YyCIIOB-
JIEHHOCTHU B IPOLIECCE YMCICHHOIO PEIleHUs 3a1a4n?

Kakue MeTombl MPUMEHSIOTCS UIsl PEIICHUs] OOJBIINX Pa3peKEHHBIX CHCTEM
JIMHEWHBIX YpaBHEHU?

CpaBHHTE METOJ UCKIIFOUEHUs ['aycca U MeToJ| MPOTrOHKHU.

Yewm otmuarorcst Metosbl SAxoou u 3einena? Kak MoxHO 00ecrednTh rapaHTh-
POBAaHHYIO CXOAUMOCTb 3TUX METOJ0B?

Kakue BB 3HaeTe HpO6J'ICMBI BBIYMCIICHHS COOCTBEHHBIX 3HAUCHMMI?

ConocraBbre 10 TPYIAHOCTH MPOOIEMbl BHIYMCICHHUS] COOCTBEHHBIX 3HAYECHUN?
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I1.

12.

13.
14.

15.
16.
17.
18.
19.

20.
21.
22.

23.
24.

25.

26.
27.

28.
29.
30.
31.

K kaxoil 3aaue CBOIUTCS METOJl HEMOCPEACTBEHHOIO pa3BEPThIBaAHUs MPU BbI-
YHCIEHUN COOCTBEHHBIX 3HAUECHUH.

[ToueMy MeTOIl HENMOCPEACTBEHHOTO Pa3BEPTHIBAHUS HENPUMEHHUM Il MaTPHI]
000N pa3MEpPHOCTH.

CKOJIBKO COOCTBEHHBIX BCKTOPOB MOKHO HaUTH C IIOMOIIBIO MCTOAA HTepaHI/Iﬁ?

Hackosbko TOYHBIM MOJTy4YaeTcs 3HaYeHHE COOCTBEHHOTO BEKTOpa, HAlIEHHOTO
METOJIOM UTEPAIIHIA.

Yro Takoe uHTepnossnys? Kakue MeTonpl HHTEPIOISALIUHN CYLECTBYOT?
s gero npumensiercs cxema ['opaepa?

Kaknmu Henocratkamu o6naznaeT nio0anbHas HHTEPHOISLNA?

B kakux ciy4asx UCIOJIb3YyeTCsl CIUIAWH-UHTEPHOIALns?

Jaiite nonsaTue KBajgpaTypHoi Gopmynbl. UTo Takoe y3ibl KBaapaTypHOil (op-
MYJIbI U KOA(h(UIIMEHTBI KBAAPaTypHOH (POPMYIIHI.

Uro Takoe MOrpenIHoCTh U MOPSI0K TOUHOCTH KBaJpaTypHOU (Gopmysibl?
CpaBHUTE METOMbI MPSIMOYTOJILHUKOB, Tpanenuil 1 CUMIICOHA.

Ha npumepe mertoma Ditnepa aaiiTe MOHATHE O YUCIECHHOM HMHTETPUPOBAHHU
OOBIKHOBEHHBIX MU (EepeHIINaIbHbIX YPAaBHCHHM.

UYro Takoe yCTOWYMBOCTh AU(PepeHInanbHOr0 ypaBHEHUs ?

Jaiite nonsaTue 06 ommoOKax TUCKPETH3ALMHN U OMIUOKAaX OKPYIJIEHUS MPHU YHC-
neHHoM pemenuu O/1Y.

JlaiiTe reoMeTprUYeCKy0 HHTEPIPETAUI0 MOAU(PHUIIMPOBAHHOTO U YIYUIIEHHO-
ro MeToioB Diiiepa.

CpaBnute metonbl Pynre—KyTtra u MeToasl Anamca.

JlaliTe MOHSATHE O HESBHBIX Pa3HOCTHBIX CXeMaX. B ueM MX mpeuMyIiecTBO HaJl
SIBHBIMUA?

Yro Takoe yCTOWYMBOCTb Pa3HOCTHBIX CXeM?
Kakue meTonpl peleHuss HENMMHEWHBIX YPAaBHEHUH Bbl 3HacTe?
B ueMm noctonHcTBa M Hepgocrartku Merona Herorona?

I[aﬁTe reOMETPHUYCCKYIO MHTCPIIPCTALIMIO METOAA HeroToHna u Metona CCKYIIUX.
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METOLbl PELLEHUA CJ1AY

4.1 MeTtopn laycca

[Tpu HarmucaHUM TPOTPAMMBI, PeaTU3YIOIIEH 3TOT BBIYUCIUTENBHBIN IpoLecc, He0O0-
XOIMMO YUYHUTHIBATh OHO BaKHOE CBOWCTBO aJIrOpUTMa. A HMEHHO: KOT/Ia BEIYUCIISIOTCS
koo puumentsr a**1) u H*+1) | 1o myxHbI TONBKO KodpPuumentsr al) u bM) npu h =k
Y HE HYXHbI KOOPPHUIHUEHTHI ¢ A < k,

k
ke1) _ () U k)
i T4 T T %k
Ay

a

k) ik
Ak

k
pED _ ph) _ by 40

Bo3Hukaer BOIpoc, MOXKHO JIM HCIIOJB30BaTh JIMIIb JIBE IMEepeMeHHble 4 U B Iuis
npencrasienus Beex a®) u H(Y)? YroObl OTBETUTH Ha 3TOT BOIIPOC, PACCMOTPUM, Ka-
Kre KOA(QQPUIMEHTH TMOTPeOyIoTCS Ha MOCIEAYIOMUX MIarax oOpaTHOW IMOACTaHOBKH,

® <~ k)
b;” - Z a; " Xj

J=k+1

a UMCHHO X = (k) . KaK MBI Y)Ke BUACIIH, HpI/I 3TOM MOXKHO BOCIIOJIB30BATh-
ik '

CA J'IIO6I)IM N3 YPAaBHCHHUHN C HHACKCOM I = k, ..., N Ecnu JJIA BBIYHCIICHUS Xy, BI)I6I/IpaeTCﬂ

k-e ypaBHenue (i = k), TO IOCTYIIHBI KaK pa3 Te€ CTPOKU A U B, KOTOpbIE coAepkar Ko-

k k ;
¢ punmeHTH a® u bi( ) s io= k+ 1, ..., n. Takum 00pazom, UX MOXHO 3aMEHUTHh

i
(k+1) (k+1)
COOTBCTCTBCHHO Ha aij n bi . Y3 Bcero storo CJIeayeCT, 4TO A0CTATOYHO UMCTD I10

OJTHOMY 9K3eMIUIPY MEPEMEHHBIX A U B, KOTOpble OyayT MOCIEeNOBaTeIbHO XPaHUTh
K03 HUITUEHTHI alg.]), asz), e al.(j") H bfl) , bfz), e bf"). O0beM maMATH, HEOOXOAUMBII
JUISL XpaHEHHS 3TUX K03 (PHIIMEeHTOB, pe3Ko cokpariaercs. IMEHHO mo3ToMy MpUMEHe-
HUE MEeTOoa UCKIIoUeHHs ['aycca SKOHOMHYECKH OMPABIAHO HA CYIIECTBYIOIIMX BBHIYHC-
JUTENHHBIX MAIllMHAX. 3aMETHM, YTO M0 aHAJIOTUYHBIM COOOPaKEHUSIM MOKHO OBLITO ObI
WCIIOJIb30BATh OOIIYIO MAMSTh JUIS X; U b; B HE BBOIUTH MEPEMECHHYIO X .

B3rsiHeM Ha peKyppeHTHbIE COOTHOIIEHHUS alrOPUTMA.
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®opmyiel nepecyera K03(pHULUEHTOB:

at?
k+1 k j k
R (4.1)
Ak
@y o Y
bi = bi — Waik .
A

a

q)OpMyJ'Ia MMOJIYUYCHHA HCU3BCCTHDBIX:

k N (k
bl.( ) — > a; )xj
Jj=k+1
ay)

Xk = (42)

IIpyn HanucaHuM NPOrpaMMBI BOCIIOJIB3YEMCsS METOAOM IOIIATOBOW JETalU3aLMH.
Ha nepBom 3Tame HEOOXOAMMO ONPENEIUTHCS C OCHOBHBIMH CTPYKTYpaMH JaHHBIX.
VYuuThIBas BBIIECKA3aHHOE, BBEJIEM CIICAYIOIIME OIMCAHUS IIEPEMEHHBIX:

var
A: array[l..n, 1..n] of real,
B, X: array[1..n] of real;

Ha camoMm BbICOKOM YpOBHE JeTanH3alliy HAIWIIEM IEPBbI BapUAHT MPOTrPAMMBI
B CJIEAYIOLIEM BUJIE:
Bapuanm 1:

{1.1} begin «IprcBOUTH 3HAYEHUS IIEPEMEHHBIM 4 U B»;

{1.2} for k:=1 to n— 1 do begin

{1.3} Berurciuth a**1) u -+ ucnonssys a®) u b*) | B coorBeTcTBUM
¢ ¢popmynamu (4.1)

{1.4} end;

{1.5} k:=mn;

{1.6} repeat

{1.7} «BBIYUCIUTH X; B COOTBETCTBUH C (4.2)»

{1.8} until £ = 0;

{1.9} end.

BapuanT 2 monyuaercs B pe3ynbTaTe AeTalu3allud HHCTPYKIUH «BbYucIuTh ak+1)
u b+ ucnonsszys a® u b, B coorerctsuu ¢ (4.1)» (ctpoka 1.3 B Bapuanre 1),
KOTOPYIO MOKHO 3allUCaTh CIELYIOMIUM 00pa3oM:
Bapuanm 2:

{2.1} for i:=k + 1 to n do begin
{2.2} «BpraucuTh i-10 cTtpoky aé+) m h(-+1) | g coorsercTBUM ¢ (4.1)»
{2.3} end,;

k+1
B »sTom mecte CICOAYyCT O6paTI/ITB BHUMAHHC HA TO, YTO IIPHU BBIYUCICHUU a( )

i

(k) (k)
(k+1) Ay by .
u b, o (4.1) MHOXUTENH —&y 1~ HE 3aBUCAT OT napamerpa LKA i. Crnenys
Qe D

OCHOBHOMY IIpaBUIly, I1I0 KOTOPOMY HYKHO Hn30erarhb IMOBTOPHOT'0 BBIYHCIICHUA HCMCHA-
IOIUXCs JacTer BBIan(eHHﬁ, MBI BBIHECEM U3 MHCTPYKIHUHN for Or€palurio ACJICHUSA Ha
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k
a,Ek) Ho Bo3HuKkaeTt BOIIPOC: I'I€ XpaHUTL PC3YyJIbTAaThbl ,I[CJ'ICHI/IH? MosxHO 5Hu IIpoCTO 3a-

® )

® k) ay’ by

MCHUTH ak] U bk COOTBETCTBCHHO Ha m nu (k) PaCCMOTpI/IM KaK IIOBJIMACT OTa
5 g g,

3aMeHa Ha Iporecc 00paTHOM MOACTaHOBKU. Bo-miepBhIX, yMHOKEHHE BCeX KOA(QHIIn-

€HTOB Ha OAMH U TOT K€ MHOXXHUTEIIb HE U3MCHSIET 3HAYCHUSI HEM3BECTHHIX. BO-BTOPHIX,
IpU JIEICHUU Ha a,Ek) 3Ha4YEeHHUE CaMoro a,((k) CTaHOBUTCS PaBHBIM 1, U, CIIETOBATENBHO,
B Ipoliecce 0OpaTHOW MOICTAHOBKHU JEJIEHWE CTAHOBHUTCS M3MHIIHUM. [loatomy mpen-
Jaraemasi 3aMeHa He TOJIbKO JIONyCTHMa, HO U jkenaresnbHa. Ha ocHOBaHMM BhINIECKa-
3aHHOTO 3aIUIIeM TPETH BapHaHT MPOrpaMMbl s a3kl UCKITIOYCHUS HEU3BECTHBIX,
KOTOPBIN MpeHa3HAYeH 3aMEHUTh CTpOKH 1.2—-1.4 B BapuaHnTte 1.

Bapuanm 3:

{3.1} for k:=1 to n— 1 do begin
{32}  p:=1/A[k, k];

{3.3} for j:=k+1 tondo

347 Alkj]=p ALk, j;
{3.5}  Blk]:=p = B[k];

{3.6} for i:=k+ 1 to n do begin

{3.7} «BBIYUCIIUTH afk”) u bl(k“), B COOTBETCTBHH C (4.1)»
{3.8} end;
{3.9} end,;

(k+1) (k+1)
HaKOHeI_I, opu Aetaiu3alui MHCTPYKOHUU «BBIYUCIUTL 4; bi , B COOTBECT-

cteuu ¢ (4.1)» (crpoka 3.7 B BapuanTe 3) CieiyeT yUuThIBaTh, 4TO A[i, j| uMeeT 3Haue-
(k)
HUE W (Ha k-m mmare).
Dok
Bapuanm 4:
{4.1} for i:=k + 1 to n do begin

{4.2} for j:=k+1 tondo

{4.3} Ali, j] = A[i, j] - A[i, k] * A[k, j];
{4.4} Bli] := B[i] - A[i, k] * B[k];
{4.5} end,;

Teneprp TOT e mpolecc MOCTENEHHON JAeTalu3aluu Mbl MPUMEHseM K ¢aze 00-
patHOll moacTtaHoBKU. OOpaTHasi MOJICTAHOBKA peaju3yeTcsl Kak I0CJIEeI0BaTeIbHOCTh
BbIUMTAaHUH 10 (4.2). 3aMeTUM TONBKO, YTO JIEJICHHE Ha a,(clli) yKe OBLIO BBIMOJIHEHO
BO BpeMs (ha3bl UCKITIOUEHUS] HEM3BECTHBIX. TakuM oOpa3oM, cTpoky 1.7 B Bapuante |
HEOOXO0IMMO 3aMEHUTH CIICAYIOIIUMH CTPOKAMHU:

Bapuanm 5:

{5.1} t := B[k];

{5.2} for j:=k+1 ton do

{53y  t=t-Alk,j] *X[J];

{5.4} X[k]:=

OOpaTuTe BHUMaHHUE, YTO 3[1€Ch CYLIECTBEHHO HCIIOJIb3YETCS TO CBOMCTBO HHCTPYK-
uu for, B COOTBETCTBHU C KOTOPBIM HE BBIMOIHICTCS HUKAKUX JICHCTBUIA, eCii KOHEeY-
HOE 3HAUCHUE MCHBIIIC HAYaJIbHOTO 3HAUCHHUS MapaMeTpa UK.
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Hwxe npuBoauTCS OKOHYATEIBHBIA BUJT TIPOTPAMMBI PEIICHUS CUCTEMBI JIMHEHWHBIX
ypaBHEHUH. 3aMETUM, YTO TeTepb TPeOyeTcst 7 MIaroB UCKIFOUCHUS HEU3BECTHBIX (BMeE-
cTo n — 1 maroB), Tak Kak Ha 7-M IIIare BHITIOJHAETCS JEJICHUE b,(ln) Ha a,(,Z).

Pemenue cucteMbl # TUHEHHBIX YpaBHEHUH METOIOM MCKIIOYCHHSI HEM3BECTHBIX T10

metony l'aycca.

var
i,j, k:1.n
p, t: real;
A: array[l..n, 1..n] of real,
B, X: array[1..n] of real;
begin
«TIPUCBOUTH 3HAYCHUS IEPEMEHHBIM A U BY;
for £ := 1 to n do begin
p:=1/A[k, k];
for j:=k+1 tondo
Alk, j]:=p = Ak, j1;
B[k] :=p * B[k];
for i:=k+ 1 to n do begin
for j:=k+1 tondo
A[iaj] ::A[i’j] _A[i7 k] *A[kaj];
Bli] := B[i] - A[i, k] * B[k];
end;
end;
k:=mn;
repeat
t = B[k];
for j:=k+1tondo
t:=t-Alk, j] +» X[J];
Xlk]:=t
until £ = 0;
end.

