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[IpuBesien KoHCIEKT JeKiuii mo pasgeny "Maremarnuecknii anaans'
quTaeMbIX B 1epBoM cemectpe Ha nepBom kypca OBC. Koncrekr cocrout
u3 Tpex riaB. IlepBag riaBa — BBojHas. B Hell paccMaTpuBaloTCs MHOXKe-
CTBa M olepanuu HaJl HUMU. BBopuTcst obinee nousTue pyHKImU. Bropas
1JIaBa 1OCBSIIEHa TEOPUHU 11PEeJIesIOB. BBOJMTC HOHATUS 1IPEJIEIOB 110CJIEJ10-
BaTEJLHOCTU U (DYHKITUU, TPUBOJIATCS UX CBOMCTBA W MPaBUJIa BHIUNUCIECHUS
npeJjiesioB. PaccmarpuBaroTcs HenpepbiBHbIE (DYHKIIUU, MPUBOJATCA OCHOB-
Hble TEOPEMbl O CBOMCTBAX HEIPEPLIBHOW Ha OTpe3ke (PYHKIUU, UMEIOIlI1e
He TOJBKO TeOpeTHUIecKoe , HO U MpakTudeckoe 3Hadenue. [lociaenamit napa-
rpad MOCBsiIeH OECKOHEYHO MaJibiM U OECKOHEYHO OOJILITUM B TOUYKE (DyHK-
1usiM. Tperbs rj1aBa — OCHOBHAs B 9TOM pazjiesie. B Heil uzJjiaraiorcst OCHOBbI
JubdepeHIua bLHOT0 NCUNCIeHUA (DYHKIIUKM OJHON M HECKOJIbKUX IepPEeMEeH-
HbIX. BBossiTest onsitus npousBojHoi u jgudpdepenimana ynkimn. Pac-
CMATPUBAIOTCS PUJIOKEHUsT D DEPEHINATBLHOTO UCUUCIEHUST K UCCIIEI0BA-
HUIO (DYHKIWH (MOHOTOHHOCTD, TOUKH 9KCTPEMYMa, HHTEPBAJIbI BBITYKJIOCTH,
acCUMITOTHI I'paduka PYHKIUU, HAXOXKJICHUIO HAUMEHbITIEro U HaubOoJIbINero
sHauenuit GyHkiuu B 3aMkHy ol obsacrn). Jus dynkiuun BekropHoro ap-
I'YMEHTa PacCMaTPUBAETC YCJIOBHBIN 9KCTPEMYM.

Teoperuveckuii MaTepuas UIJTIOCTPUPYETCS IPUMEPAMHU.

B mocobum mpuBeeHbI TaKyKe WCTOPUYECKWE CBEJIeHUsd 00 YUIeHbIX-

MaTeMaTHUKaX.



I'nmaBa I

BBenenme B MmaTemMaTmiecKuii aHAJJIN3

[Tpu 3amucu onpejieiennii, TeopeM U PasJndHbIX GOPMYJT MBI Oy/I€EM HCIIOTh-
30BaTh JIOI'MYECKUE CUMBOJIBL: V — JIJIst BCEX, JIJIs KaXKJIoro, 3 — CyIIecTBYyerT,
d! — cymecrByer eMHCTBEHHLIH, V — win, A — U, = — BJIEUET, <> — TOTJA

n TOJIbKO TOr'Ja.

§1. MmuoxkecTBa. Onepaliuu HaJ MHOXKECTBaMMU.

[TonsiTre MHOYXKECTBA MPUHAIEKUT K THCJIYy OCHOBHBIX, HEOIIPEIEISIEMbIX
HOHATHI MaTeMaTuku. [1oj; MHOXKEeCTBOM OHUMAIOT COBOKYITHOCTH OObEKTOB
(mpeMeToB), OObEIMHEHHBIX MO KAKOMY-J100 mpusHaky. OuH u3 cozpare-
Jieit TeOpUN MHOXKECTB HeMelkuii MmaremaTuk [eopr KanTop tak onpejessier
MHOXKeCTBO — "MHOXKeCTBO eCTh MHOIroe, MBICJNMOE KaK ejuHoe reJoe'.

Obo3HaTaI0T MHOYXKECTBA 3arIaBHLIME JaTnHcKkuMy OykBavn: A, B, X, Y,
Z, ... OO0beKTbI, U3 KOTOPBHIX COCTOUT MHOYKECTBO, HA3BIBAIOT €I0 AEMeH-
mamu. YCIoBHe, 9TO O0BEKT @ NMPUHAICKHUT MHOXKECTBY A 3ammcbiBaioT
a € A. Ecim obbekT a He siBJIsieTcst 3J1IeMeHTOM MHOXKecTBa A, To 3anmchbl-
Baror @ ¢ A. MHOXKeCTBO, He COJIepKallee HU OJJHOIO JIEMEHTA, HA3bIBAIOT
nycmuim 1 06o3HaygaoT ().