{X[1].. X[n] sBnsiroTCSs penieHUEM CHCTEMBI ypaBHCHH |

Oco0oe BHUMaHKE HYKHO YICJIUTh ONEepalluy JeJIeHuUs, TOCKOIbKY allTOPUTM Iepe-
cTaeT paboTarh, €ClIU ACTUTENb OKAXKETCS PaBHBIM HYI0. JTO TeM Ooliee BaKHO, €CIU
apudmeTrdecKre ornepaiy BBIIOIHSIIOTCS ¢ KOHEYHONH TOYHOCTBIO, TAK KaK Jaxke Omu3-
KU K HYJIIO JISJIUTENh MOXKET MIPUBECTU K OLTHOKE WIIM B JIy4IlIEM CIy4dae K COBEPIICHHO
00eCKypaXuBaIOIIUM pe3yibraTaM. 10, 4TO TIEpeCcTaHOBKa CTPOK (ypaBHEHUM) U CTOJIO-
OB A 1 B He BIUsAET HA 3HAYEHUs HEU3BECTHBIX, MO3BOJISIET HAM B TAaKOW MOCIIEN0Ba-
TEIBHOCTU MPOU3BOAUTH UCKIIOUEHNE HEU3BECTHBIX, YTOOBI BOOOIIE N30eKaTh ACTICHUS
Ha HYJIb WIX OJIM3KOE K HYIO 3HaueHUe. J[eInTenn Ha3bIBatOTCsI OCEBBIMU IIEMEHTaAMHU.
B kauecTBe 0CEBOro 37€MEHTa Mbl MOXEM BbIOpaTb KOMIIOHEHTY afjk) C HauOOJIbIIUM
a0CONIOTHBIM 3HaUeHHEeM. PasymeeTcs, alropuT™M MpH 3TOM YCIOXKHSETCS, HO Oe3 mo-
HCKa OCEBOTO AJIEMEHTa HEBO3MOXKHO, KaK MPaBHIO, 0OOUTHCH, €CITU MBI XOTHM HUMETh
YIOBJIETBOPUTENIbHYIO TOYHOCTh U HAJIEKHOCTh BBIYUCIICHHUM. Eclii Ha HEKOTOpOM mIare
HCKJIIOYEHUS HE YHAA€TCA HAWTH OTJIMYHBIA OT HYJS OCEBOM AJIEMEHT, TO Takasi CUCTe-
Ma ypaBHEHUM HA3bIBAETCA CUHTYJSPHOM, T.€. OHA UMEET HE €IMHCTBEHHOE PEIICHUE.
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Ecnu e HeT menuTens, KOTOPBIA CYIIECTBEHHO OTIIMYAETCSA OT HYJs, TO TaKas CHUCTEMa
SBIISIETCS NJI0XO 00YCN08TIEeHHOLI.
Kparkwuii ananu3 aaropuTMa mokasbIBaeT, YTo B CAMOM BHYTPEHHEM LIMKIIE ONEepaIiy

Ali, j] = A[i, j] - A[i, k] > A[k, j]
BBITTOJIHAKOTCS
1
(n—1)2+(n—2)2+...+22+12:6(2n3—3n2+n)

pa3. To ecTh npu pelIeHUU CHUCTEMbI TUHEHHBIX anreOpanyecKux ypaBHEHHH METO0M
lNaycca 0ObeM BBIYHMCICHHUM PACcTET KaK TPEThs CTEIEHb YMCIA MOPSIAKA CUCTEMEI 7.

4.2 MeTtoa nporoHkn

JlaHHBI METOJ NPUMEHSETCS B Cllydae TpeXAuaroHaiabHOW marpunbl 4. B stom
Clly4ae YYUTBIBAETCS OCOOEHHOCTb CTPYKTYphl MAaTpHUIlbl, a CUCTEMY MOXKHO 3aIllucaTh
B BHJE!

ayi1+cyi+byigi=fi, ao=b,=0,i=0...n 4.3)
B pa3BepHyTOM BHI€ 3TO BBIIIAIUT CIACAYIOIIUM 00pazoMm:
Co b() 0 0 0 0 Yo \ f()
ar G b1 0 0 0 Y1 f]
O ar () bz 0 0 2 f2 (4 4)
0 0 0 An-1 Cpot byt | | nm Jn-1
0 O 0 0 al‘l Cﬂ yi’l ﬁ’l

[TyTem HECTOXKHBIX MAHUMYJISIIINI, B YACTHOCTH IIPUMEHUB METOJ] HCKItoueHus ["ayc-
ca, CUCTEMY MOXKHO IIpeoOpa3oBaTh K BUY:

1 -00 O 0 0 0 0 Bo

0 1 -o4 O 0 0 Y1 Bi

0 0 1 -0l 0 0 V2 62 (4 5)
0 O 0 0 1 —ou| |y Br-1

0 0 0 0 0 1 Vn B

OnHako NaHHBIN Tpouecc TpeOyeT XpaHeHHs BCel MaTpHIbl A, 4YTO B CiIy4ae MaT-

pUIBl OONBIIONH Pa3MEPHOCTH HE BCETIa BO3MOXKHO. A YYHUTHIBasl, 4YTO MAaTpPHUIA HMEET
TpEeXAMAaroHaJIbHBIA BUI, TO MeTOa ['aycca OOJNBIIYI0 YacTh BPEMEHH OYJET BBITIOIHATH
OTIepalliy C HYJEBBIMHU JIEMEHTaMHU.

Ho, nomyctum, marpuna Buaa (4.5) nmoixydeHa, 4to Ham 3To naet? M3 Hee momydaem
PEKYypPEHTHBIE COOTHOIICHHUS:

yi:aiyi+l+ﬁi, i:O, 1,...,7’1—1 (46)
NI

Yi-1 = 01y + [31'71, 4.7)
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[Toka Ham U3BeCTHBI TOBKO o U By (o = —bg/co; P1 = fo/co), @ O, ..., O U Po, ..,
[3, — MOKa HEeW3BECTHBI.
[ToncraBuB ypaBHeHue (4.7) B ypaBHeHue (4.3), moiry4aem:

ai(ai—lyi + ﬁz‘—l) teyi+tby=fi,i=1,..,n-1

[IpuBens nonoOHbBIE OTyYaeM:

_ bi Ji—aPi
Yi=— Yis1 + .
a0 + ¢ aoi—1 + ¢

CpaBHHB TOJIyYCHHOE ypaBHEHHE C (4.6), 00OHApYXHM, YTO:

_b. — o
a; = S , |?),' = fl—lBl ! . (48)
Qi_1a; + C; Qi_1a; + ¢

Takum 00pazom, BUIUM, YTO HET HEOOXOAMMOCTH B npeoOpa3oBaHuu (4.4) K BU-
ay (4.5), Tak kak Bce KodppuuueHTsI (4.8) MOXKHO MOTYYHTh, UMEsl TOJIBKO df, 31 ¥ 3 ox-
HOMEPHBIX MacCHBa Pa3MEPHOCTH 71 KXl (WJIM OJMH JBYMEPHBIN, pa3MEPHOCTH 3 x1).
CootHomenus, onpenensonye ko3hhunuentsl (4.8), Ha3pIBatOTCsA GOPMyIaMH IPIMOM
MIPOTOHKH.

[Tocne Toro Kak 1Mo peKyppeHTHbIM COOTHOIIEHUSM (4.8) HaiiieM Bce 3HaueHUs Mpo-
TOHOYHBIX KO3 dHUIHEHTOB: (0, 32), (03, B3), - - -5 (A1, Pu1), IEPEXOTUM KO BTOPOMY
JTary, Ha3bIBAEMOMY — OOpaTHasi MPOrOHKA.

DTOT 3Tan HAYMHACTCS C BBIYUCICHUS V,,. ET0 3HaueHne HaxoauM, pa3perinB CHCTe-
MY YpaBHEHHUH, COCTABICHHYIO U3 YPaBHEHHsI C MOCIEIHUMH MOJTYYSHHBIMHU MTPOTOHOY-
HBIMU KO03()(UIIEHTaMH ¥ TIOCIICTHETO YPaBHEHHS HICXOTHONW CUCTEMBI:

Yn-1=0u_1Yn + Bn—l;

fn = @pYn1 + V.
PaspemmB cuctemMy OTHOCHUTEIBHO V,, TOYYHM:

_ _anf’n—l +ﬁl

=
Cp + a0yt

3neck Bce K0d(D(DUIMEHTHI W3BECTHBI, CIEIOBATEILHO, 3HAYCHHE OIpeneicHo. Bee
ocTaibpHbIC 3HaUeHUs y; (i = n—1,n-2, ..., 0) HaXOIUM 10 peKyppeHTHOH dopmyie (4.6).

4.3 NtepaumoHHble meToabl peweHusa CITAY

[Ipy M3yYeHUH HMTEPALMOHHBIX METOIOB HCIOJB3YOTCS MOHATHS HOPMbI BEKTOPA
¥ HOPMBI MaTpHIbl. PaccMOTpHM OCHOBHBIE BHIbI HOPM. ECITH B POCTPAHCTBE BEKTOPOB
x = (xi, ..., x,)7T BBeaeHa HOpMaA |X|, TO COIIACOBAHHOM C HEll HOPMOM B IPOCTPAHCTBE
MaTpul] A Ha3bIBalOT HOPMY

Ax
] = sup 1231

w0 ]
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HauOonee rcnons3yeMsl B IPOCTPAHCTBE BEKTOPOB CIIEAYIOIUE HOPMBI:

[xoe = max|x;]

J
Z|Xj|
J

I

x>

a COMIaCOBAaHHBIMU C HUMH, HOPMaMU B IIPOCTPAHCTBE MATPULL ABISAIOTCS COOTBETCTBEH-
HO HOPMBI:

Ao = max  Ylay]).
J

|l = max| > las |
; ij

J
Al = | /maxii,.

rae }‘ZT y— CcOOCTBEHHbBIEC 3HAYECHUSI MATPUILIbI ATA.

4.3.1 MeToa npocTbIX nTepaunm

CYTI) METOAAa COCTOUT B IMOCJICAOBATCIILHOM BBIITOJIHCHUHN CICAYIOMINUX IPOUCAYP.

1. Hcxonnas 3amaua A xx = b npeoOpasyercs K paBHOCHIBHOMY BHIY: X = ¢ XX +d,
rie ¢ = {c;} —xBagparnas marpuna, d = d{d;} —Bexrop, i, j = 1, ..., n. Takoe
peoOpa3oBaHUEe MOXKHO OCYILECTBHTH PasiMYHBIMH CHOCO0AMH, OIHAKO IPU
OCYIIIECTBICHHU TIPe0OPa30BaHusl CIEAyeT MOMHHUTB O TOM, YTO s obecrede-
HHS CXOAMMOCTH HOPMa MaTPHIIbI TOJKHA ObITh MEHbIIE SAUHHUIIBI ||c|| < 1.

Hampumep, cucremy:

1.02 xx; = 0.15 xx, =2.7
0.8xx;+1.05xx,=4

MOKHO 3aIiucaTtb B (1)OpM€Z

-0.02 X X1 +0.15 X X +2.7
0.8 xx;—-0.05%xx,+4

X1

X2

JUTsL KOTOPOii | ¢[00 = max{0.17, 0.85} = 0.85 < 1.

2. BolOupaercs HauajabHOE MPHUOIMIKEHUE PELICHHs, OOBIYHO B KauyeCTBE Hayajlb-
HOTO 3HaueHUs BekTopa pemeHus GepyTt Bekrop d, x(©) = d. U 3arem mHOro-
KpaTHO BBINOJHAIOT ACUCTBUS IO YTOYHEHUIO PEILEHHs] B COOTBETCTBHHM C pe-
KyppeHTHOH (HopMyIoii:

xED =exx® 4 d, k=0,1,....
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3.

I/ITepaIII/II/I 10 YTOUHCHHIO PCHICHUA 3aKaHYMBAKOTCA IIPU BBIIIOJJHCHUHN YCIOBHA:

HC” Hx(k+l) _ X(k)H <e,

L= |e]

rae € > 0 —3amaHHas TOYHOCTh, KOTOPYIO HEOOXOAMMO JOCTUTHYTH IMPHU pPellie-
HUH 33]1auul.

Huxe npuBeneH npuMepHbId MAa0J0H MPOrpaMMBbl, pean3yIOHi METO ] MPOCTHIX
WTepanuil, B KOTOPOM pacnucaHa OCHOBHAs 4acTh alroputMa. [y KOHKpETHOW 3aJ1aun
JAHHBIN 11a0JI0H €CTECTBEHHO TpeOyeT YTOYHEHHUS.

Memoo npocmuix umepayuii evtuucienus peuwrenus CJIAY

N — KOMUYECME0 HeU36eCHHbIX U YPAGHEHULL CUCTEMbl
c[n][n] —mampuya kosppuyuenmos nocne npeobpaszosanus
d[n] — eexmop c80600HbIX wLeHO8 NOCIE NPeoOPA308aHUSL
xk[n] — eexmop pewenus na waze k

xk1[n] — eexmop pewenus na waze k + 1

€ — MOYHOCNlb

type

matrix=array[l..n, 1..n] of real,
vect=array[l..n] of real;

function norm matrix(var m: matrix): real;

{
b

Jna kasxcoozo muna Hopmbl onpedensiemcs no ce0emy

function norm_vect(var y: vect): real,

{
}

var

Jna kasxxcoozo muna Hopmbl onpedensiemcs no ce0emy

i, j: integer;
tmp, norm: real,
t. vect,

begin

fori:=1tondo
xk1[i] :=d[i];
repeat
fori:=1tondo
xk[i] := xk1[i];
fori:=1tondo
begin
xk1[i] = 0;
for j:=1 to n do
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xk1[i] = xk1[i] + c[][j] * xk[/];

xk1[i] := xk1[i] + d[i];
t[i] == xk1[i] - xk[i];

end;

tmp = norm_matrix(c);

norm := norm_vect(t) * tmp/(1 — tmp);

until norm < e;
end.

4.3.2 Metoa utepauum

Z[J'IH peIICHUA JaCTUYHOM HpO6J'I€MI>I COOCTBEHHBIX YHCET JJI MaTpull MPAKTHYCCKU
0001 PasMEpPHOCTH yz[06Hee BCCI'0 UCII0JBb30BaTh MCTO HTepaHHP’I. Cnez[yeT 3aMCTUTD,
YTO JAHHBIA METOJ IO3BOJISET MOJIYy4YHUTDb COOCTBEHHOE 3HAUCHHE HpI/I6JII/I)KeHHO.

Z[J'ISI JACMOHCTpaI MCTOa HaugeMm COOCTBEHHOE 3HAUYEHHE U COOTBeTCTBYIOI_I_[I/Iﬁ

5

1
€My COOCTBEHHBIN BEKTOp JJIsl MaTpULbl A = 4 , ¢ To4HOCThIO € = 0.1.
1

H
2
1 1
2 3
1
1. Tlonoxum HayaneHOE MpHOIMKEeHUEe X = 1).
1

2. Haiinem crenytoiee nmpuOIMKEHHE:

51 2 1 8 3
XIZAXX(): 1 4 1|x|1]=]6 . )\,1=T:8, |)\,1—>\0|=8>0.1.
213 1 6

3. Haiinem cnenyroiee npuOImKeHE:

512 8 58

58
X2=AXX]= 1 4 1|x]6]=]38 , )\.2:§=7.25, |)\.2—>\.1|=075>01

213 6 40
4. IlponomxaeM yTOUHEHHE:
512 58 408 408
X;=AxX;=|1 4 1]|x|38]|=]250]1, k3=§=7.034, A3 =2 =0.116 > 0.1.
213 40 274

5. IlpomoimkaeM yTOYHEHUE:

512 408 2838
Xs=AxX5=|1 4 1|x]|250|=]|1682],
213 274 1888

2838

A = —— =6.9559 A — A3l =0.078 > 0.1.
4 208 > |4 3| >
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3aZ[aHHa$[ TOYHOCTb JOCTUTHYTA, IMIO3TOMY MOXEM B3ATH B Ka4CCTBC COOCTBCHHOIO

2838
gucia Ay = 6.9559, a B kayecTBe coOCTBeHHOTrO Bekropa X4 = | 1682 |. nsa ymoOctBa
1888
C MOJIYYCHHBIM BEKTOPOM JIydIlie TPOU3BECTH HOPMUPOBKY. B Hamem ciydae X = 838>
2838 1
x| 1682 |=]0.5927|.
1888 0.6652

[11a6:10H mpOrpaMMBbl, pean3yromeil JAHHBIH METO/, MPEJCTABICH HUXKE.
Memoo umepayuii, pewienua 4acmuuHoil nPooIemMbl COOCMEEHHBIX UUCeT

N — PA3MepHOCb MAMpPuybl
c[n][n] — mampuya

xk[n] — cobecmeennviii 6exkmop na wiaze k
xk1[n] — cobecmeennviii 6exmop na waze k + 1
€ — MoYHOCMb

lk — cobcmeennoe snauenue na k-om waze

lk1 — cobcmeennoe 3nauenue na k + 1-om wace

type

matrix=array[l..n, 1..n] of real,
vect=array[l..n] of real,

const
n=10;

procedure mult(var a: matrix; var x1, x0: vect);

var
1, j: integer;
begin
fori:=1tondo
begin
x1[i] = 0;
for j:=1ton do
x1[i] == x1[i] + a[i][j] * xO[/];
end;
end;
var

i, J: integer;
t, lk, lk1: real,
begin

fori:=1tondo
xk[i] :=1;
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mult(c, xk1, xk);
Ikl == xk1[1]/xk[1];
repeat
Ik :=Ik1;
fori:=1tondo
xk[i] := xk1[i];
mult(c, xk1, xk);
Ikl = xk1[i] /xk[i];
until abs(lk - Ik1) < e;
t=xkl[1];
fori:=1tondo
xk1[i] = xk1[i]/t;
end.
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BbI4YNCJIEHUE MNMOJIMHOMOB

Hexoropbie mporpaMMbl MHOTOKPATHO BBIYMCIISIOT OMPEICIICHHBIC TOJMHOMBI TSI
pa3IMyYHBIX 3HaYEHUN UX aprymMeHToB. [103ToMy BaXXKHO yMeTb OBICTPO BBIYMCIATH IIO-
JIMHOMBI.

Brraucnenne nonmnHOMA:

P(x)=aix" +axX" ' + .. +ax+a,,

MOCPEICTBOM cireyrorero ¢pparmenta [ackamb-nporpammser (power(x, n) — QyHKImsA X")
pi=aln+1];
fori:=1tondo
p:=p+ali] * power(x,n—i+1);
n(n+1) . . . . .
Tpebyer 5 YMHOXCHMH H 1 CIOXCHHH. ITpocToit MeTon, Ha3bIBAEMBI CXEMOit

Topuepa, coctouT B mepesanucu P(x) B BHIC:
P(x) = @yt + x| @y +x(a51 +x (.. .(a2 +xa1)...))

D710 JeTKo nporpammupyercs. Hanpumep,

p=all];

fori:=1tondo

pi=p*x+ali+1]

Cxema I'opHepa TpeOyeT TOJIBKO #7 YMHOXKECHUN U 11 CIIOKCHHH C TJIaBAOIIEH TOUKOM.
N3BectHO, uTO cxema ['opHepa sBIIsIeTCS ONTUMANIBHOM CPEeId METOAOB, MEPEYNOPSA0UH-
BaIOIIUX MOJMHOM JJIsi OBICTPOTO BBIYHMCICHUS U IIPH STOM HE JIENAIOIINX 3HAYUTEITbHBIX
BBIYMCIICHHI B MpoIecce mepeynopsiaoueHus. Takum oOpazom, ecnu 3amaaHbl Kodhdu-

IMUCHTHI IMOJIMHOMA U apryMmeHT X, TO, BOO6IH€ roBops, HCJIb3d BBIYUCIIUTL IMOJIMHOM 3a
MEHBIIIEE YMCIIO CIIOXKECHUU U YMHO)KGHHﬁ, 4CeM AJ1s1 CXCMbI FopHepa.
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MHTEPNOJIALUNA

[Tonmy4yaemple NpU KOMIIBIOTEPHBIX BBIYUCICHUSAX, B OKCIIEPUMEHTAIbHBIX UCCIIEN0-
BaHMSX WM 3a/laBaeMble TIPU MIPOSKTHPOBAHUY CETOUHBIE (Tabnn4HbIe) QyHKIMN:

vi=f(x), xi€la,b], i=0,...,n,

ManonHpopmaTuBHEL. OHH ONPEIETCHBI TOJIBKO B Y3JIaX X; CETKH, a UX 3HAYCHUS B MPO-
ME)XXYTOUHBIX TOYKAX, & TAK)K€ 3HAYEHMs MPOM3BOJIHBIX B Yy3JIaX HE M3BECTHBI, OT HUX
HeJb35 BHIYMCIUTH HHTETpalibl KJIACCHUYECKUMH CIIOCOOAMHU.

OnHako 3Ha4eHHs (PYHKIIUHM TOJKHBI ObITh M3BECTHBI MPH JIIOOOM 3HAYEHHUHU X # X;,
a B caMHUX y3Jax Xx; TpeOyeTcsl 3HaTh TaK )K€ MEPBbIE H BTOPBIC MPOU3BOIHBIEC, TTOITOMY
cerounbie (yHKImU y; = f(x;) HE0OX0AMMO BOCHONHTH. [laHHas mpobiemMa perraeTcs
C IIOMOIIbI0 METOA0B TEOPUU MPUOIMKEHUH.

[lenbto 3aa4u MHTEPHOJSILMU SBJSETCS BBIUMCIICHHWE 3HA4Y€HUs (QYHKIUH B MPO-
M3BOJIbHOM TOUKE X, € [Xg, X,]|, ecnm ke x, ¢ [xo, x,], TO Takas 3aga4a Ha3bIBACTCSI
JKCTPAIOIISALUEH.

Tak kak M3HAYaIBHO BUJ (YHKIMM HEU3BECTEH, MPUMEHSIOT Pa3IHMYHbIC MOAXOJIBI
K BBIOOPY MHTEpHOISAIMOHHON (yHkumu. Kak mpaBmiio, ee 3amaroT B Buje anreOpau-
yecKkoro MHorowieHa. llInpoko nmpumenstorcss MHorousneHs! Jlarpanka, HeroToHa 1 ux
Morudukanuu. Ho B BBIYMCIUTENBHON NMPaKTUKE MPU TI0OATBEHOM CIOCO0E anmpoKCH-
MaI¥ BBICOKHE CTETEHH MHTEPHOJSAIMOHHBIX MHOTOYICHOB HCIIONB30BaTh HEIENeco-
o0pasHo.

Jlnst mpoBeneHus TIIAJAKUX KPUBBIX Yepe3 y3JIOBbIC 3HAUCHHs (YHKIUH YepTEKHU-
KM HCIIOJIB3YIOT YIPYIYI0O METAJUIMYECKYIO JIMHEWKY, COBMEIIAsl €€ C y3JI0BbIMH TOUYKa-
Mu. MaTtemarudeckasi TeOpHs oJ00HOM anmpoKCHUMalliy Ha3bIBAETCSl TEOpUEH CIUIaiH-
(hyHKITUH.

Paccmotpum Hambolnee pacnpocTpaHEHHBIA BapHAHT MHTEPIONSIMUA KyOHUECKIMHU
CIUIaiHAMM.

Ha puc. 6.1 npencraBieHa HHTEpHOAALIUS KyOMUECKUM CIUTaiHOM (YHKIMM 3aJjaH-
HOM TabIMyHO.
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Puc. 6.1 — Kybuueckasi HHTepPIOJISIIHS

Tabmuma 6.1

X [2(3(4|5(6|7,8|9|10]11
yvi|T7T]5|8[7|5[2]6[8] 6|3

Hcnonb3ys 3aKOHBI YIIPYTOCTH, MOXXHO YCTaHOBHUTD, YTO HeAepopMHUpyeMast THHE-
Ka MEXAY COCEIHUMHM y3JaMH MPOXOAUT IO JIMHHUH, YAOBIETBOPSIONICH YpaBHEHUIO:

S®(x) =0. (6.1)

®yukipo S(x) OyaeM HCIoNb30BaTh Ul ANPOKCHMALMU 3aBUCUMOCTH f(X), 3a-
JaHHOH B y3Jax Xg, X1, ..., X, 3HAYCHUIMH fo, f1, - . ., [y

Ecnu B kadectBe S(Xx) BbIOMpaeM MMOJIMHOM, TO B COOTBETCTBHHU C ypaBHeHHeM (6.1)
CTEIeHb MOJIMHOMA JJOJKHA OBbITh HE Ooblle TpeThell. DTOT MOJIMHOM Ha3bIBaeTCA Ky-
OMYECKHUM CIUIaifHOM, KOTOPBI Ha MHTEPBAJIE X € [X,_|, X;| 3alHCHIBACTCS B BUJE:

Si(x) = a; +bi(x —x;i.1) +ci(x —ximy)? +di(x —x;.1); xio <x<x;, i=1...n
e a;, b;, ¢;, d;—xodpPUIeHTHI, onpeaenseMple U3 TOTOTHUTEIBHBIX YCIOBHHN (A1
YOPOIIEHUsI 0003HAYUM /; = X — X;):
Si(xi.1) =a;=f(xi.1), n ypaBHeHWMiA
Si(x;) = a; + bih; + ¢;h? + dib? = f(x;), n ypaBHeHuii
Si(x;)=S,,,(x;), n-1 ypaBHeHuii
S;(x;) = S;.,(x;). n—1 ypaBHenuit

[TomuuM, uTO B pe3ynbrare auddepeHIrpoBaHns TPOU3BOIHbIE OYIYT BBIIVISICTH
CIEYIOIIUM 00pazoMm:

Si(x) = by + 2¢i(x = x;-y) + 3di(x — xi_1 ).
S (x) = 2¢; + 6di(x — xi_1).

JUJ1sl TOJTHOM OIIPENIETICHHOCTH CUCTEMBI HE XBaTaeT JIByX YPAaBHEHMM, UX IOJIy4YaroT
W3 YCIIOBUM Ha rpaHuIax orpeska. J[oImyCcTMM, HaM H3BECTHBI IIEPBBIE MPOU3BOIHBIC

f(a) =1 (b) =i
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B urore nonyuyaem cucreMy u3 4 x n ypaBHEHU# AJis onpeaesneHus: ko3pHULIueHTOB:

ai=f(xi.1);i=1,...,n
a;+bihi+cih? +dild =f(x)); i=1,...,n
b,-+20,»h,-+3d,~hf=b,-+1; i=1,...,.n-1
c;i+3dihi=ci;i=1,...,n-1

b] =j;1-
by + 2¢phy, + 3d,h% = £ (b).

JlaHHas cucreMa sBJISIETCS IIOJIHOM, M €€ MOXKHO PEIINTh UMEIOLUMUCS CPEICTBa-
mu. OTHAKO TOPa3/i0 BBITOJHEE CUCTEMY HECKOJBKO MpeoOpazoBarh, BbIpa3uB Kod(u-
LUEHTHI a;, b;, 1 d; uepes c¢;. BMecTe ¢ TpaHUYHBIMH YCIOBUSMHU MOMYyYUM CHCTEMY H3
n ypaBHEHUU NI omperesieHus: KodPUIMEHTOB ¢;. Tak ke mpuMedaTelieH TOT (akT,
YTO B IMOJYYECHHOW B pe3yJibTaTe TAKWUX MPEOoOpa30BaHMIl CHCTEME B KaXKI0€ ypaBHE-
HHE BXOIUT TOJIBKO TPH HEU3BECTHBIX C MOCJEIOBATEIbHBIMU UHIEKCAMU C;i_1, Ci, Cit]-
CrnenoBarenbHO, MaTpULIA 3TOM CUCTEMBI SIBIISIETCS] TpeXAMaroHanbHoi. W nis pemenus
Takoi cHCcTeMbl A(PPEKTUBHO MCIONH30BAThH METO TPOTOHKH.
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YNCINEHHOE MHTEIMPUPOBAHNE

K uncieHHOMYy MHTErpHpOBaHHUIO MPUOETAIOT B TOM Cilydae, KOIjia HEBO3MOXKHO Ye-
pe3 IeMEeHTapHble (PYHKIUM aHAIUTUYECKH 3allMcaTh epBOOOPa3HyI0 HHTErpaja Jnbo
TaKas 3alKCh CyLIECTBCHHO 3aTpyIHEHA.

B GosnbmmHCTBE METOIBI BBIUMCIECHHUS ONPEAETICHHBIX MHTErpajioB COCTOAT B 3a-
MEHE MOJBIHTETPaIbHON (PYHKIMK anmpoOKCUMHUPYIOUIEH, ISl KOTOPOW Tropasio Jierye
3anucaTh NepBo0Opa3HyO B 3JIEMEHTAPHBIX (DYHKIUIX.

Hcnonp3yeMble B IPaAKTUUECKUX BBIYMCIECHUSX METOJIbI MOXKHO pa3esiuTh Ha Ipym-
Il 110 CHOCO0Y aMpPOKCUMAIMH MOJBIHTErpaIbHON (PyHKIIMU.

[Tpu BeIUMCIIEHUM MHTErpajia CledyeT MOMHUTh, YTO JUIS MOJy4YeHUs (HOpMyIl duc-
JICHHOTO WHTETPUPOBAHHUs HA HEKOTOPOM OTpE3Ke [a, b| JOCTATOYHO MOCTPOUTH KBaJI-
parypHyio (GopMyiy ISl MHTETpajia Ha 3JIEMEHTapHOM OTpe3ke [x;, X;11]|, a 3arem ee
[IPOCYMMHPOBATH, T. K.

/bf(x) dx = ’g 71f(x) dx.

7.1 MeToa npsiMOYrofibHNUKOB

B nanHOW rpyrme METOAOB MOJABIHTETPAIbHYIO (YHKIIHUIO 3aMEHSIIOT IMOJIMHOMOM
HYJIEBOW CTEIIEHU, TO €CTh KoHCcTaHTOU. [TomoOHas 3aMeHa HEOJJHO3HAYHA, TaK KaK KOH-
CTaHTy MOKHO BBIOpaTh PaBHYIO JIFOOOMY 3HAYCHHIO TOJBIHTETPATBHON (DyHKIIUU B 00-
JaCTH WHTErpupoBaHus. TakuMm oOpa3oMm, MHTETpal anmpOKCUMHPYETCS MPSMOYTOJb-
HHUKOM, 332 YTO METOJ W MOJYy4HJ CBO€ Ha3BaHHE, CO CTOPOHAMHU, PABHBIMU 3HAYEHUIO
MOJILIHTETPATbHOM (QYHKIIMW M JJIMHE MHTEPBaJIa HHTETPUPOBAHHMS.

Jl7iss yMEHBIIeHHUs OMIUOKY, IPU BBIUYMCIICHUN OIPEICICHHOTO WHTETpalia HHTePBa
WHTETPUPOBAHUS CTAPAIOTCS pa30UTh HA TAKOE KOJIMYECTBO JIEMEHTAPHBIX HHTEPBAJIOB,
KOTOPOE 1acT HaM HEOOXOIMMYIO TOYHOCTh. B CHITy KOHEYHOCTH BBIYUCIUTEIHHBIX BO3-
MOXHOCTEU KOMITbIOTE€PA, MBIl HE MOXEM YCTPEMUTH JJIMHY 3JIEMEHTApHOTO MHTEpBaja
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UHTETpupoBaHus K Hyi1ro. Ho Ha mpaktuke 310 M He Tpedyerca. OObIUHO MOCTYHAIOT
CJIEYIONUM 00pa3oM:

e Pa30uBaroT MHTEpBaN UHTETPUPOBAHMS HA HEOOJBIIOE KOJIUYECTBO AIIEMEHTap-
HBIX UHTEPBAJIOB.

e BruncagoT 3HaUCHUE OIMPEACIICHHOTO MHTCTpaia IJId 3TOr0 KOJIMYCCTBA 3JIC-
MCHTAPHBIX HHTCPBAJIOB.

e YBCIWYHMBAIOT KOJIMYECTBO QJICMCHTAPHBIX HMHTCPBAJIOB HMHTCIPUPOBAHUA, TEM
CaMbIM yMCHbIIAA HUX MJIHWHY, U YKC C 3THM KOJIHYCCTBOM HHTCPBAJIOB OIISLTH
BBIYUCIIAIOT 3HAYCHUC UHTCIpaJia.

[Ipouexypy yBenuueHHs 4Kcia SIEMEHTAPHBIX UHTEPBAJIOB MHTETPUPOBAHUS U BbI-
YHUCIICHUS] 3HAYCHHSI OMPEACIICHHOTO MHTErpaia MpoIOJKAIOT 0 TEX IMOop, MoKa abco-
JIOTHOE 3HAUEHHUE PA3HOCTU HMHTETPAJIOB, MOJYYCHHBIX HA COCEIHUX HTEpAIUsiX, HE
OKaXETCSl MEHbIIIE 33aJlaHHON TOYHOCTU. OIHAKO CIWIIKOM Majo€ 3Ha4YeHUE TOUYHOCTH
MOXeET MOoTpeboBaTh pa30MeHe HHTEPBala MHTEPUPOBAHUS Ha CIUIIKOM OOJIbIIIOE YKC-
JI0 DJIEMEHTAPHBIX MHTErPajoB, a 3TO, B CBOIO OYepe/lb, MOBJIEYET HAKOIIJICHHE OLTUOKU
OKpPYIJICHUSI.

B 3aBucumMocTu ot crioco6a BIOOpa KOHCTAHTHI HA MHTEPBAJIC MHTETPUPOBAHUS pa3-
JMYalOT METOJBI JIEBBIX, MPABBIX U IIEHTPAIbHBIX MPSIMOYTOJBHUKOB. B 3TuX MeTomax
B Ka4eCTBE aMMpPOKCUMHUPYIOLIEH KOHCTAHTHl BHIOMpAETCs 3HAUCHUE MOABIHTETPAIbHOM
(YHKIIMHM COOTBETCTBEHHO Ha JIEBOW, MPaBOW I'paHUIE WIM B IIEHTPE MHTEpBAIa MHTE-
TPUPOBAHUSI.

Huxe mpencraBieH BapHaHT MPOLEAYpPHl BBIYMCICHUS OINpPENEICeHHOT0 MHTEerpaia
Ha OTpe3Ke [a, b] ¢ KONMMYECTBOM 3JIEMEHTAPHBIX MHTEPBAJIOB 71 METOJIOM IIEHTPATbHBIX
MPSIMOYTOJILHUKOB.