BajaTh MHOXKECTBO MOXKHO pasiandHbiMu criocobamn. Konedanoe MHOXKe-
CTBO MOXKHO 3aJIaTh IepEeInCcIeHneM 3jieMeHTOB. MOXKHO 3a/1aTh MHOYXKECTBO
yKa3aHueM XapaKTePUCTUIECKOrO CBOMCTBA, KOTOPBIM 00JIaIAI0T BCE dJIeMEH-
THI MHOXKECTBa, W He 00/1a/1a10T 00bEeKTHI, He TPUHAIJIEKAITE MHOYKECTRY.

O6o3znaqaror rakoe muoxkecrso A = {x|P(x)}, rue P(x) — xapakrepucruue-



CKO€ CBOWCTBO 3JIEMEHTOB MHOXKECTBA.

MuoxkecrBo B Ha3bIBACTCsSE MOOMHOHCECTIEOM MHOXKeCTBA A, eciim Kaxk-
JIBIiT 9JIEMEHT MHOXKeCTBa B sBjsiercs siemeHToM MHOXKectBa A (B C A).
Ecim A C Bu B C A, o muoxxecrtsa A u B paguwt, To ecth A = B. Camoe
0O0JIBIIIOE MHOXKECTBO, PACCMATPUBAEMOE B 3a/la4€, HA3bIBAIOT YHUBEPCAAb-
HotMm 1 0bo3HagaT U.

Paccmorpum onepalinm Hajl MHOYKECTBAMMK:

ITycrs panbl jasa muooxkecrsa A u B.

1) Ob6Bedunenue mHootcecms A n B — 370 MHOKECTBO SJIEMEHTOB,
Ka>KJIblii U3 KOTOPBIX TPUHAJIEIKUT XOTsT Obl OJTHOMY U3 MHOXKecTB A nwiun B
(Puc. 1):

AUuB={x|x € AVzx e B}

2) Ilepecewenue mmoosicecme A v B — 510 MHOXKECTBO 3JIEMEHTOB,

KA JIblil U3 KOTOPbIX HpUHaiexkutT u Mmuoxkecrsy A u muoxecrsy B (Puc. 2):
ANB={x|x € ANz € B}

3) Pasnocmb muoscecme A u B — 310 MHOXKECTBO 3JIEMEHTOB, T1PH-

HaJIIeKALIUX MHOXKeCTBY A u He npunajyiexkanux muoxecrsy B (Puc. 3):
A\B={z|rv € ANz ¢ B};

4) Jonoanenue mHostcecmsea A — 310 MHOKECTBO 3JIEMEHTOB YHUBED-

CAJILHOIO MHOXKECTBa, He TPUHAIJICIKAIINX MHOXKECTBY A:
A={z|zeUAnz ¢ A};

5) dexapmoso npousseederue MuoxkectB A 1 B — 370 MHOXKECTBO yT10-
PSIIOUEHHBIX Iap, MepBble KOMIOHEHTHI KOTOPBIX MPUHAJIEXKAT MHOXKECTBY
A, a BTopble — MHOXKeCTBY B:

Ax B=A{(z,y)lr € ANy € B} ;

MoxKHO onmpeJIesIuTh JeKapTOBO MPOU3BEICHNE JIFOOOTO KOHEUHOI'O UHCJIa,
MHOXKECTB, & UMEHHO,

Ay X Ay x oo x Ay ={(x1, 29, ..., zp) |01 € Ay, x0 € Ao, .oy € AL}

JexapToBo mpomsBeJieHIe 1 OMHAKOBBIX MHOXKeCTB A X A X ... X A =

-~
7, COMHOXKUTeJIe

{(z1,29,...,2,)|21, 22, ..., 2, € A} Gynem ob03HATATD A,




AUB ANB A\ B

0" .

Puc. 1 Puc. 2 Puc. 3

ITycrs ganbl asa muoxkecrsa A u B. Eciu kaxxjiomy sjemenry a € A no-
CTaBJICH B COOTBETCTBUE €JIMHCTBEHHDINA 3jieMeHT b € B U KaXKJIbIil 3J1eMeHT
b € B coOTBETCTBYeT eIMHCTBEHHOMY 3JeMeHTy a € A, TO roBopsaT, 4To
MeXK/ly MHOXKecTBaMu A u B yCcTaHOBJIEHO 83AUMHO 00HO3HAYHOE COOM-
semcmaeue. Eciu Mex 1y s7eMeHTaMi JIBYX MHOXKECTB MOXKHO KaKHM-JU00
C1I0COOOM YCTaHOBUTH B3aMMHO OJHO3HAUHOE COOTBETCTBHE, TO TOBOPST, UTO
9TU MHOYKECTBA UMEIOT OJIMHAKOBYI0 Mmougrocms. (Ilousitue monaocTn ecrhb
0000IIIeHIe TTOHSITUS TKCJIa 3JEMEHTOB MHOXKECTBA, €CJIM MHOXKECTBO DECKO-

HEYHO).

§2. YwmcsioBbie MHOXKecTBa. Moaysb 4ucsa.