Memoo uenmpanshwvix RPAMOY201bHUKOG 015 8bIYUCTICHUA ONPEOe1eHHO20 UHMEZPaa.

e a, b— epanuyel unmepeana uHmMe2PUPOBAHUS,
® 11— yucio pazouenui,
e 5 —pe3ynbmam (3HaueHue OnpedesieHHO20 UHme2paia),

e [ —noovinmeepanvras Gynxyus (OonicHa 6vimv onpedenena vluie).

procedure rect(a, b: real; n: integer; var s: real);
var
h, x: real; {h—wae unmezpuposarus,
X — meKyujee 3HaueHue nepemMenHol UHMe2puposaHus}
i: integer;
begin
s:=0;
h:= (b - a)[n; {onpedenenue waea unmezpuposanus}
x:=a+h/2,
for i := 1 to n do begin
s:=s5+f(x);
x:=x+h
end;
S:=8 % h;
end;
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7.2 MeTtoq Tpaneuun

Jlii peanu3anuy 3TOro MeTo/a NOABIHTErPaIbHYI0 (YHKIIMIO 3aMEHSIOT TOJIUHOMOM
nepBoii crernenn. Takum 06pa3oM, HHTErpal Ha HHTEPBAJe WHTETPHPOBAHUS [X;, X; + /]
NpUOIMKEHHO IPEACTaBIAETCS IUIOMAAbI0 TpareLuy, OIsTh K€ 3TO M J1aj0 Ha3BaHHE
METOJy, OTPAaHUYCHHON MPAMBIMU: X = X;, X = X; + A, y = 0 1 IpAMOii, poxoAsIIel uepes

TOYKH (xi,f(xi)) u (xi +h, f(x+ h))

[IpocymmupoBaB 1o BceMy OTPE3KY, HOIYUYUM COCMABHYIO (hopmyy mpaneyui:

b
Jredes 330150

OTOT METOA JaeT HECKOJIbKO HEOXKHIaHHBIM Ha MEPBbIi B3I pe3ynbTar. Hecmotps
Ha TO, YTO ANMPOKCUMALINS MOJIBIHTErPAJIbHON (PYHKIMU B JaHHOM METO/E OCYIECTB-
JSI€TCS MTOJIMHOMOM IIE€PBOM CTENEHH, B OTIMYHE OT METOAA MPSMOYTOJIbHUKOB, 7€ O-
JIMHOM UMEET HYJEBYIO CTEIIEHb, TOYHOCTh JAHHOIO METOJA UMEET TOT JKE MOPSAAOK, YTO
U METOJl LEHTPAIbHBIX NPSMOYronbHUKOB. Ho Oojee yIMBHUTEIbHBIM MOKAXETCS TOT
(baxT, 4TO METOX Tparmeuuii UMeeT B J1Ba pa3a OOJNbIIYI0 O aOCOIIOTHOM BEJIWYMHE T10-
IPELIHOCTD 110 CPABHEHMIO C MOTPEIIHOCTHI0 METOJA EHTPAIBHBIX MPSIMOYTOIbHUKOB.

Hwuxe mpencraBieH BapuaHT IPOLENYPHl BBIYMCIECHUS ONPENEICHHOIO MHTErpaia
Ha OTpe3Ke [a, b] ¢ KOMMYECTBOM 3JIEMEHTAPHBIX HHTEPBAJIOB HHTETPUPOBAHHS /I METO-
JIOM Tparenui.

Memoo mpaneyuii 014 8bI1HUCIEHUA ONPEOETIEHHO20 UHmMezpana.

e a, b— epanuyvl unmepeana uHmMe2PUPOBAHUSL,
® 1 —uucio pazdoueHuil,
e 5 —pe3yabmam (3HaueHue onpeodesieHHo20 UHme2paia),

e f —noovinmezpanvhas ynxkyus (0oaxicHa 6vimsb onpedeneHa eoluie).

procedure trap(a, b: real; n: integer; var s: real);
var
h, x: real; {h—wae unmeepuposanus,
X — meKyujee 3HaueHue nepemMeHHOU UHMeSpUpPoSaHusl }
i: integer;
begin
si= (f(a) +1(b))/2;
h:=(b-a)/[n; {onpedenenue waza unmezpuposanus}
xX:=a+h
for i:=1 to n—1 do begin
si=s+f(x);
X =x+h;
end;
§:=58*h;
end;
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7.3 MeTtog CumncoHa

B merone CumIiicoHa MOABIHTErPAIbHYIO (YHKIHUIO allPOKCUMHUPYIOT MOIMHOMOM
BTOPOH CTENEeHH, TO €cTh Napaboiioi, MPOXOAAIIeH Yepe3 TPH TOUYKH SJIEMEHTAPHOIO
MHTEpBajia HHTETPUPOBAHMA: X; 1, Xi_1/2, X;.

3Ha4YeHHUE OINPENEICHHOIO MHTErpajga Ha 3JI€MEHTapHOM HMHTEpBaJle MHTETPUPOBA-
HUSI IPUOIMKEHHO 3aMEHSIeTCs MJIO0IIA b0 KPUBOIMHEHHON Tpaneyy.

CocraBHas popmyna CUMIICOHA onpeaessieTcs Kak:

n

b

h h n-1 n
ff(x) dxw < D i1+ 4y, + i) = G |Yotyn+2 D VitAY i
J i=1

i=1 i=1

Meton CuMIicoHa UMEET YeTBEPThIA MOPsI0K ToUHOCTH. Meron CumMiicoHa mo3Bo-
JS€T TOJYYUTh BBICOKYKO TOYHOCTh, €CJIM YETBEpTas MPOM3BOJHAS IMOJBIHTETPaIbHOU
(YHKIMM HE CIIMIIKOM BelHKa. B MPOTHBHOM ciyyae METONbI BTOPOTO MOPSIKa MOTYT
JaTh OOJBIIYI0 TOYHOCTH, 4eM MeToa CHUMIICOHA.

Huxe mpencraBieH BapuaHT IPOLEAYpPbl BBIYMCIEHUS OIPENEICHHOIO MHTEerpaia
Ha OTpe3Ke [, b]| ¢ KOJIMYECTBOM AIIEMEHTAPHBIX HHTEPBAIOB HHTEIPUPOBAHUS 71 METO-
noM Cumricona.

Memoo Cumncona 011 8bluuC1eHUA ONPEOeIeHHO20 UHmMezpand.

e a, b— epanuyel unmepeana uHMeZPUPOBAHUS,
® 11— yucio pazouenui,
® 5 — pesynbmam (3HaueHue OnpeoesieHHO20 UHme2paia),
e [ —noodvinmezpanvhasn yHkyus (001xcHa Obimb Onpedenena eviuie).
procedure simpson(a, b: real; n: integer; var s: real);
var
h, h2, x: real; {h— wae unmezpuposanusl,

h2 — nonywae unmezpuposanus,
X — meKyujee 3Hauenue nepemMeHHol UHMe2PUPOBAHUL}

i: integer,

begin
h:= (b - a)[n; {onpederenue waca unmezpuposanus}
h2 :=h[2; x = a;

s:=(f(a)+f(b))]2+2*f(a+h2),
for i:=1ton-1 do begin

X:=x+h;
si=s+f(x)+f(x+h2);
end;
s:=s*h/3;

end;
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YACJNNEHHOE PEWEHWE SAO0AYUN KOLWA
O1A OBbIKHOBEHHbBIX
ONODEPEHLINATIBbHBIX YPABHEHM

OObikHOBeHHbIE UG depeHIaTbHbIE YPABHEHUS IIUPOKO NPUMEHSIOTCA Ui Ma-
TEMAaTHYECKOr0 MOJICTUPOBAHUS TPOLIECCOB M SBICHUI B Pa3IMYHBIX OOJACTAX HAyKH
n TexHUKH. [lepexomnble mpoueccsl B paJuOTEXHUYECKUX LEMIX, JBUKEHUE KOCMUYe-
CKHX OOBEKTOB, MOJIEIM S3KOHOMUYECKOTO PA3BUTHSI UCCIEAYIOTCS C IIOMOIIBIO OOBIKHO-
BEHHBIX Tu(depeHInaIbHbIX YpaBHEHUH.

Crnenyer mMOMHUTb, 4TO JIMIIL HEMHOTHE AU depeHnaibHble YPaBHEHUS PEIlatoT-
Csl aHAJIUTHUYECKHUM CIIOCOOOM, MO3TOMY OYEHb Ba)XKHO MMETh MHCTPYMEHT ISl pelle-
HUS Oo100HOTO poja 3a1ady. boiee 3HAYMMBIM ABISIETCS MHCTPYMEHT PELICHUSI CHCTEM
OOBIKHOBEHHBIX U (epeHIINaTbHBIX YPAaBHEHUH, TaK KaK peajibHbIE MPOLIECCH PEIKO
OIHCHIBAIOTCS YpaBHEHHEM IIE€PBOTO MOPsKa, a TaK K€ PEIKO 3aBHCHMOCTH OBbIBArOT
TOJIBKO OT OJHOM nepeMeHHOH. /JuddepeHunanbHoe ypaBHEHHE MOPSAKA 71 MOXKHO CBe-
CTM K CHCTEME M3 7 YPAaBHEHHUH MepBOro MOps/Ka, MO3TOMY OOJBIIMHCTBO METOOB
OPHEHTUPOBAHO Ha PELICHUE CUCTEMBI MU (PEpEeHIINATBHBIX YPAaBHEHUI.

8.1 MeTtog Gunepa

Jlns npuMeneHus meroa Ditnepa cuctema AuddepeHnanbHbIX ypaBHEHUH O KHA
OBITh MPE/ICTABICHA B KAHOHMYECKOM BUJIC:

dyr(x) _
dx _f}((xaylay27---7yn)a

rmek=1,2,...,n.

B nmanHOM MeTOne Ha KaXXIOM IIare CTPOUTCS MPHUONIKEHUE K PEHICHUI0, MPUIeM
3HAYCHHE, TIOTYYCHHOE Ha TMPEABUIYIIeM Iare, sIBISICTCS HadaJIbHBIM 3HAUYCHUEM JUIS
HAXOXKICHHS CJICAYIOMIETO TPHOIMKCHHS.
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Memoo Jiinepa ona cucmemsvl n 00bIKHOBEHHBIX OUPPepeHUaANbHBIX YPABHEHUTL
nepeo2o nopaoKa, 3anUcantoll 8 6eKMOPHOM 8uode:

yl = f(xs y)'

® NMax — MAKCUMANLHO B03MONCHOE YUCTIO YPAGHEHU,

® X — He3asuUcuMas nepemMeHnasl,

® Y — B8EKmMOop 3a8UCUMbIX NEPEMEHHbIX (UCKOMOe peuleHue),
o f—esexmop npasvix uacmei,

® 1 — HayanbHOe 3HAYeHUe He3A8UCUMOL NePeMeHHOl,

e b —KoneuHoe 3HaueHUe He3aB8UCUMOU NePEeMEHHOU,

e h—uwaz unmezpupo8aHusi.

const

nmax = 8;
type

vec = array[ 1..nmax] of real;
var

h, a, b: real,

procedure der(x: real; y: vec; var f: vec);
begin
{

IIpoyedypHule sviuucienus npasevix yacme.

}

end;

procedure euler(n: integer; x, h: real; var y: vec);
var

i: integer,

f:vec;
begin

der(x, y, f);
fori:=1tondo

y[i] = yli] + h = fi];

end;

8.2 MeTtog PyHre—KyTTa

Metonsr Pynre—Kyrra paccMoTpum Ha npuMepe METOAA YETBEPTOTO MOpsIIKa:

1
Vi1 = Vi + g(ml + 21’]’[2 + ZI’H3 + Wl4),



92 PA3[LEN Il. MpuknagHon

rac

h m
m =hf(tk,yk); m2:hf(tk+§,yk+71);

h m
ms3 = hf(lk+ E,yk+ 72), my = hf (g1, yi + m3).

Memoo Pynze—Kymma uemeepmozo nopaoka mounHocmu 01 CUCmeMbl 1 00blK-
HOBEHHBIX OUpepenyuanbHbviX ypasHeHUull NEPe020 NOPAOKA, 3aNUCAHHOU 8 6eKMOp-
HOM 6uoe:

yl = f(xo Y)
® NMAX — MAKCUMAILHO B03MOJICHOE YUCLO YPAGHEHUL,
® X — He3asucumas nepemMeHHas,
® Y —BEeKmop 3a6UCUMbIX NEPEMEHHBIX (UCKOMOe peuleHue),
o f—gexmop npasvix uacmeii,
® a— HauanbHOoe 3HaAYeHUe He3A8UCUMOL NePeMeHHO,
e b —Koneunoe 3nauenue He3a8UCUMOU NEPEMEHHOL,

® h—waz uHmezpuposanus.

const

nmax = 8;
type

vec = array|[ 1..nmax] of real;
var

h, a, b: real,

procedure der(x: real; y: vec; var f: vec);
begin
{

IIpoyeodypnule sviuucienus npaswix yacmeil.

}

end;

procedure rk4(n: integer; x, h: real; var y: vec);
var
I, j: integer;
hl, h2, q: real;
0, y1, f: vec;
begin
hl:=0; h2:=hl/2;
for i := 1 to n do begin
yO[d] = y[i]; ¥1[i] = y[i];
end;
for j:= 1 to 4 do begin
der(x+hl,y, f);
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if j = 3 then &1 := h else hl := h2;
for i := 1 to n do begin
q = hl = f[i]; yli] := yO[i] + ¢;
if j=2 then g =2 x g;
y1[i] = y1[i] +q/3;
end;
end;
fori:=1tondo
yli] = y1[i;
end;
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PEWWEHWE TPAHCUEHAOEHTHbIX
YPABHEHN

MerTonpl perieHus TPaHCLEHJACHTHBIX YpaBHEHUH BKIIIOYAIOT JBa 3Tana. CHauvana
OTIPENIETISAIOT UHTEPBaJ HEOIPEIEICHHOCTH, Ha KOTOPOM HUMEETCS] TOIbKO OJUH KOPEHb
ypaBHEHUs. 3aTeM IMPOUCXOAUT MpoLeAypa YTOUHEHHsI KOpHs. PaccMarpuBaemble HH-
K€ METObl OCYIIECTBIISIIOT NPOLEAYPY YTOUHEHUSI KOPHS HAa MHTEpBaJie HEONpPEICIICH-
HOCTH.

9.1 MeToa NoNOBUHHOIO AerneHns

[eomeTprUecKoe MpeCTaBlIeHre perieHust ypaBaenus f(x) = 0 310 Touka mepe-
ceueHus: rpaduka GyHkiun f(x) ¢ oceto Ox. Tak Kak WHTEPBaI HEONPEICICHHOCTH
COJICPXKUT TOJBKO OJTMH KOPEHb YPAaBHEHUs, TO Ha TPaHUIAX ITOTO HHTEPBAJIA 3HAYCHUS
¢Gyukmun f(x) UMEIOT pa3Hbie 3HAKH. JIeTMM 3TOT MHTEPBAJ MMOIOJIAM U BEIOpACHIBAEM
U3 PACCMOTPEHUS Ty MOJOBUHY UHTEPBAJa, ISl KOTOPOil 3HaueHHe (PyHKIIUN Ha TpPaHUIle
WHTEpBajia COBMAJIaeT MO 3HAKY CO 3HayeHHeM (YHKIHUU B CpEIHEH TOUKe MHTEpBasa.
Tak mponomkaeM A0 TexX HOp, MOKA JJIUHA MHTEPBAJIa HEONPENEICHHOCTH HE CTaHET
MEHBIIIC 3a/IaHHOH Harepel BeTUYHHBI JIN00 3HaYeHHE (PYHKIMU B CpPEeIHEH TOYKE HMH-
TepBaJia HEOTPEACICHHOCTH HE OKXKETCS B Iepejiesiax 3aJaHHON TOYHOCTH.

Memoo nonoeunnozo oenenus (Mmemoo ducekyuu) 01a peuieHus mpancyeHOeHm-
Ho20 ypasnenus [ (x) = 0.