[Tpu nzyueHnn MaTeMaTnIecKoro aHajan3a Mbl OyJIeM paccMaTpUBaTh MHO-
JKECTBO JIeCTBUTEILHBIX dnces R, ero mojIMHOXKECTBA U JIEKAPTOBO IIPOU3-
Bejierne R, = R X R x ... X R — MHOXecTBO y1opsijjoueHHbIX HabOOPOB
(1, 9,...,T,), TIE BCe T; SJIEMEHTHI MHOXKeCTBa R. DTO MpousBejeHEHNE
oboznauaoT Takxke RM™),

['eomeTpurueckn MHOXKECTBO JIeficTBUTEIbHBIX Unces R MOXKHO 1300pa3uTh
TOUKAMU Ha IpsaAMoit. [IpuueM MexK Ty MHOXKECTBOM JeHCTBUTEIbHBIX YUCET U
MHOXKECTBOM TOYEK IIPSIMOI MOXKHO YCTAHOBUTH B3aUMHO OJHO3HAYHOE COOT-
BeTCTBUE: JeficTBUTE/ILHOMY YrCay T € R 1mocraBuM B COOTBETCTBHUE TOUKY
Ha MPAMOI ¢ KOOPJIUHATON X.

Bo mHOXKecTBe J1efiCTBUTE/ILHBIX YUCEJ BBEIEHDBI OIEpAIlUN CJ0XKEHUS U
yMHOXKeHus ducess. OTHOCUTEHLHO 9THX Olepaliii MHOXKECTBO JIeHCTBUTE b
HBIX dKcesl oOpasyer JIMHeiHOe IPOCTPAHCTBO pa3sMepHOCTH 1.

MHO>XKecTBO JIeCTBUTE/IbHBIX YUCEST JOMOJHAIOT JBYMS JIEMEHTaMH — OO
1 400, HA3bIBAEMbBIMU MUHYC OECKOHEUHOCMb U natoc beckoreunocms. Muo-

»)kecTBO IR, JOMOHEHHOE 3JeMEHTaMU —00 U +00, HAa3BbIBAIOT pacusupeH-



HBIM MHOHCECTNEOM 0eTicmBUMeAbHbLL ducen u obozHadaior R. Ho-
IJ1a, BMECTO —00 U +00 OyJIeM I'OBOPHUTDH IIPOCTO OQ.
C cuMmBoIaMu 00 HEJIb3sT 00PAIATHCA KaK ¢ OOBIIHBIMEU uncjiamu. Ote-

paniuu C 3TUM CUMBOJIaAMHU BBIIIOJHAIOTCA 110 CJICAYIOIUM IIDaBUJIaM:

1) a -+ (00) = £o0; 10) (+00) + (+00) = +00;
2) a — (£00) = Foo; 11) (=00) 4 (—00) = —o0;
3) a- (+oo) = £o0, ecin a > 0; 12) (400) - (+00) = +oc;
4) a - (Foo) = Foo, ecin a < 0 13) (+00) - (—00) = —o0;
5) § = £00, ecmn a # 0 14) (—o0) - (—00) = 4o00;
6) a*>) = 400, ecu a > 1 15) i#” = +o0;

7) al=®) =0, ecu a > 1; 16) %oo = 0;

8) a+>®) =0, ecin 0 < a < 1; 17) (+00)+>®) = +oo;

9) al=®) = +o00, ecu 0 < a < 1; 18) (+o00)(=>®) = 0.

Kpowme Toro, na MHOXKECTBE JIeiCTBUTE/bHBIX Ynces R BBEICHO omHouLe-
Hue nopsdka "6osbiie win paBHo" (Z), KoTopoe 0bsaaeT CBOHCTBAMM:

1

)
2)ecin x > yuy > 2z, 10 T = z (CBOACTBO TPAH3UTUBHOCTH );
)

3
4) JUIs JIFOOBIX 9J1eMeHTOB X,y € IR BBINOJHAETCSA OJHO U3 OTHOIICHHIA
=Y Wi Y = T

5) ecan r = 1y, o r + z = y + 2 Juid Jirodboro ssiementa z € R;

> x st moboro srementa & € R (¢BO#CTBO pedileKCHBHOCTH );

€M T Z YN Yy =T, TOT =1Y;

6) ecux > 0wuy >0, 10 2y = 0.

Kpowme 31oro oTHoIIeH s TOpsijiKa Oy1eM UCII0Ib30BATh TAKKE OTHOIIEHMSI
nopsiyika "menbine uim paso (<), "menbie" (<) u "6osbie" (> ).