® G U b— HUMNCHAS U 6ePXHASA 2PAHUYbL NPOMEXCYNIKA, HA KOMOPOM UUeMmCsl pe-
wenue (3naxu senuyun f(a) u f(b) donxncnvl 6bims paznuunsi),

e ¢ u el —oyenka mounocmu nonyuaemo2o pewieHus, UMepayuoHHsll Npoyecc
npekpawaemcs npu conudxicenuu a u b menvuie, uem e, uru npubrudxcenuu f(x)
K HYI0 MeHbule, Yem Ha el,

® X — UCKOMBbLUL KOp€eHb.
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function f(x: real): real;
begin
{konxpemuzayus gynxyuu f(x)}
end;
procedure bisec(a, b, e, el: real; var x: real);
var
r: real;
function sign(x: real): integer;
begin
sign := 0;
if x < 0 then sign := —1;
if x > 0 then sign := 1;

end;
begin
while b — a > e do begin
x:=(a+b)/2;
ri=f(x);

if abs(r) < el then exit;
if sign(f(a)) = sign(f (b)) then

a:=x;
else
b = x;
end;
end;

9.2 Metoa HbloToOHA

Jlia merona HproTroHa HEOOXOAMMO 3HATH MPUOIM3UTENBHOE 3HAUEHUE KOPHS YpaB-
Henwst f(x) = 0. B xauecTBe CIEAYIOMETo MPHOIMKEHHS K PEIICHUIO OEpeTcst TOUKA Iie-
peceueHus KacaTeiabHOM, NpoBeIeHHOH K rpaduky QyHKIMH B TOUKE HAYaJIbHOIO MPH-
o6mpkenus U ocu Ox. [lpounecc yTouHeHMs 3aKaHUMBACTCS, KOIZAa 3HAYCHHE (QYyHKIUH
f(x) B TOuKe OYEPEAHOTrO MPHOIMKEHHS OKAXKETCS MEHbIIC 3aqaHHO#i TouHOCTH. Cy-
[IECTBEHHBIM HEJOCTATKOM JAaHHOTO METONA SIBISAETCS TOT (DAaKT, 9YTO HAM HEOOXOAMMO
3HATh TIEPBYIO MPOU3BOAHYIO GyHKIHH f(X).

Memoo Horomona ona pewenus mpancyenoenmnozo ypasnenus f(x) = 0.

® (d — Ha4ddajllbHoe npu6ﬂu9fceHue,

® ¢ — OYeHKa MOYHOCIU NOTYHUAeMO20 peuleHus, UMmepayuoHHbll NPoYecc npekpa-
waemes npu npubnusxcenuu f(X) K Hymo Menvule, uem Ha e,

® X — UCKOMDbILL KOPEHb,
o 2g(x)= )

J'(x)
function g(x: real): real,
begin
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J(x)
{Konkpemu3zayus evipasxcenus ——}
f'(x)
end;
procedure newton(var x: real; e: real);
var
gl: real,
begin
repeat
gl = g(x);
x:=x-gl;
until abs(gl) < e;
end;

9.3 MeTopg cekyumx

Mertoz cexyuux aHajorndeH Merony HploTOHa 3a HCKIIFOUEHHEM TOTO, YTO HE Tpe-
Oyercst 3HaTh BHJ MEpBOW mpou3BoaHON QyHkiwH f(x) = 0. [ns peanus3aiuu MeTojaa
HEOOXOIMMO 3HATh J1BAa HAYaJIbHBIX MPUOIMKEHUS KOPHS YPaBHEHHS X| U X;. Yepes Tou-
KA (xl, f (xl)) u (xz, f (xz)) HPOBOIUTCS CeKylias K rpaduky (QyHKIUH U B Ka4ecTBE
CJIEIYIOIIEro NPHONIMKEHUsI OepeTcst TouKa NepeceueHust MoTy4eHHOH cekyuei u ocu Ox.

Memoo cekywux 05 pewienus mpancyenoenmnozo ypasnenus f(x) = 0.

e x, X0 — 06a nauanvHwvix npubIUICEHUS,

® ¢ — OYyeHKa MOYHOCIU NOTYUAEMO20 peuleHus, UMmepayuoHHbll NPoyecc npekpa-
waemcs npu npubnudicenuu f(x) K Hy1o Menvule, yem Ha e,

® X — UCKOMBbLUL KOp€Hb.

function 1 (x: real): real;

begin
{konxpemuzayus Gynxyuu f(x)}
end;
procedure secant(var x0, x: real; e: real);
var
d,y, r: real;
begin
r:=x-x0; d :=f(x0);
repeat
yi=f(x);
re=rf(d=y)*y d:=y;
X:=x+r;

until abs(r) < e;
end;
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YKASAHUWA K BbINOJIHEHNIO
NNABOPATOPHbIX PABOT

B pamkax kypca HE0OXOAMMO BBINIOJHUTH JBE JabopaTtopHble paboThl. Kaxnas na-
OopatopHasi paboTa COCTOHMT M3 JIBYX 4acTeil. B kaxmoil maboparopHoii pabore HEOO-
XOJIUMO HalucaTh IPOrpaMMBbl, pealu3yIole COOTBETCTBYIOIIME 3aJaHNI0 MeTOIbI. [1o
Kax10¥ 1abopaTtopHoil paboTe HEOOXOIUMO OPOPMUTH OTYET, B KOTOPOM JIOJIKEH OBITh
OIMCaH peanu3yeMblii METOA, IPUBEACHBI TEKCT U pe3ysIbTaTbl paboThl IporpaMMsl. Tak
e Ha IPOBEPKY HEOOXOANMO NPEACTAaBUTH (DaliIbl, COAEpIKaIINe HCXOJHbIE TEKCTHI ITPO-
IpaMM.

Jlaboparopnas pabora Nel BkmrowaeT B ce0s 3ajlaHWe Ha pEIICHUE CUCTEM JIMHEH-
HBIX ayreOpanueckux ypaBHeHUH (3amanue Nel) u 3aaHue HAa YMCIIEHHOE WHTEIPUPO-
BaHue (3amanue No2).

JIaGoparopHas pabota Ne2 BkitodaeT B cebs 3ajaHME HA YHCICHHOE pellleHHe 3a/1a-
yu Komu (3aganue Ne3) u 3aaHue Ha pelieHue TPAHCLCHIEHTHOTrO ypaBHeHus (3aaa-
Hue Ned).

BapuanTsl 3a1aHuil pacCUUTHIBAIOTCS 110 OOLIUM MTpaBHIIaM.

Jlsi BBINOJHEHUS 1a00paTOpHBIX PabOT PEKOMEHIYeTCsl UCIONb30BaTh S3bIK MPO-
rpammupoBanus Free Pascal.
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BAPUAHTbLI 3AOAHNMN

3agaHue Ne1

BapunaHT 1
—2u-2v+2x+11ly—-6z=-58
—4u+6v+9x+5y—-82=33
Su+5v-5x+9y+2z=-108
10u —2v—-4x+2y-5z=-79
Ou+4v-2x+7y-2z=-107
BapwuaHT 2

—8u—-3v+7x+ 10y -3z=202
Su+6v+10x+ 6y +2z =280
u-2v+8x+5y+8z=-36
—Su—8v+1lx+5y—-6z=145
4u-Tv+9x+2y+4z=-4
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BapuaHTt 3

BapwvaHT 4

BapuaHT 5

BapuaHT 6

BapwaHTt 7

]

Mu-6v+1lx—-6y—2z=282
—2u-5v+9x+2y+3z=23

-3u+5v-3x+5y-2z=-18
Tu—-Tv+10x + 8y -4z =132
—6u—-2v+1lx+2y+2z=-1

—4u+8v—8x+2y+7z=148
—4u-Tv+4x+4y—-6z=-159
2u+4v+2x+3y-3z=-9
—8u—-6v—-6x+2y+8z=-8
“Bu+5v+3x-3y-7z=-70

—Su-5v+10x-3y-8z=74
Bu-Tv-3x+6y+2z=-16
Su+2v+9x-6y-3z=284

2u+Tv-3x+8y+10z=-12

Ou+8v+5x+5y—-6z=94

—Su+11lv-3x+8y+5z=-69
“Bu+10v-2x-6y+7z=-11
Hu+11lv+6x+9y-2z=113
-Bu-5v+2x+9y+9z=0
—4u+2v-8x+3y-2z=-125

—2u-5v-2x+2y+8z=46
B3u—-6v+8x—-4y-3z=-37
-3u-2v-3x+4y+8z=50
=3u+7v-8x+ 10y + 8z =56
10u+8v—-2x+5y+2z=5
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BapwnaHT 8

BapwvaHT 9

BapunaHT 10

BapuaHnTt 11

BapuaHTt 12

|

—8u+2v+8x—-3y—-62=-23
Tu+7Tv—-5x-Ty+7z=-59
Su-4v+2x-3y—-8z=-66
SBu+9v-4x-5y-4z=-54
8u+8v+6x+T7y—62=79

2u+8v-Tx+8y-3z=74
Ou—-6v+6x+5y—-7z=-8
Bu+1lv-6x+9y-5z=105
10u+5v-Tx+11y-3z=26
Ou+3v-2x+2y+5z=-14

Bu+2v—-4x+9y+6z=-128
—3Bu+6v-2x-2y-5z=-24
~Tu—-3v—-8x—-2y+8z=-118
—4u+2v+8x-8y-3z=107
6u—4v—-2x-2y+10z=-32

8u+2v-3x—-Ty+ 10z =57
Nu+7v-8x+T7y+7z=-10
B3u-3v+1lx-5y-7z=103
2u+Tv-3x+4y+6z=-27
“3Bu+2v+3x+10y-3z=-17

—4u+3v+1lx-2y+7z=69
6u—2v+8x+9y+4z=101
17u+11v-3x-6y-5z=155
Mu-3v-5x-8y+2z=-18
3u+6v+2x+4y—-5z=25
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BapuaHTt 13
Mu+4v—-8x+3y-32=96
—Su+5v+4x -5y -2z=-66
2u-2v+6x-3y-5z=-101
—3u+5v-3x-8y+2z=-37
Su-2v+T7x-Ty—6z=-148
BapunaHT 14
B3u+8v+6x-5y-2z=-3
2u-4v+8x-3y—-3z=62
Iu+10v+5x+ 11y + 8z = -61
~Tu+ 11y -3x—-6y+8z=-36
—Su-2v-6x+2y-6z=9
BapwuaHT 15
B3u—-2v+5x-2y+6z=45
2u—6v+4x+2y—6z=-10
—3u-3v-3x-3y-2z=-42
Bu+2v+8x-6y+8z=71
—8u+10v+1lx-2y+4z=116
BapuaHT 16
—Su+2v+2x+T7y+7z=70
2u+11v+8x -3y —-8z=109
9u—-3v+3x+8y+10z=110
—8u—2v+2x+ 10y + 8z =32
—8u—-6v—-8x+3y+7z=-88
BapwaHTt 17

Su+9v+Tx -2y +6z=122
B3u-3v+1lx+6y+9z="75
12u+6v+2x+5y—-3z=28
—8u—-4v—-8x+Ty+4z=-39
4u—-5v+10x+6y-2z=-3
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BapuaHTt 18

BapunaHT 19

BapunaHT 20

BapuaHTt 21

BapuaHT 22

A

Su-4v-3x-3y+2z=-79
—2u-3v-5x+6y+5z=8

1 —2u+2v-3x-2y+10z =31
B3u+7v+10x + 2y + 6z =229
6u—-5v-8x+2y+3z=-77

2u-2v+TIx-Ty+5z=-24
—8u—-8v+ 1lx+4y-3z="78
Tu—6v+8x+4y—-4z=111
—3Bu+8v-Tx-4y+8z=-134

Ou+5v+1Ix-3y-2z=43

Su-8v—-3x-2y-5z=-97
Ou-3v+1lx-6y+8z=111
Nu+3v+2x+11y+ 10z =91
“Su+2v+T7x-4y-6z=16

-Tu+9v—-6x-3y-3z=44

Bu+9v+10x+6y—-2z=112
8u—-2v-8x—-Ty—-2z=-134
—6u—-8v+4x+T7y+4z=104
B3u—-5v+6x+10y—8z=42
—3u+8v+11x+ 10y -8z =102

1Mu+6v+6x—-4y+2z=103
Mu+9v+6x+11y+9z=71
=3u+6v+10x+ 8y -4z =-31
4u+3v+10x+8y+4z =065
Ou+8v+6x+3y—-3z=38
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BapuaHT 23
4u—-Tv+2x+5y+9z=166
2u—-6v+4x+6y-3z=101
Ou+9v+8x+8y—-4z=150
—Su+4v-3x-3y-62z=-130
2u-3v+4x-5y+2z=9
BapunaHT 24
—Su+2v+5x-3y-5z=64
-8u-5v+4x+Ty+4z=45
Ou+2v+4x+2y+11z=-99
Mu+6v+2x+5y-72=-92
—Tu+2v+3x+2y-22z=29
BapwuaHT 25
Su+8v-Tx+11y—-8z=-42
Tu+2v+5x+Ty—-3z=-76
2u—4v—-6x+9y+2z=-37
—2u+10v—-8x - Ty + 6z = 121
—2u+6v-2x-Ty-3z=65
BapuaHT 26
4qu+3v+6x+10y+7z=17
-Tu+4v+ 11x-2y-3z=-30
“Bu+2v-3x+2y+4z=-32
4u+6v+9x+2y—-62z=22
—-6u—-6v+8x+7y+9z=-9
BapuaHT 27

4u—-8v+5x+2y—-6z=-56
10u-8v+3x—-6y+2z=42
—6u+7v-"Tx-"Ty+3z=37
Su+3v+6x—-4y+4z=-40
10u+7v-3x+2y-2z=17
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BapuaHT 28
10u - 5v-3x+11y-3z=161
4u—8v-3x+Ty+6z=121
Su-4v+4x -8y +4z=-43
10u—-6v—-2x—-5y+7z=135
—8u+2v+T7x+2y+3z=-60
BapuaHT 29
6u+2v+5x+10y—-4z=64
—Su+6v+9x-4y+2z=36
—Su+9v+8x-8y-2z=-26
SBu++9x-3y+8z=17
2u-2v+T7x-3y+6z=43
BapuanTt 30

Su+2v+2x+T7y+6z=-70
1Mu-4v+4x+5y-3z=-56
—Tu+2v+10x -6y + 8z =-56
2u-3v-8x-3y+2z=065
—2u+5v+8x+3y+2z=-83

3agaHne Ne2

BapuaHT 1

Boruuciuth onpenenaeHHsil HHTErpan or GyHknun f(x) Ha mpoMexyTke [a, b] me-
TOJOM MPSIMOYTOJIEHUKOB.

f(x) =2sinxcosx +sinx, a=0, b=1,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = sin’x — cosx.

BapwuaHT 2

BeruuciuTh onpeneseHHsil HHTErpan ot GyHkmun f(x) Ha mpoMexyTke [a, b] me-
TOZIOM MPSIMOYTOJILHUKOB.

f(x)=4sinxcosx, a=0, b=1,
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yucio pazouennii n = 10; 40; 160; 640.

F(x) = sin®x — cos’ x.

BapuaHTt 3

Boruucnuth onpenenaeHHsil HHTErpan ot GyHknun f(x) Ha mpoMexyTke [a, b] me-
TOJOM MPSIMOYTOJIEHUKOB.

f(x) = —e*sin’x + 2e " sinxcosx, a=0, b =3,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = e sin® x.

BapwuaHT 4

Beruucnuth onpenenaeHHsii uHTErpan or GyHknun f(x) Ha mpoMexyTtke [a, b] me-
TOZIOM TPSIMOYTOJIEHUKOB.

f(x)=-2sinxcosx— cosx, a=0, b=1,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = cos’x — sinx.

BapunaHT 5

Berauciuts onpeeneHHbil uHTerpan ot GpyHkiuu f(x) Ha IpOMExyTKe [a, b] me-
TOJIOM IIPSIMOYTOJIBHUKOB.

f(x)=-e™+2sinxcosx, a=0, b =3,
guciio pasouenuii n = 10; 40; 160; 640.

F(x) =e™ +sin’x.

BapwnaHT 6

Brrauciute onpenesaeHHbil HHTErpai or GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJOM IIPSIMOYTOJIBHUKOB.

f(x) = e cos’x — 2" sinxcosx, a=0, b=2,
yucio pazouenunit n = 10; 40; 160; 640.

F(x) = e*cos’x.
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BapwaHTt 7

BeIuuciuTh onpenesaeHHblil HHTerpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM TpPAIELHi.
f(x)=-2sinxcosx— cosx, a=0, b=1,

yucio pazouennii n = 10; 40; 160; 640.

F(x) = cos®x — sinx.

BapunaHT 8

BeIuuciuTh onpenesaeHHblil HHTerpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM Tparneiuu.
f(x)=2sinxcosx +sinx, a=0, b=1,

yucio pazouennii n = 10; 40; 160; 640.

F(x) = sin®x — cosx.

BapuaHTt 9

Brruucnuts onpeneneHHbii uHTErpas OT GyHKIUH f (x) Ha IIPOMEXYTKE [a, b] Me-
TOJIOM Tparneiuu.
f(x)=-e™+2sinxcosx, a=0, b =3,

yucio pazouennii n = 10; 40; 160; 640.

F(x) =e™ +sin’x.

BapuaHnTt 10

BrruuciuTh onpenesaeHHsil HHTErpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM Tparneiuu.
f(x) =4sinxcosx, a=0, b=1,

yucio pazouennii n = 10; 40; 160; 640.
F(x) = sin® x — cos’ x.