B kypce ananmsa 6yjeM HCIOIB30BATH CJIEIYIONINE TOAMHOXKECTBA, MHO-
JKECTBa JIeficTBUTENIbHBIX duces R:
MHOXKeCTBO HaTypaJsibhbix unces N = {1; 2; 3; ...};
MHOXKECTBO TeJIbIX HeoTpurareabubix duces Ng = {0; 1; 2; 3; .. .};
MHOXKECTBO 1eJibix ancest Z = {0; £1; +£2;...};
MuOKecTBO pauonanbhbix wncen Q = {2 |m € Z,n € N};

OTpe30K [a; b] — MHOXKECTBO TOYEK ', YIOBJIETBOPSIONINX YCJIOBUIO
a<x<b;



wHTepBai (a; b) — MHOXKECTBO TOUYEK &, YJOBJECTBOPSIONIUX YCJIOBUIO
a<x<b;

nosiyurrepBadibl [a; b) u (a; ] — MHOXKeCTBa TOUYEK T, YJOBJIETBOPSIOIUX
yesioBusIM a < & < bu a < x < b cooTBeTCTBEHHO;

ayan (a; +00), (—oo; b), [a; +00), (—o00; b] — MHOXKecTBA TOYEK T, YO
BJIETBOPSOIIUX YCJIOBUSIM T > a, T < b, x 2> a, x < b coOTBeTCTBEHHO.

B nasmbreiimem Bee nepeuncienuabie muoxkectsa (kpome N, Ny, Z, Q, R)
Oy/sieM O0beIMHATH TEPMUHOM NPOMEHCYMOK.

B kypce anasmsa jekaproso mpoumssesenne R x R = R® Gyuem
pacMaTpUBaTh KAK MHOYKECTBO TOUEK IIJIOCKOCTH, 8 JEKAPTOBO IIPOU3BEICHIE
R x R x R =R®) — kak MHOKECTBO TOUEK MPOCTPAHCTBA.

MHOXKeCTBO JeHCTBATENILHBIX YUCes 00J1aJ1aeT CBORCTBOM TAOTMHOCTIU:
MEXKJTY JIIOOBIME JIBYM$ JeACTBATEJHHLIMU UHCJIaAMHU PACIIONOKEHO eIe XO-
Ts1 OB OJIHO JIEHCTBUTEIHLHOE YNCII0, 8, 3HAIUT, OECKOHETHO MHOTO JIeHCTBI-
TEJLHBIX uuces. JeficTBuTe nno, ecim a u b — pasanduble Uncaa, TpPUIeM
IOJIOXKUM J1JIsl OIIpejieieHHOCTH a < b, To a < GT—H) < b.

Hcnonb3yst CBOWCTBO TMJIOTHOCTH MHOYKECTBA, JIEHCTBUTENIBHBIX UNCET,
MOXKHO JIOKa3aTh BarykKHOE JJIs U3JIOKEHWsT Kypca aHaJn3a YTBEpIKICHHE
(mpuamun KanTopal), KoTopblii Ha3bIBAIOT TaKKe JIEMMOI O BJIOXKEH-

HBbIX OTpPE3KaX.

Jlemma 2.1. (mpuaimn Kanrtopa) /[Jas ecaxol nocaedosamesvnocmu
BAONCEHHBLT dPY2 6 IpYea OMpPe3kos, OAUHBL KOMOPLLT, YObi6ad, CMPEMAMCA

K HYA0, CYWECBYEm eJUHCMEEHHAA MOYKA, NPUHAOAEHCAUWLAA BCEM OM-

PE3KAM.

Eciu umeem nocsiepoaresbuocts [ar; by D [ag; be] D lag; bs] D ... D

[an; by D ... BJIOXKEHHBIX JPYT B JIpyra OTPe3KoB, npuyeMm b, — a, — 0
o0

Mpu N — 00, TO Hepecederue Bcex oTpe3koB () [an; by] HE mycro, To ecth
n=1

Teopr Kaurop (Georg Ferdinand Ludwig Philipp Cantor) (1845-1918) — memenkuit maremaruk. KanTop 3a/105u1 0CHO-
BBI COBpeMeHHOH maremaruku. OH Hanbosee N3BECTEH, KaK CO3JATEIh TEOPUA MHOXKECTB. KaHTOP BBEJ MOHATHE B3aWMHO-
OJTHOBHAIHOTO COOTBETCTBUS MEXKJy 3JEMEHTAMH MHOXKECTB, JaJ ONPEJESIeHUs] DECKOHEIHOTO W BIOJHE-YIODPSI0YEHHOTO
MHOXKECTB, J0KA3aJ, ITO [JeHCTBATENbHBIX YHCeJ 00OsIbIne, 9eM HaTypaabHbiX. OH OIPEeJU/ HOHATHA KADIUHAJBHBIX U

MOPSAIKOBBIX UHUCE H UX apPU(PMETHKY.



o0
cyIiecTByeT Touka ¢ € [ [an; byl
n=1
Bo MHOrMX onpejiesieHusix 1 TeopeMax Kypca MaTeMaTHiecKoro aHaju3a

HCIIOJIb3YeTCA MMOHATHE MOJTYJIS.
Moodyaem wucaa a Ha3bLBAEMCA CAMO YUCAO G, €CAUL OHO HEOMPUUAMEND-

HO, U YUCAO, NPOMUBONONONACHOE G, ECAU A OMPUUAMEALHO, MO ECMD

a, ectn a = 0,

la] =
—a, ecin a < 0.