BapuaHnT 11

BrruuciuTh onpenesaeHHsil HHTErpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM TparneIuu.

f(x) = e cos’x — 2" sinxcosx, a=0, b=2,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = e*cos®x.
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BapuaHTt 12

Brruucnuth onpenenaeHHsii uHTErpai or GyHknun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM TpPAaIenui.

f(x) = —e*sin’x +2e sinxcosx, a=0, b =3,
gmcno pazouenuit n = 10; 40; 160; 640.

F(x) = e*sin’x.

BapuaHTt 13

Brruucnuth onpenenaeHHsii HHTErpai or GyHknun f(x) Ha mpoMexyTke [a, b] me-
To0M CHMIICOHA.

f(x) = —e*sin’x + 2e*sinxcosx, a=0, b =3,
ymcno pazouenuit n = 10; 20; 40; 80.

F(x) = e™sin’ x.

BapunaHT 14

Brraucnuts onpenenaeHHbil HHTErpan or GyHknun f(x) Ha mpoMexyTke [a, b] me-
TogoM CHUMIICOHA.
f(x)=2sinxcosx +sinx, a=0, b=1,

gmcno pazouenuit n = 10; 20; 40; 80.

F(x) = sin®x - cosx.

BapuaHTt 15

Beraucnuth onpenenaeHHsii HHTErpai or GyHknun f(x) Ha mpoMexyTke [a, b] me-
Tof0M CHMIICOHA.
f(x)=-2sinxcosx— cosx, a=0, b=1,

yucio pazouennii n = 10; 20; 40; 80.

F(x) = cos®x — sinx.

BapuaHT 16

Brruucnuth onpenenaeHHsii uHTerpai or GyHknun f(x) Ha mpoMexyTke [a, b] me-
Ttonom CuMIICOHA.

f(x) = e cos’x — 2" sinxcosx, a=0, b=2,
yucio pazouenuit n = 10; 20; 40; 80.

F(x) = e*cos’x.
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BapwaHTt 17

BeIuuciuTh onpenesaeHHblil HHTerpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
tomoM CHUMIICOHA.
f(x)=—-e™+2sinxcosx, a=0, b =3,

yucio pasouennii n = 10; 20; 40; 80.

F(x) =e™ +sin’x.

BapuaHTt 18

BeIuuciuTh onpenesaeHHblil HHTerpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
tongoM CuMIIcoHa.
f(x) =4sinxcosx, a=0, b=1,

yucio pasouennii n = 10; 20; 40; 80.

F(x) = sin®x — cos’x.

BapwuaHTt 19

BeIuuciuTh onpeneseHHslil HHTerpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM Tparneiuu.
f(x)=2sinxcosx +sinx, a=0, b=1,

yucio pazouennii n = 10; 40; 160; 640.

F(x) = sin’x — cosx.

BapwuaHnT 20

BrruuciuTh onpenesaeHHsil HHTErpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM Tparneiuu.
f(x) =4sinxcosx, a=0, b=1,

yucio pazouennii n = 10; 40; 160; 640.
F(x) = sin® x — cos’ x.

BapwuaHT 21

BrruuciuTh onpenesaeHHsil HHTErpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM TparneIuu.

f(x) = —e*sin’x + 2e " sinxcosx, a=0, b =3,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = e*sin’x.
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BapuaHT 22

Brruucnuth onpenenaeHHsii uHTErpai or GyHknun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM TpPAaIenui.
f(x)=-2sinxcosx— cosx, a=0, b=1,

yucio pazouennii n = 10; 40; 160; 640.

F(x) = cos®x — sinx.

BapwnaHT 23

BerauciuTe onpenesaeHHbil HHTErpan or GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM Tparneiuu.
f(x)=-e™+2sinxcosx, a=0, b =3,

yucio pazouennii n = 10; 40; 160; 640.

F(x) =e™ +sin’x.

BapunaHT 24

Brrauciuth onpenenaeHHbil HHTErpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOAOM TpareIuii.

f(x) = e cos’x — 2" sinxcosx, a=0, b=2,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = e"cos’x.

BapwuaHT 25

Brrauciuth onpenesaeHHbil HHTErpan or GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJOM IIPSIMOYTOJIBHUKOB.

f(x)=-2sinxcosx— cosx, a=0, b=1,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = cos®x — sinx.

BapuaHT 26

Brruucnuth onpenenaeHHsii uHTerpai or GyHknun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM IIPSIMOYTOJIBHUKOB.

f(x) =2sinxcosx +sinx, a=0, b=1,
yucio pasouenunit n = 10; 40; 160; 640.

F(x) = sin®x - cosx.



110 PA3[LEN Il. MpuknagHon

BapwuaHT 27

Beruucnuth onpeneneHHsii uHTerpai or GyHkuun f(x) Ha mpoMexyTtke [a, b] me-
TOJIOM IIPSIMOYTOJIBHUKOB.

f(x)=—-e*+2sinxcosx, a=0, b =3,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = e™ +sin’x.

BapunaHT 28

Beruuciuth onpenesaeHHbil HHTErpan or GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJOM NPAMOYTOJILHUKOB.

f(x) =4sinxcosx, a=0, b=1,
yucio pazouennii n = 10; 40; 160; 640.

F(x) = sin® x — cos’ x.

BapuaHTt 29

Brruncnuth onpenenaeHHsii HHTErpan or GyHknun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM MPSIMOYTOJIEHUKOB.

f(x) = e cos’x — 2 sinxcosx, a=0, b=2,
yucio pazouennii n = 10; 40; 160; 640.
F(x) = e*cos®x.

BapwnanTt 30

BeIuuciuTh onpeneseHHslil HHTerpan ot GyHkuun f(x) Ha mpoMexyTke [a, b] me-
TOJIOM IPSIMOYTOJIBHUKOB.

f(x) = —e*sin’x + 2¢ " sinxcosx, a=0, b =3,
gucno pazouenuit n = 10; 40; 160; 640.

F(x) = e sin’ x.

3agaHune Ne3

BapunaHT 1

Pemuts 3anaqy Komm myist 0GbIKHOBEHHOTO MU(D(EPEHIMANTBHOIO YpaBHEHUS ) =
=f(x, y) Ha mpomexyTke [a, b] meTomom Ditnepa.

f(x,y)=-y+e*cosx, y(a)=0,a=0, b=2.

Tounoe pemienue 3agaun: y(x) = e sinx.
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BapuaHT 2

Pemmts 3anaqy Komm 11 0OBIKHOBEHHOTO IU((EPEHINANILHOIO YPaBHEHUS )
=f(x, y) Ha mpomexyTke [a, b] MmeTomom Diinepa.

f(x,y)=y+cosx—sinx, y(a)=1, a=0, b=1.

Tounoe penieHue 3amaun: y(x) = e* + sinx.

BapuaHTt 3

Pemmts 3anaqy Komm s 0OBIKHOBEHHOTO IU((EPEHINANILHOTO YPaBHEHHS )
=f(x, y) Ha mpomexyTke [a, b] MmeTomom Diinepa.

f(x,y)=y-é'sinx, y(a)=1,a=0, b=1.

TouHoe penieHue 3aga4u: y(x) = ¥ COSX.

BapuaHTt 4

Pemmts 3ana4y Komm 1yis 0OBIKHOBEHHOTO AU((EPEHINANLHOTO YPaBHEHHS )
=f(x, y) na mpomexytke [a, b] metomom Ditnepa.

f(x,y)=-y-e“sinx, y(a)=1, a=0, b=2.

Tounoe peureHue 3amaun: y(x) = e COS X.

BapuaHTt 5

Pemuts 3anaqy Komm myist 0GbIKHOBEHHOTO MU (EPEHIMANIBHOTO YpaBHEHHS )
=f(x, y) Ha mpomexyTke [a, b] meTomom Ditnepa.

f(x,y):y+excosx, y(a):O, a=0,b=1

Tounoe pemieHne 3aqaqu: y(x) = e*sinx.

BapwuaHT 6

Pemuts 3anaqy Komm ayist 00bIKHOBEHHOTO MU((EPEHIMANIBHOTO YpaBHEHHS )
=f(x, y) Ha mpomexyTke [a, b] meTomom Ditnepa.

fx,y)=-y+e™, y(a)=0,a=0, b=1.

Tounoe penrenue 3amaun: y(x) = xe™.

BapwvaHTt 7

Pemuth 3amady Komu 118 0OBIKHOBEHHOTO AM(QEPEHINANIbHOTO YPaBHEHHS )

=f(x, y) Ha npomexytke [a, b] meTogom Pynre—KyTTa 4eTBepTOro mopsijaka TOYHOCTH.

f(x,y)=y-¢sinx, y(a)=1,a=0, b=1.

Tounoe penrenue 3amaun: y(x) = €* coSX.
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BapwnaHT 8

Pemmts 3anaqy Komm s 0OBIKHOBEHHOTO IU(D(EPEHINANTLHOIO YPaBHEHHS ) =
=f(x, y) Ha npomexyTtke [a, b] meromom Pyrre—KyTTa 4eTBepTOro mopsiika TOYHOCTH.

f(x,y)=y+cosx—sinx, y(a)=1, a=0, b=1.

TouHoe pemienue 3agaun: y(x) = e + sinx.

BapuaHTt 9

Pemmte 3anaqy Komm i 0OBIKHOBEHHOTO AU((EPEHINANTLHOIO YPaBHEHHS ) =
=f(x, y) Ha npomexyTke [a, b] meromom Pyrre—KyTTa 4eTBepTOro mopsiika TOYHOCTH.

f(x,y)=y+ecosx,y(a)=0,a=0, b=1.

Tounoe perenue 3ama4n: y(x) = e* sinx.

BapuaHnTt 10

Pemmts 3ana4y Komm uis 0OBIKHOBEHHOTO IU(D(EPEHINANLHOIO YPaBHEHHS )} =
=f(x, y) Ha npomexytke [a, b] merogom Pyrre—KyTTa 4eTBepTOro Mopsjaka TOYHOCTH.

f(x,y)=-y+e~cosx, y(a)=0, a=0, b=2.

TouHoe pemieHue 3a1aun: y(x) = e~ sinx.

BapunaHT 11

Pemuth 3anady Koy 118 0OBIKHOBEHHOrO AM((PEPEHINATLHOTO YPABHEHHS ) =
=f(x, y) Ha npomexytke [a, b] merogom Pynre—KyTTa 4eTBepTOro Mopsijaka TOYHOCTH.

fx,y)=-y+e ™, y(a)=0,a=0, b=1.

Tounoe pemienue 3amgaun: y(x) = xe ™.

BapunaHT 12

Pemuth 3amady Koy 1718 0OBIKHOBEHHOrO AH(QPEPEHINANTLHOTO YPABHEHHS ) =
=f(x, y) Ha npomexytke [a, b] meTogom Pynre—KyTTa 4eTBepTOro mopsjaka TOYHOCTH.

f(x,y)=-y-e~sinx, y(a)=1, a=0, b=2.

Tounoe pemienue 3amxaun: y(x) = e~ cosx.

BapunaHT 13

Pemuth 3amady Komu 118 0OBIKHOBEHHOTO AM(PEPEHINATLHOTO YPABHEHHS ) =
=f(x, y) na mpomexytke [a, b] metomom Ditnepa.

f(x,y)=y—-cosx—sinx, y(a)=1,a=0, b=1.

Tounoe pemenue 3agaun: y(x) = e + cosx.
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BapuaHTt 14

Pemmts 3anaqy Komm s 0OBIKHOBEHHOTO IU(D(EPEHINANTLHOIO YPaBHEHHS J =
=f(x, y) Ha npomexytke [a, b] meromom Pyrre—KyTTa 4eTBepTOro mopsiika TOYHOCTH.

f(x,y)=y-cosx—sinx, y(a)=1, a=0, b=1.

Tounoe pemnieHue 3amaun: y(x) = e* + COSX.

BapwuaHTt 15

Pemmts 3anaqy Komm s 0OBIKHOBEHHOTO IU(D(EPEHINATBHOTO YPaBHEHHS J =
=f(x, y) Ha mpomexyTke [a, b] MmeTomom Diinepa.

f(x,y)=y-cosx+sinx, y(a)=1, a=0, b=1.

TouHoe penieHue 3a1a4u: y(x) = e° — sinx.

BapuaHT 16

Pemmts 3anady Komm i 0OBIKHOBEHHOTO AU(D(EPEHINANLHOIO YPaBHEHHS J =
=f(x, y) na npomexytke [a, b] merogom Pynre—KyTTa 4eTBepTOro Mopsijaka TOYHOCTH.

f(x,y)=y—-cosx+sinx, y(a)=1,a=0, b=1.

Tounoe peureHue 3anaun: y(x) = e* — sinx.

BapunaHT 17

Pemuts 3anaqy Komm myist 0GbIKHOBEHHOTO MU(D(EPEHIMATBHOIO YpAaBHEHUS ) =
=f(x, y) Ha mpomexyTke [a, b] meTomom Ditnepa.

f(x,y)=y+cosx+sinx, y(a)=1,a=0, b=1.

Tounoe pemieHne 3aqaqu: y(x) = ¥ — cosx.

BapwnaHT 18

Pemuth 3amady Koy 118 0OBIKHOBEHHOTO AHM(QPEPEHINANTLHOTO YPABHEHHS ) =
=f(x, y) Ha npomexytke [a, b] merogom Pynre—KyTTa 4eTBepTOro mopsjaka TOYHOCTH.

f(x,y)=y+cosx+sinx, y(a)=1,a=0, b=1.

Tounoe pemrenue 3amaun: y(x) = e* — COSX.

BapwuaHnTt 19

Pemuth 3amady Komu 1y 0OBIKHOBEHHOTO AHM(QEPEHINANTBHOTO YPABHEHHS ) =
=f(x, y) na mpomexytke [a, b] metomom Ditnepa.

f(x,y)=-y+cosx+sinx, y(a)=1,a=0, b=1.

Tounoe penrenue 3amaun: y(x) = e + sinx.
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BapwuaHnT 20

Pemmts 3anaqy Komm s 0OBIKHOBEHHOTO IU(D(EPEHINANTLHOIO YPaBHEHHS ) =
=f(x, y) Ha npomexyTtke [a, b] meromom Pyrre—KyTTa 4eTBepTOro mopsiika TOYHOCTH.

f(x,y)=-y+cosx+sinx, y(a)=1,a=0, b=1.

Tounoe pemenue 3amaun: y(x) = e™ + sinx.

BapwuaHT 21

Pemmte 3anaqy Komm i 0OBIKHOBEHHOTO AU((EPEHINANTLHOIO YPaBHEHHS ) =
=f(x, y) Ha mpomexyTke [a, b] MmeTomom Diinepa.

f(x,y)=-y+cosx—sinx, y(a)=1,a=0, b=1.

TouHoe pereHue 3a1a4u: y(x) = e + COS X.

BapuaHTt 22

Pemmts 3ana4y Komm uis 0OBIKHOBEHHOTO IU(D(EPEHINANLHOIO YPaBHEHHS )} =
=f(x, y) Ha npomexytke [a, b] merogom Pyrre—KyTTa 4eTBepTOro Mopsjaka TOYHOCTH.

f(x,y)==-y+cosx—sinx, y(a)=1,a=0, b=1.

TouHoe pemieHue 3agaun: y(x) = €™ + COS X.

BapunaHT 23

Pemuts 3anaqy Komm myist 0GbIKHOBEHHOTO MU(D(EPEHIMANTBHOIO YpaBHEHUS ) =
=f(x, y) Ha mpomexyTke [a, b] meTomom Ditnepa.

f(x,y)=-y—cosx—-sinx, y(a)=1,a=0, b=1.

Tounoe pemienue 3amaaun: y(x) = e~ — sinx.

BapunaHT 24

Pemuth 3amady Koy 1718 0OBIKHOBEHHOrO AH(QPEPEHINANTLHOTO YPABHEHHS ) =
=f(x, y) Ha npomexytke [a, b] meTogom Pynre—KyTTa 4eTBepTOro mopsjaka TOYHOCTH.

f(x,y)==-y—-cosx—sinx, y(a)=1,a=0, b=1.

Tounoe pemenue 3axaun: y(x) = e~ — sinx.

BapuaHT 25

Pemuth 3amady Komu 118 0OBIKHOBEHHOTO AM(PEPEHINATLHOTO YPABHEHHS ) =
=f(x, y) na mpomexytke [a, b] metomom Ditnepa.

f(x,y)=-y—-cosx+sinx, y(a)=1,a=0, b=1.

Tounoe pemienue 3amxaun: y(x) = e — COS X.
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BapuaHT 26

Pemmts 3anaqy Komm s 0OBIKHOBEHHOTO IU(D(EPEHINANTLHOIO YPaBHEHHS J =
=f(x, y) Ha npomexytke [a, b] meromom Pyrre—KyTTa 4eTBepTOro mopsiika TOYHOCTH.

f(x,y)=-y—cosx+sinx, y(a)=1,a=0, b=1.