CdopmymupyeM OCHOBHBIE CBOHCTBa, MOJTYJIsI:

1) Jal >, la] > —a; 0 Ja =] > lla] ~ [ol};
2) |a] = maxc{a, —a}; 5) Ja bl = lal - o
3) Ja+ b < ol + [0l o) |£] = {3 © o)

Teomerpudeckuii CMbICT MOJLyJIst: MOJLYJIb dncia a  (|al) — 9ro paccrosinue
Ha YUCJI0BOI npsiMoit oT Touku 0 10 Touku a. Torja npu a > 0 HepaBEHCTBO
|::r;\ < @ 9KBUBAJICHTHO JIBOWHOMY HeEpaBeHCTBY —a < & < a M 3aJaeT Ha
npsMOii wHTEpBaAJ (—a; a), a HEPaBEeHCTBO |T| > a 3aj1aer 0ObeIMHeHNe HH-
TepBasioB (—oo; —a) U (a; +00).

YucmoBoe MHOXKECTBO A Ha3bIBAETCS 02PAHUYEHHBIM CEEPILY, CCITH CY-
mectByeT uncao M rtakoe, uro a < M nns Becex a € A. Ecim cyrmecrByer
JUCJI0 M TaKoe, 9TO a > M JJjs Bcex a € A, To MHOXKECTBO A Ha3bIBAETCS
02PAHUYEHHBIM CHU3Y.

Yucno M HazwbIBaloT 8epxrHedi, a UNCI0 M — HUMCHEU 2PaHuUUeti MHO-
»)kectBa. OrpaHUueHHOE CBEPXY U CHU3Y MHOXKECTBO Ha3bIBAIOT 02PAHUYEH-
HotMm. B aTom ciaydae cymectByior Takue ancia M w m, aro st Bcex a € A
BBIMTOJIHSIETCST HepaBeHCTBO M < a < M. YcjaoBue orpaHUueHHOCTH MHOXKe-
CTBa YaCTO 3AlUCHLIBAIOT B BHUJIE HEPABEHCTBa ¢ MomysieM |a| < M, skBuBa-
JIEHTHOT'O MPEJIbIJIYIIEMY HEPABEHCTRY.

Yucna M m m onpeaensiioTcsd HeOTHO3HAUHO. Ecam MHOXKeECTBO orpaHu-
YeHO, TO OHO MMeeT MHOI'O BEPXHMX M HMXKHUX IpaHull. Haummenbimas us
BEPXHUX I'DAHUI] HA3bIBAETCS MOYHOU 8EPTHEU 2PpaHuueti 1 0003HATACTCS
sup A (amraercs "cynpemym"), a HaHOONbINAS W3 HUKHUX TPAHUI] HA3BIBA-

ercss mowHol HudHcHel 2panuyedi n obosnadaercs inf A (uuraercs "wun-



dbumym"). Urak, M = sup A, eciiu 17151 BCex 1eMeHTOB a € A BBITONHACTCS
HepaseHcTBo a < M u jis JIF000r0 CKOJIb YTOJHO MAJIOro MOJIOXKUTEILHOTO
qucsa € Haijercsa Takoit snement a' € A, uro a’ > M — e. Anamoruuno,
m = inf A, ecim jys BCeX 3JeMEHTOB a € A BBIIOJHACTCS HEPABEHCTBO
a = m ¥ s J000ro CKOJIb yTOJHO MaJIOrO HOJOXKUTEJILHONO YUCIa € Haji-
nerca Takoit snement a”’ € A, uro a”’ < m + €.

Cupape/ijiuBa, Cjeayroliee yTBepKJIeHue

Teopema 2.2. Beakoe nenycmoe 02panuvennoe c6epIry MHONACECTNEO UMEE
MoYHYI0 8epTHIO0 2panuly. Beakoe nenycmoe o2panutennoe CHU3Y MHOIICE-

Cmeo uMeem moHYHyro HUHCHIO 2PparHuUyYy.

Ecan muOX)XecTBO A HEOrpaHMIEHO CBEPXY, TO JJIs Jitoboro unciaa M Haii-
JleTcst dJIeMenT ag € A Takoit, uro ag > M. B srom caydae mosaraior, 4To
sup A = 400. AHasIoru4Ho, JiJisi HEOIPAHUYEHHOI'O CHU3Y MHOXKECTBA 110J1a-

raior, uto inf A = —oo.

§3. IloHsiTMe OKPECTHOCTU TOYKH.

[Ipu omnpejiesienn MHOIUX HOHSITHI MaTEeMaTHIECKOI0 aHAJIN3a UCIIOJIb3Y-
eTcsl TIoHsITHe OKpecTHOCTH. OmpeeuM OKPeCTHOCTb B IPOCTPAHCTBAX Pas-
JINYHOU pa3MEpHOCTH.