Tounoe pemnrenue 3amaun: y(x) = e — COS X.

BapwnaHTt 27

Pemuts 3anady Ko s 0OBIKHOBEHHOTO IU((EPEHINANTLHOIO YPaBHEHUS ) =
=f(x, y) na mpomexytke [a, b] metomom Ditnepa.

f(x,y) =y +cos’x—2sinxcosx, y(a)=1, a=0, b=1.

Tounoe pemieHue 3aqauu: y(x) = e~ + cos? x.

BapwnaHT 28

Pemnth 3amady Koy 1y 0OBIKHOBEHHOrO AHM(PEPEHIUANTLHOTO YPABHEHHS ) =
=f(x, y) Ha npomexytke [a, b] merogom Pynre—KyTTa 4eTBepTOro mopsijaka TOYHOCTH.

f(x,y) =-y+cos’x—2sinxcosx, y(a) =1, a=0, b=1.

Tounoe penienue 3aqaun: y(x) = e~ + cos? x.

BapuaHT 29

Pemmts 3anaqy Komm i 0OBIKHOBEHHOTO AU((EPEHINANIBHOTO YPaBHEHHS )
=f(x, y) na mpomexytke [a, b] metomom Ditnepa.

f(x,y)=-y-cos’x+2sinxcosx, y(a)=1, a=0, b=1.

Tounoe penrenue 3amaun: y(x) = e — cos? x.

BapwnaHT 30

Pemmts 3anady Komm 18 0OBIKHOBEHHOTO IU((EPEHINATLHOIO YPABHEHHS ) =
=f(x, y) Ha npomexyTke [a, b] meTrogom Pynre—KyTTa 4eTBepTOro mopsjaka TOYHOCTH.

f(x,y) =-y-cos’x+2sinxcosx, y(a)=1, a=0, b=1.

Tounoe penrenue 3amaun: y(x) = e — cos? x.

3agaHune Ne4

BapwnaHT 1
MCTO,Z[ IIOJIOBUHHOTI'O ACJICHUA

x+In(x+0.5)-0.5=0, x€ [0, 2].
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BapuaHT 2

MGTOI[ IIOJIOBUHHOI'O ACJICHUA

¥ -x-02=0, xe[1, 1.1].

BapuaHTt 3

MeTOI[ IIOJIOBUHHOI'O ACJICHUA

x4 -x-1=0, xe[0, 1].

BapwnaHT 4

MeTOI[ IIOJIOBUHHOI'O ACJICHUA

¥ -0.2x*-02x-1.2=0, xe[1, 1.5].

BapuaHT 5

MGTOI[ IIOJIOBUHHOI'O ACJICHUA

2sin’ T ~3cos’ T =0 [E]
sm3 cos 1 , X € 0,2

BapwvaHT 6

MeTo 10JIOBUHHOIO JIEJIEHUSI

x*+0.8¢° -04x* - 1.4x-1.2=0, xe[-1.2, -0.5].

BapwvaHnTt 7

MeTon ITOJTOBUHHOIO JIEJIEHUSI

-4 1 +x% -5.1x+4.1=0, xe[3.7, 5.0].

BapwvaHT 8

MeTo 1TOJTOBUHHOIO JIEJIEHUSI

x-2'=1=0, xe[0,1],

BapwvaHT 9

MeTo 1T0OJIOBUHHOIO JIEJIEHUSI

x? —sin5x =0, x € [0.5, 0.6].
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BapuaHnTt 10

MCTOI[ IIOJIOBUHHOI'O ACJICHUA

2x 2x 7
2sin® == - 22 - [ —].
sin 3 3cos 1 0, xe|0, 1

BapuaHnT 11

MCTOI[ IIOJIOBUHHOI'O ACJICHUA

¥ =22 +x-3=0, xe[2.1,2.2].

BapuaHTt 12

MCTOI[ IIOJIOBUHHOI'O ACJICHUA

(4+x7)(e"—e™) = 18, xe 1.1, 1.3].

BapwnaHT 13

MCTO,Z[ IIOJIOBUHHOI'O ACJICHUA

X 4050 -4 -3x-0.5=0, xe[-1.0,0.5].

BapunaHT 14

MeToq IT0OTOBUHHOIO JIEJIEHUSI

x* - 13In(x+0.5)-2.8x+1.15=0, x € [2.0, 2.5].

BapuaHT 15

MCTOI[ IIOJIOBUHHOI'O ACJICHUA

¥ +x*-3=0, xe[0.6, 1.4].

BapunaHT 16

MeTo1 MOJTOBUHHOIO ACIICHUS

X -x-02=0, xe[0.9, 1.1].

BapwnaHTt 17

MeToq TOTOBUHHOIO JIEJIEHUSI

5¢°-x-1=0, x€[0.6,0.8].
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BapuaHTt 18

MGTOI[ IIOJIOBUHHOI'O ACJICHUA

X -2x-5=0, xe[1.9,2.94].

BapunaHT 19
MeTOI[ ITOJIOBUHHOI'O ACJICHUA

x> +x=1000, x € [9.1, 10.0].

BapuaHnTt 20

MeTo/1 MMOTOBUHHOIO ASIICHUS

¥t +2x  -x-1=0, xe[0, 1.0].

BapwuaHT 21

Meton Herorona
x* —sin5x =0, x € [0.5, 0.6].

BapunaHT 22

Meton Herotona

¥ -02x"-02x-1.2=0, xe[1, 1.5].

BapuaHT 23

Meton HeroToHa
X -2 +x-3=0, xe[2.1,2.2].

BapunaHT 24

Meton HerotoHna

' +0.8x° —0.4x* - 1.4x-1.2=0, xe [-1.2, -0.5].

BapuaHT 25

Meton Herotona
X -2x-5=0, xe[1.9,294]

BapuaHT 26

Meron cekymux

x*+0.8x° —0.4x* ~1.4x-1.2=0, xe [-1.2, -0.5].
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BapuaHT 27

Meron cekymux
x? —sin5x =0, x € [0.5, 0.6].

BapwuaHT 28

Meron cekymux

¥ -02x*-02x-1.2=0, xe[1, 1.5].

BapuaHTt 29
Meron cekymux
X =22 +x-3=0, xe[2.1,2.2].
BapuanTt 30

Meron cekymux
X -2x-5=0, xe[1.9,294]



SAKJTKOHEHWE

B sTOoM yueOHOM mOCOoOUH pacCMOTPEHBI BOIPOCHI, KACAIOIIUECS PELICHNUs MaTeMa-
THYECKHUX 3a71a4, HauOoJee 4acTO BCTPEHAIOUIHECs B MPOIECCEe MOJCIMPOBAHMS SIICK-
TPUYECKUX cXeM. /locTaTouHO BHUMAHUS YIENCHO Pa3IM4YHbIM MaTeMaTHYecKuM (op-
MYJIUPOBKaM, a TaKKe Ul ONMHCaHHs BCEX alTOPUTMOB HCIIOJIb30BaH MaTeMaTU4eCKUN
anmapar. 11 B 3TOM OrpoMHBIN IIIIOC. DTO TOBOPUT O TOM, YTO BCE MOCTABJICHHBIC 3a-
Ja49u SIBISTIOTCS «OKECTKMMMI», HE WMEIOIIMMH PACIUIBIBYATHIX (POPMYIHUPOBOK, TaK KaK
SI3BIK MATEMAaTHKH CAMBI TOYHBIN (B CMBICIIC ONMHMCAHMUs) S3bIK. BO3MOXHO, Y KOTO-TO
BO3HUKHET BIICYATICHUE O YPE3MEPHOH CIOKHOCTH HCIIOIB30BAaHHS ATUX METOIOB JUIS
peLIeHUs peallbHbIX 3334 U TOKaKeTCsl, YTO OT HUX CIeAyeT oTKa3arbes. OmHako 00ib-
IIMHCTBO PEaJbHBIX 3a/1a4 UMEIOT XOPOILIO OTpabOTaHHbIE METO/IbI U PEATM30BaHHBIC HA
UX OCHOBE MpOorpaMMsbl. TakuM 00pa3oM, yCBOMB aJITOPUTM M PEai30BaB MPOrpaMMYy,
BbI B JasibHEHIIEM C JIETKOCTBHIO CMOXKETE TIPUMEHSATH €€ ISl PEIIeHUsS aHAJTOTMIHbIX 3a-
74, He 3ayMBbIBasCh HaJ TeM, Kak 3To Bce padoraeTr. KoHeuno, mpu Gosee netanbHOM
M3Y4YEeHHH KOHKPETHOH 3a/la4d M yCIOKHEHHUS ee Moaenu oT Bac morpebyercst 3HaHuUE
6oJiee CIIOXKHBIX aIropuTMOB. M nMest 3TOT MOLIHBIN QyHIaMeHT 3HaHuil, Bol He Oynere
MPEACTABIATh 3TH 33J]a4M CIOKHBIMH M HEpeaIn3yeMbIMU.
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[TIOCCAPUW

Abcmpaxyus — dopMa TO3HAHUS, OCHOBAaHHAs Ha MBICJICHHOM BBIJICJICHUU CYIIIe-
CTBEHHBIX CBOMCTB U CBSI3€U MpeAMETa U OTBICYEHUHU OT APYTUX, YACTHBIX €r0 CBOWMCTB
U CBSI3€EN.

Aneopumm — To4HOE, OOIIETIPUHSTOE MpeINucaHie, ONpeneisiolee Npoiecc mpe-
00pa30BaHUs UCXOAHBIX TaHHBIX B MCKOMBIN pe3ysIbTaT.

Annpoxcumayusi — Hay4YHbIN METOM, COCTOSIIIUI B 3aMEHE OJJHUX OObEKTOB JIPYTHMH,
B TOM WJIM MHOM CMBbICIIE OJIM3KUMH K UCXOAHBIM, HO 00Jiee IPOCTHIMHU.

Beoywuii anemenm (MaTpuiibl) — 3JIEMEHT CTPOKH HIIA CTOJIOIA, OTHOCUTEIBHO KO-
TOpOro B MeTozie ['aycca OCYIIECTBIISIIOTCS BBIYUCIICHUS JIJISl UCKITIOUCHHUST COOTBETCTBY-
IOIIEH eMy TIEPEMEHHOM B JPYTHX CTPOKAX WM CTOJIOIAX.

Buinonnumocme aneopumma (M MacCOBOCTH) — BO3MOXKHOCTh HCXOJIUTh U3 TFOOBIX
WCXOJHBIX JAHHBIX, MPUHAIICKANTUX HEKOTOPOMY MHOKECTBY G HCXOIHBIX JaHHBIX.

Ihaokaa ¢ynkyus — GyHKIUS, MUMEIONIasi HENPEpPhIBHYIO MPOMU3BOAHYIO Ha BCEM
MHO)KECTBE OIIPEIEICHUS.

Llexomno3zuyus — Hay4HBI METOJ, UCTIONB3YIOIUN CTPYKTYpPY 3a1a4l U IO3BOJISIO-
MK 3aMEHHUTH pEIIeHUe OIHOW OOJNBIION 3a1aud pelieHHEeM CepUH MEHBIIMX 3ajad,
IIyCTh ¥ B3aMMOCBSA3aHHBIX, HO 00JI€€ MPOCTHIX.

Hugdepenyuanrvrnoe ypasHenue — ypaBHEHHE, CBS3BIBAIOIIEE HE3aBHCHMYIO Tepe-
MEHHYI0, UICKOMYIO (DYHKIIHIO U €€ MPOU3BOTHYIO.

Jugepenyuanvroe ypasnenue 6 uaAcCmMHbIX NPouU3800HLIX — MU depeHnnaIbHOe
ypaBHEHHE, B KOTOPOM HEU3BECTHAsI (DYHKIUS 3aBUCUT OT HECKOJIbKUX TIEPEMCHHBIX.

«Kecmkue ypasnenusy — nmuddepeHunaabHble YpaBHEHHS, pelIeHHe KOTOPBIX IMO-
JY4YUTh HAMHOTO IPOLIE C MOMOIIbIO ONPEAEICHHBIX HESBHBIX METOJOB, Ye€M C IOMO-
IIbIO SIBHBIX METOJIOB.

3aoaua Kowu — dbopMynupoBKa 3a1aun HaXOKJIEHUs pemenus nuddepeHnnanbHo-
IO YPaBHEHUS C YCIOBHUSMH, 33JaHHBIMH B OJTHOM TOYKE.

Humepnonayus — cnocod HaXOXKACHUS NPOMEXKYTOUHBIX 3HAUEHUN BEJIMYHUHBI 110
UMEIOLIEMYCsl TUCKPETHOMY HaOOpy M3BECTHBIX 3HAYEHUII.
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Keaopamypnas ¢opmyna — popmyna 4YUCIEHHOTO UHTErPUPOBaHUs, 00ECIEUNBaIO-

b n
uiast npubimKenHoe paBeHcTBo [ f(x) dx ~ Y, Cyy.
a k=0

Koneunocmuv anecopumma (unu pe3ynbTaTUBHOCTD) — CBOWCTBO OINPEJIENIATh MpoLece,
KOTOPBIN JIsI TFOOBIX JOMYCTUMBIX MUCXOJHBIX JTaHHBIX MPUBOAUT K MOIYYESHUIO HCKOMO-
ro pe3ylbTara.

Koneuno-paznocmmuvie memoosi — METOJbI B KOTOPBIX KOHEUHAs cHUcTeMa ainredpau-
YECKUX ypaBHEHUH CTAaBUTCS B COOTBETCTBHE KakoW-mu0o auddepeHnanbHoil 3aaade.

Kybuueckuii cnaaiin — vatepnonsiuontas GyHkuust S(x), yI0BICTBOPSIONIAs yCIIO-
BHSIM: Ha KQXKIOM OTpe3Ke [x;_1, X¢|, k = 1, 2, ..., n dyHkuus S(x) sBIseTCs MOIMHOMOM
3-eii crenenu; GpyHkiws S(x), a TAKKe ee mepBasi U BTOpast MPOM3BOIHBIC HEMIPEPHIBHBI
Ha [a, b]; S(x¢) =f(xx), k=0, 1,..., n.

Kycouno-nonunomuanvnvle ¢pynxyuu (crutaiin) — QyHKIM, ONpeieIeHHas Ha OTpe3-
K€ M UMEIOIIasl Ha 3TOM OTPE3KE HEKOTOPOE YMCIIO HENPEPBIBHBIX TPOU3BOIHBIX.

J]azpamfceea unmepnoiAyusa — UHTCPHOJIAIHA ITOJIMHOMaMU HarpaHH(a.

Jlenmounvie mampuysbl — MaTpulibl, BCC HCHYJICBBIC 3JICMCHTBI KOTOPBIX PaCIIOJIONKEC-
HBI BOJIM3H INIABHOU JHuaroHaliu.

Jlunetinas ancebpa — 4acThb anreOppl, U3y4arolas BEKTOPbI, BEKTOPHbIEC WU JIHHEMH-
HBIE MIPOCTPAHCTBA, TMHEHHBIE OTOOPAKEHUS U CUCTEMBI IMHEHHBIX ypaBHEHUH.

Jlunetinas kombuHayus — KOHEYHAS CyMMa BUAQ: 0L 1X] + OpXp + ... + O, X),.

Mamemamuueckas mooenrb — MOACIb O0BEKTa, OTpakarollas B MaTeMaTHYCCKON
(dhopMe BaXKHEHIINE €ro CBOWCTBA — 3aKOHBI, KOTOPBIM OH MOJYHUHSCTCS, CBS3H, MPHUCY-
IIIE COCTABIISIONIMM €0 YacTIM, U T. JI.

Mawunnas mounocms — pazHuna Mexay 1.0 U creayromyM Mo BEIUYMHE Bellle-
CTBEHHBIM YHUCIIOM.

Memoo Adamca (pemienus 1Y) — MeTos1, MO3BOJISIOMIUNA HAUTH PEIICHUE C UCTIOIb-
30BaHUEM W3BECTHBIX PEIICHHUI B HECKOJIBKHX COCEIHUX TOYKAX.

Memoo eocxoosueco npoekmuposarus (VI TPOSKTUPOBAHNWE CHU3Y BBEPX) — CHa-
YaJia U3y4aeTcs UMEIOIIAsCs BRIYMCIUTENbHAS CUCTEMA, 3aTeM COOMPAIOTCS MOCIe0Ba-
TEBHOCTU MHCTPYKIMIA B JIEMEHTApHbBIE TPOIETypPhl, THITUYHBIC JUIsI pelraeMoi 3a1a-
9i. DJeMeHTapHbIe TPOLEAYPHI 3aTeM HUCIIONB3YIOTCS Ha CIEIYIOIeM, 00Jiee BEICOKOM
YPOBHE HEpapXUU MPOIETYP.