Oxpecmnocmsvro mouku a € RM paduyca r HaA3vL6AEMCA MHOHCECTNGO
mouexr KoopAuHammoti NpAMot, PaccmoAHUEe 0Mm KOMOpuLr 0o Mouky a He

npesocrodum r. Obosnadaercss okpectHocth U, (a). Takum obpasom,
Uy(a) = {z € RY | p(z, a) < r}.

Vcrnonb3ys NOHATHE pACCTOSHAA U TEOMETPUICCKUN CMBICJT MOJIYJISA, OKPECT-
HOCTb MOXKHO OIPEJICJINTL KaK MHOXKECTBO TOYEK KOOPJMHATHON MNpPAMOil,
VJIOBJIETBOPSIONIMX HEPABEHCTBY |T — a| < r. DTO MHOXKECTBO TOUEK 3aJlaeT
Ha MPAMON MHTEPBaJ

Ura)=(a—r1;a+T).



Bce mouku oxpecmmocmu U,(a) kpome mouxu a obpasytom npoxosomyo

oxpecmmuocms U, (a):

Up(a) = Up(a) \ {a}.

[IpokoJioTast OKPECTHOCTL — 9TO MHOXKECTBO TOUEK HPSIMOIi, YI0BIETBOPSIIO-
mux wepasenctBy 0 < p(z, a) < r. OHa 3aj1aeTcst 00beIMHEHNEM HHTEPBa-

Uy(a) = (a—r; a)U(a; a+r).

Ha npsiMoii MOXKHO paccMaTpuBaTh He BCIO OKPECTHOCTH TOYKHU @, & €e Ipa-
BYIO WJIH JIEBYIO TIOJIOBUHLIL.

ITpasas noayoxpecmmuocms U (a) mousu a € RY paduyca r — omo
MHOACECMEO MOoUEK NPAMOTL, YO0EACTNGOPANULULT YCAOBUIO

{reRW|a <z <a+r}, moeemo
Uf(a) ={z eRY|a <z <a+r}=(a;a+r).

Jesas noayoxkpecmnocms U, (a) mouru a € RY paduyca r — smo mmo-
orcecmeo mouer nPAMot, YodosAeMBOPANULUL YCAOBUNO

{r €eRW|a—r <z <a}, moecmn
U (a) ={zeRY|a—r<z<a}=(a—r;a)

Oxpecmnocmuwio beckonewno yodarennot mouku Ug(oco) paduyca E na-
BI6ACTNCA MHOICECTNBO MOYEK NPAMOT, aescauus ene ompeska [—E; EY,

mo ecmo
Up(co) = {x € RY | [z > E}.

B npocrpancrse R™| e n > 1 6ynem paccMarpuBaTh JBa THIIA OKPECT-
HOCTEH: 11ap U napaJljiesIelunlIie].

IlTaposoili oxkpecmHocmsvro mouku a € R paduyca v HA3LIBAETNCA
MHovicecmeo moyek npocmpancmea R™ | pacemoanue om xomopux do mow-
KU a He npesocrodum r.

Ecm a = (a1; ag; ...5a,), £ = (21; 295 ... ;2,) € R, 10

Ur(a) = {x € R | p(z, a) < r}



n
] Ura) =z € RM| S (2 — ap)? < r?
f=1
Oxpecmmnocmuvro—napasiesenunedom moury o € R™ nazveaemes

Mmroocecmeo mover npocmpancmea R™ | xaocdas xwoopdunama xj, womo-
poti ydarena om coomeemcemeyowet K00pounams, MoK a4 Ha PACCTMOAHUE
menvwe, vem p (k=1,2,... n).

Eemn a = (a3 as; ...;a,), © = (21; 25 ... ;2,) € RM, 10
[(a) = {ZC e R™ | p(xg, ap) < ry, Vk = 1,_71} :

Ha tiockocru (npocrpancrso R(2)) okpecrnocrs mepsoro Tuma — 310
KPYT, & OKPECTHOCTb BTOPOIO THIIA — IPAMOYIOJIbHUK, B HpocTpancrse R(G)
OKPECTHOCTD IIEPBOrO THIIA — 3TO IIap, & OKPECTHOCTH BTOPOTO TUIA — IIa-
paJLIeIeT e,

Oxpecmuocmovpio beckonewrno ydaaernnot mouku Up(oo) paduyca E
HA3LEAEMea mnoscecmeo mover npocmpancmea R | pescawux ene wapa

paduyca E, T0 ecThb

Up(co) = {z € R™ | [z| > B}

n
VLITH Uy(a) = {z € R | S (2 — ap)? > E?}.
k=1
BBejieM ele HECKOJIBKO MOHSATHH, HEOOXOJMMBIX JIJIs JIAJbHEHIIero usJio-

JKeHHS MaTepuaJa.

Toura a € X nasvieaemcs swymperHett moukol mmuoxncecmea X, ecau
natidemes okpecmmocmsd Mot MOuKkU, UCAUKOM Aedcauas 6 X, U movwka
a € X Ha3v6aemMcA 2PAHUNHOT moukot Muoocecmea X, ecau 6 A10001
OKPECHOCTU IMOTE MOYKU eCMb MoKy, npunadiescaujue X U He NPuHao-
aeorcausue X .

Muootcecmeo, 6ce mouku K0mopoz2o 6HYMPEHHUE, HA3LIBAETNCA OMKDBL-
MbLM, 0 COdepicauee 8Ce C60U 2PanuHble MOUKY — 3amrHymuovim. OTpe-
30K SIBJISETCSI 3aMKHYTBIM MHOXKECTBOM, & MHTEPBAJ — OTKPbITHIM.

Touxa xg Ha3vieaemes MOUKOT C2YusLeHuss MHoxHcecmsea X, ecau 6 At0-
601 okpecmmocmu 2moti MoKy Aedcum xroms 0v, 0dna mouka us X, om-

AUYHAA 01 TMOYKU T(.-



U3 onpejiesienust TOUKM CryIIEHUsT BBITEKAET, UTO B JIIOOOW OKPECTHOCTH
TOYKHU T JEKUT OECKOHETHO MHOI'O TOUeK u3 X . 3aMeTuM, 9TO caMa TOIKa,

Lo MO2KET HE IIPHUHAAJIE2KATb MHOXKECTBY X.

§4. IlousitTne pyHKimu. OCHOBHBIE 3jIEMEHTAPHBIE (DYHKIUU.

[Tonsitre nepemenoi Besinantbl (HyHKIUM) SBISIETCST OJIHUM U3 [EHTPAIb-
HBIX TIOHATHI MaTeMaTUIecKOTO aHaan3a. OHO gaBysgeTcsd JIJisi MAaTeMaTUKW U
ee TTPUJIOXKEHW, CBA3aHHbIX C U3yUeHUEeM MepeMeHHBIX BeJIMINH, TAKUM 2Ke
dbyHIaMeHTATBHBIM, KaK TOHITHE YUCIa, st apudmernkn. Kak n ocragabHbIe
TOHATHS MaTeMaTUKHU, TMOHATHE (DYHKIMKU CJIOXKUJIOCH HE CPa3y, a MPOIIJIOo
JIOJITHI Ty Th pa3BUTHsA. BriepBble moHATHE (PYHKIUKA OBLIO BBEJIEHO B 3HAME-
HIUTOM Tpyje MareMaTka n duiocoda Pene exapra? noj nazsannem "te-
pemenHas BesnunHa''. B reomerpuueckoM u MeXaHHIECKOM MOHUMAHHUH ITO
nongTue unrepnperupyercsa y Ncaaka Hoiorona® (1671 1.). Ilog dynxmueit
OH MTOHUMAJI IEPEMEHHY O BEJTMINHY, KOTOPast W3MEHSIEeTCsI C TEUeHNEM BPeMe-
au. D1y Besnunny Heoron naspiBas "duoenroit”". Tepmun "dynkuusa" (ot
gatuHCcKoro functio — wucnosaenue) Buepsbie BBes B 1673 romy Hemerkuii
maremaruk Lordpus Jleitonun® B nuceme k Toiirency. Y Jleiibnuma dbynk-
IUsT CBSA3BIBATIACH C T€OMETpUUIeCcKuil 0Opa3om (moj GyHKINel OH MOHUMAJ

OTPE30K, AJIMHa KOTOPOI'O MEHAETCHA II0 K&KOMy—HI/I6y,ZLb OIIpEeaEJICHHOMY 3a-

2Pene Jlexapr (ne’Kapr, Rene Descartes 1596-1650) — dbpanmysckuit maremaruk, dunocod, mexaumnk, ¢pusuk u du-
3HMO0JIOT, CO3/1aTeIb AHAJUTUYECKOM I'eOMeTpHH M COBPEMEHHOH aJsrebpamdeckoil cuMmBosmku. B 1637 romy BbllIes B CBeT
raaBHbI TPy Jlekapra "PaccykeHne o MeTo/e, IO3BOJSIONEM HAPABIIATEH CBOM Pa3yM U OTHICKUBATL UCTHHY B HayKax'.
B 3T0i1 KHUTe M3J/IaraJach AHAJIUTUYECKAasi T€OMETPUsl, & B IPUJIOKEHUAX — PE3yJILTAThl B airebpe, reOMeTpuu, OITUKE (3a—
KOH IIPEJIOMJIEHHS CBETa) B MHOTOE Apyroe. JlekapT pa3paboTan MaTeMaTHIECKy0 CHMBOJIAKY, C 9TOT0 MOMEHTA GJIM3KYIO K
COBpEMEHHOM, uccueoBan anrebpandeckue HpyHKIUA (MHOTOUIEHB] ), & TaKXkKe psj "MexaHndeckux " (Clupasu, IUKIOUA).