Memoo Ilaycca (pewenus CJIY)— meton mocineaoBaTeIbHOTO MCKIIOUEHHUS Mepe-
MEHHBIX, KOIZla C IOMOILBIO AJIEMEHTApHbIX NpeoOpa30oBaHUN CUCTEMa YpaBHEHUH IpHU-
BOJUTCS K PaBHOCWJIBHOM CHUCTEME CTYyNEeHYaToro (Wid Mo APYyroMy — TPeyrojabHOro)
BUJIa, U3 KOTOPOM MOCIIEA0BATEeNIbHO, HAYMHAS C MOCIEAHUX (10 HOMEpY) NepEeMEHHbIX,
HaXOJATCS BCE OCTAJIbHbIE NIEPEMEHHBIE.

Memoo 3evidens (pemenust CJIY) — uTepallnoOHHbI METOA B KOTOPOM IIPU BBIYMC-
nenun (k + 1)-0oro npUOIMKEHUs paHee MOTyYCHHBIC TPUOIIKEHHS Cpas3y ke HCIOIb-
3yIOTCS B BEIYUCIICHHSIX.
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Memoo umepayuu (pemeHus 9acTUIHON MPo0IeMbl COOCTBEHHBIX 3HAYECHUI) — Me-
TOJI, TIO3BOJIAIOIINI MPUOIMKEHHO (C 3a/laHHOM TOYHOCTBIO €) MOJYYUTh COOCTBEHHBIE
3HAYEeHUs MATPUIBl A, UMEIOILIEH 7 IMHEHHO HEe3aBUCUMBIX COOCTBEHHBIX BEKTOPOB Xj,
1<ign.

Memoo nenocpeocmeennoco paszsepmuléanusi (pEUICHUS TOJTHOM MPoOIeMBbl COO-
CTBEHHBIX 3HAYCHHIT) — METOJ] HAXOXKICHHSI BCEX COOCTBEHHBIX 3HAUEHUH MATPHIIBI, CBO-
JLIANCS K 3a7a4€ HAXOXKACHUS KOPHEH MOJIMHOMA.

Memoo nucxoosyezo npoexmuposanusi (UIU IPOEKTUPOBAHUE CBEPXY BHM3) — IIO-
JTarHasl AEKOMITO3ULIUS, COYETAIOIAsICSl C OMHOBPEMEHHOW JleTaau3aeil mporpaMmabl.

Memoo Hviomona (pelieHusi TPaHCICHACHTHBIX YPAaBHEHU ) — METO HaXOXKICHUS
KOpHSI HeJMHEHHOro ypaBHeHus Buma f(x) = 0, OCHOBaHHBIA Ha IMOCIIEI0BATEILHOM
NpUONIMKEHUH K PEIIEHUI0 MOCPEeICTBOM KacarelnbHbIX. O0anaeT BBHICOKOHM CTETEeHbIO
CXOIUMOCTH, HO TpeOyeT BBIYUCICHHS MIEPBON MPOU3BOTHON (DYHKIMU.

Memoo nonosunnozo Oenenuss (peuieHHUs] TPAHCLEHICHTHBIX YPaBHEHHIA) — METO]]
HAXOXKICHHS KOPHS HEJIMHEHHOTO YpaBHEHHsI, OCHOBAaHHBIN Ha YMEHBIIICHUU WHTEpBala
HEOIPEIeICHHOCTH B JiBa pa3za. O0namaeT HU3KOH CKOPOCTHIO CXOAUMOCTH.

Memoo nowazosoii demanuzayuu (pa3paboOTKU MPOTrpaMM) — METOJI, IIPU KOTOPOM,
BHaJajie pa3pabarbIBacTCsl OOMIasi CTPYKTypa MPOTPaMMBI, COCTOSINAS W3 3aIUCH all-
roputMa Oojiee KPYMHBIMH OJOKaMH, Ha CJIEIYIOIIMX dTamax KaXAbld U3 3TUX OJIOKOB
JeTalu3upyercs Ha Oojiee MeNKHe, MOKa B pe3yjibraTe He MOIydarcs 3JIeMEHTapHbIe
JIEACTBUSL.

Memoo npozouku (pemenus CJIY) — moaudunupoBanHsiii Meton I'aycca, yuuTbiBa-
IOIIHANA CTPYKTYpYy JEHTOYHOU MaTpPULIBL.

Memoo npocmoui umepayuu (pemwenus CJIY)— uTepallMOHHBII METO, MO3BOJISIO-
it Haxoauth peuienre CJIY, He XpaHs B TaMATH BCIO MaTpuily Ko3((UIIUEHTOB.

Memoowr Pynee—Kymma (pemenust J1Y) — ogHoiaroBsie MeTosl pemienus Y, ve
TpeOyroIIre BEIYHCICHHS TPOU3BOIHBIX.

Memoo cexywux (pelieHus TPAHCIEHJIEHTHBIX ypaBHEHUI) — METOJl HaXOXKJICHUS
KOpHSI HEJIMHEHHOro ypaBHeHus Buma f(x) = 0, OCHOBaHHBIA Ha IMOCIIEI0BATEILHOM
NpUONMKEHUH K PELICHUI0 TOCPEACTBOM ceKyIux. OOnagaeT BHICOKOW CTEMEHbIO CXO-
JUMOCTH, He TpeOyeT BBIYMCICHUS NIEPBOM MPOU3BOAHON (QYHKLIUH.

Memoo Diinepa (peumienust 1Y) — ogHOIATOBBIN METOJ, BBIYUCISIOIUHN CleIyIolee
3HAYEHUE MOCPEACTBOM IPAMOIUHENHON HKCTPANOALUN U3 NIPEABIAYINEH TOUKH.

Hauanvnoe npU6ﬂquC€HM€—HCKOTOpOC Ha4yaJIbHOC 3HA4YCHHUEC HMCKOMOI'O 3HA4YCHUA
AJI1 UTCPALIMOHHBIX MCTOO0B.

Heegvipoowcoennas cucmema nunelinvlx ypagHeHuti — CUCTEMa JMHEWHbBIX YpaBHEHUH,
JUISL KOTOPOW ONpPENeNIUTENb MaTpUIlbl KOAPPUIIMEHTOB OTan4YeH oT 0.

Hees3xa — omrbKa (TIOTPEIIHOCTD) B pe3ybrare BerauciaeHuit (r = b — 4Ax, ).

Hesgnas pasnocmnas cxema — KOHEUHasl CHCTEMa aJireOpandecKux ypaBHEHHH, 110-
CTaBJICHHAsl B COOTBETCTBUE KaKoW-1160 nuddepeHnnaabHoN 3a1aue, UCIoNb3yeT ypaB-
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HCHUS, KOTOPBLIC BBIPpAXAIOT AAHHBIC YCPE3 HCCKOJIBKO COCCAHHUX TOYCK PpCE3ylibTara,
OOBIYHO SIBJISIOTCS yCTOfI‘IHBBIMPI.

Hopma —4ncio, KoTopoe u3MepsieT o0Inil ypOBEHb 3JIEMEHTOB BEKTOPA.

Obpamuas mampuya — MaTpulla, TPU YMHOXKEHUN UCXOJHOW HA KOTOPYIO IMOJIyda-
eTCsl eAMHUYHAs MaTpUIa.

Onpe()eﬂelmocmb aneopumma — TOYHOCTh, HEC OCTaBJIAIOIIaA MECTa IJIAd IMPOU3BOJIa,
n O6H.[€HOHHTHOCTB.

Owubka (pemieHust) — pa3sHUIla MEXKIy TOYHBIM U MPUOIMKCHHBIM pelieHueM (e =
=X —X,).

Owubka ouckpemu3sayuy — pa3HOCTb MEXKAY BBIYMCICHHBIM PEIICHUEM U TEOPETH-
YECKHUM pEIICHUEM, IIPU YCIOBUM YTO OTCYTCTBYIOT OLUMOKU OKPYIVIEHHUS.

Owiubka OKpY2leHUs — OI_HI/I6Ka, BO3HHUKaromast BCJICACTBUC OI'PaAaHUYCHHOCTHU BCIIC-
CTBCHHBIX YHUCCJI B IPCACTABJICHUN KOMIIBIOTEPA.

IInoxo obycnosnennas mampuya — MaTpula, ONPeaeNIUTeNb KOTOPOl OueHb OIM30K
K 0, HO He paBeH 0.

ITonunom — MHOTOUJIEH BUIIA: Co + C1X\ + cax? + ... + ¢, x".

n —_ .
ITonunom Jlaepansca — nonuaoM Buza [;(x) = [ M
i=0,i% (% = X;)

Tonunomuanvnasn unmepnoiAyuAal — AHTCPIOIIAIUA ITOJITMHOMaMU.

Tonnas npobnema cobcmeeHHblX 3HAYeHUll — 3a/laua HAXOXKJICHUS BCEX COOCTBEH-
HBIX 3HAYEHHUN.

IIpsamonunetinas sxcmpanonayus — anmpoKCUMAIHs MOJIMHOMAMU NIEPBOM CTETICHH,
pU KOTOPOM (PYyHKITUS alilIPOKCUMUPYETCsI BHE 3a/IaHHOTO HHTEpBAIA.

Ilce600Kk00 — HEKOTOPBIN HE CIUIIKOM (OPMATN30BaHHBIN SI3bIK, TPOMEKYTOUHBIN
MEXIy €CTECTBEHHBIM SI3bIKOM U SI3BIKOM IIPOTPaMMUPOBAHMUS.

Pasnomepnas pasnocmnas cemka — pa3sHOCTHAs! CETKA C OAMHAKOBBIM PAaCCTOSHUEM
MEXKIY IPSIMBIMH.

Pasnocmnas cemka — mapannenbHbIe MPsIMbIE, «IOKPHIBAIOIINE» OOIACTH OIMpese-
JIEHUS U 3HAYEHUH.

Paspesicennas mampuya — matpuna, O0JIBIIMHCTBO 3JIEMEHTOB KOTOPOIl HYIIH.

Pexyppenmuvie anecopummpel — anropuT™Mbl, MOCTPOEHHBIE Ha PEKYPPEHTHBIX COOT-
HOILIEHUSIX.

Pexyppenmmuvle coomnowenus — BeIpakenust Buna v; = f (v;_y) s Beex i > 0.

Pexypcus — BO3HUKaET, €CIM pacCMaTpUBAEMbIi OOBEKT COICPKHUT caMm cebs WUiu
OTIpe/ieTIeH C MOMOIIBIO CaMOTo cedsl.

Cemounas gpynkyusa — QyHKIUS, onpeiesieHHas B y3JlaX pa3HOCTHOM CETKH.
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Cobcmeennoe snavenue mampuysl — COOCTBEHHBIMY 3HAYCHUSMHE J€HCTBUTEILHOM
KBaJPaTHON MaTpHIbl 4 Ha3bIBAIOT YKCIIa A, B OOLIEM Cllydae KOMILUIEKCHBIE, IIPU KOTO-
PBIX OMpeaenuTenb Matpuisl: |4 — A - E| = 0.

Cobcmeennulti 6ekmop mampuybl — COOCTBEHHBIM BEKTOPOM MaTpHIlbl 4, COOTBET-
CTBYIOIIIUM COOCTBEHHOMY YHCIY A;, Ha3bIBAIOT BEKTOP f;, JUII KOTOPOTO CIPABEIIUBO
cooTHoleHue: A-t; = \;-t; ,tne i = 1...n.

Cnﬂaﬁn—unmepnomuuﬂ — TO K€, YTO U IMOJIMHOMHUAJIbHAA UHTCPIIOIALUA.

Cmpyxmypa 0annbix — aOCTpaKIUs peaJbHbIX 00bEKTOB, CPOPMYIMPOBAHHAS B TEP-
MHHAX KOHKPETHOTO SI3bIKA TPOTPAMMHPOBAHHS.

Cmpyxmypnoe npocpammuposanue — nuporpammupoanue 6e3 GOTO.

Tpexouaconanvras mampuya — MaTpulla, y KOTOPOil oTIu4HbIe 0T () 3IeMEeHTHI pac-
MOJIOKEHBI TOJBKO HAa TIIABHOW JMArOHAIM M Ha JUATrOHANSNX, PACTIOIOKEHHBIX HETO-
CPEIICTBEHHO HAaJl M TOJI TNIABHOW JMAaroHAJIbIO.

Vanet paznocmmoii cemku — TOUKY MepeceueHus MPSMbIX, 00pa3yIONINX Pa3HOCTHYIO
CETKY.

Yemortiuusocms pewienus — 03Ha4aeT, YTO peLIeHUs, IPU JOCTATOYHO OJIM3KUX Ha-
YaJbHBIX 3HAYCHUSAX OyIyT «HE CHIIBHO» OTIMYATBCS APYT OT Apyra.

Dopmyna «nesvix» NpPAMOY20lbHUKOS — AIPOKCUMAIIHS TOIBIHTETpaibHON (DyHK-
MU TIOJTMHOMOM HYJIEBOW CTENEHH C BHIOOPOM B Ka4eCTBE apryMEHTa JIEBOM TpaHMIIbI
OTpe3Ka.

Dopmyna «npasvix» npsamoy20ibHUKOE — alMIPOKCUMAIUS MOABIHTETpalbHON (PyHK-
UM TIOJITMHOMOM HYJIEBOM CTETEeHHU C BHIOOPOM B KaueCTBE apryMEHTa MPaBOi IPaHUIIBI
OTpe3Ka.

Dopmyna CumncorHa — anMpOKCUMAIIMS TOABIHTETPAbHON (YHKIIMUA TOJIWHOMOM
BTOPOMi CTENEHHU, IIOCTPOEHHBIM 110 TPEM Y3JIaM: X;_1, Xi_1/2, Xi.

Dopmyna mpaneyuti — anmpoKCUMAIUs TOIBIHTETPATbHOW (YHKIHUU TOJIWHOMOM
IIEPBOM CTENEHU, IOCTPOCHHOM 10 ABYM Y3JIaM: X; M Xji].

Dopmyna «yeHmpanbHbiX» NPIMOY2OIbHUKOE — ATIMPOKCUMAIINS TTOBIHTETPATHLHOMN
¢byHkuu (T. €. MpUOIMIKEHHAs 3aMEHA €€) MOJIMHOMOM HYJIEBOH CTEIEHH C BHIOOPOM
B KaQueCTBE apTyMEHTa CEPEAMHBI OTPE3Ka.

Xpanumas mampuya — MaTpuia, Bce n’> 3IEMEHTOB KOTOPOI XPaHATCS B OMEpaTHB-
HOM IaMATH KOMIIBIOTEPA.

Yacmuunas ﬂpO6ﬂ€MCl cobcmeentblx 3HaYeHUll — 3aJa4a HaxXO0XIACHH TOJIBKO HCKO-
TOPBIX COOCTBEHHBIX 3HAYEHUH.

Yucnennvie aneopummesl — aJIrOPUTMBI PCIICHHUA MAaTCMaTUYCCKUX 3aaa4 B YHCJIICH-
HOM BH]JC.

Yucno obycnosnennocmu mampuysl —Mepa TOTO, HACKOJIbKO XOPOLIO WJIM IUIOXO
o0ycJIoBJIeHa MaTpuIa.

Yucno ¢ naasaroweti moukoi — GopmMa TPEACTABICHUS ACHCTBUTEIBHBIX YHUCEN,
B KOTOPOM YMCJIO XpaHUTCA B JOpPME MAHTHCCHI M TIOKA3aTeNs CTEIICHHU.
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Illae paznocmmuoii cxembl — pacCTOSTHUE MEXKY MPSIMBIMHU, 00pa3yOIIUMU Pa3HOCT-
HYIO CETKY.

9pmum06a uHmepnoiiyuAil — MCTO IMOJINHOMMAJIBHOM HUHTCPIIOIAINUHU, B KOTOPOM
CTPOUTCA MHOI'OYJICH, 3HAYCHUSA KOTOPOIro B BI)I6paHHI)IX TOYKax COBIIAJAaKOT CO 3Ha-
YCHUAMU HCXOI[HOﬁ (bYHKL[I/II/I B 3THUX TOYKaX, U IIPOHU3BOJHBIC MHOI'OYJICHA B JJaHHBIX
TOYKaX COBIIaAAarOT CO 3HAYCHHUAMMU IMPOU3BOJHBIX (DYHKI_[I/II/I

Asnas paznocmuas cxema —KOHEUHas cuUcTeMa anreOpanyecKuX ypaBHEHUH, MO-
CTaBJICHHAsl B COOTBETCTBUE KaKoW-1100 nuddhepeHnnanbHoi 3a1aue, CToIb3yeT ypaB-
HEHHUS, KOTOPBIE BHIPAXKAIOT JaHHBIE Yepe3 HECKOJIbKO TOYEK COCEIHUX TOUEK pe3ysibTa-
Ta, MOJTYYEHHOTO Ha MPEABIAYIIEM IIare, YacTO OKa3bIBAIOTCA HEYCTONYUBBIMH.
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