3Ucaak Hetoron (Isaac Newton) (1642-1727) — anrnmiickuit GU3WK, MATEMATHK, MEXaHUK M aCTPOHOM, OJMH U3 CO3/a-
Teselt kinaccuueckoil dpusuku. OpuoBpemento ¢ Jlelbuunem paspadboran guddepeHnuaabHOe I HHTErPAJbHOE HCIUCICHUS,
TEOPHUI OBeTa W MHOTUE APYrue MaTeMaTUYIECKUue u (1)I/I3I/I‘IeCKI/Ie Teopuun. HBIOTOH onpegesuna 6a3OBbIe IIOHATHA MeXaHU-
K#, ChOPMYINPOBAJ TPU 3aKOHA MEXaHWKH. HHIOTOH CYMTA OCHOBHBIM M OOIIMM METOOM aHAJIN3a (PYHKINH DPA3IOKEHUE
B psia. OH MCHOAB30BAJ Db juig pemeHus ypasHeHuidl (B ToM 4mcse qud@depeHnuanbHbIX), HCCASJOBAHAS OBEJCHUS
dbyuknuit. Bonbmoe Banvanue HeioToH yaesan npubImKeHHOMY DENIeHnI0 yPaBHeHHH.

4Tordpua Bunsrensm Jeit6uun (Gottfried Wilhelm von Leibniz) (1646-1716) — nemenkuit maremMaTux, pusuk, Gpunocod.
OcuoBHoii 3acayro#t Jleiibuuna B 061acTH MaTeMaTUKY sABjsgeTcs co3aanue (BMecte ¢ V1. Hpioronom) nuddepennuanbHoro u
MHTErpajbHOro ucynucjaenusd. Jleibuun gan onpenesenue nuddepeHiimana U HHTerpaa, BbIBeJ nIpaBuia JuddepeHnupoBa-
HU, IOUCKA YKCTPEMYMOB U TO9eK nepern0a, CAesasr HeMaso OTKPBITHH B KOMOHHATOPHKE, B anrebpe (Hadasna TeOpun Ompe-
enuresieil), B reOMEeTPUH, IPEJBOCXUTHII HEKOTOPbIE MOMEHTHI COBDEMEHHONH MaTeMaTHIeCKOH JIOTHKH, IOCTABUI 3334y
JIOTMYIECKOTO O00CHOBAHUS MATEMATUKH. JIeHOHUI CHITPas BAXKHYIO POJIb B HCTOPHH CO3/IAHUS SJIEKTPOHHO-BBIUHCIUTETbHBIX
MAIIIMH: OH MPEeIJIOXKUI UCIIOJIH30BATD IJIs [[eJIeH BEIYUCIAUTEIbHON MaTeMaTuKyu OMHAPHYIO cucreMy cuucjenus. [1o npocsbe

TTerpa T JlefiGuuir pa3paboras mpoekTh pa3suTusi obpaszosanust B Poccuu u [lerepbyprckoit akageMun HayK.
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kony ). B paborax lekapra, Hptorona u Jleiibuuna noustue byHKIMH HOCUHIIO
UHTYUTUBHBII XapakTep 1 ObLIO CBA3aHO JUOO ¢ reOMEeTPpUIECKUMU, Jinho ¢
MEXaHUIECKUMU TPEJICTABICHUSIMHA.

B XVIII Beke dpyHKIMIO cTaIH paccMaTpUBaTh KaK (DOPMYJIY, CBI3bIBAIO-
Y10 OJiHy 1epemenHyto ¢ jpyroit. IIseiinapckuit maremaruk Morann Bep-
HYJUII® OTpeeana GYHKIHIO cleryionmM obpasoM: "DyHKIMe mepeMeHHoil
BEJINUMHBI HA3bIBalOT KOJIMIECTBO, 00Pa30BaHHOE KAKHUM YI'OJHO CIIOCODOM M3
9TOH nepeMeHHol BeuanHbl U mocTosiHabiX". B 1755 rony B " Iud depennn-
anpHOM ncunciennn" Jleonapn Ditnep® naer obmiee ompenenenne GyHKIAN:
"OyHKnKug mepeMeHHOr0 KOJMIECTBaA €CTh aHAJUTHIECKOE BhIPArKeHHe, CO-
CTaBJIEHHOE KaKMM-JI0O CIIOCOOOM M3 3TOTO MEPEMEHHOTO KOJIMIeCTBa U -
CeJI WM TOCTOSTHHBIX KOJIHIecTB".

CoBpemeHHOe oIpeJjie/ieHue IOHATUS YUCIOBOM (DYHKIUU KaK 3aBUCUMO-
CTU OJIHOM NEepEeMEHHON BeJIMYUHBI OT JIPYToil ObLIO JIAHO HE3aBUCUMO JIPYT

oT apyra B paborax Hukonas Banosuua Jlo6aueBCKOro’, HEMEIKOTO MaTe-

5Woraun Bepuynmu (Johann Bernoulli) (1667-1748) — mBeifinapckuit MaTeMaTux, Miammuil 6par Skob6a Bepmysry.
WNorann BepHynin BHeC OOJIBINOM BKJIAA B pa3paboTKy AuddepeHIIaIbHOTO0 U HHTETPAJIbHOTO UCHHCIEHUH, TeOPHIo qud-
depeHnraIbHBIX YPABHEHU], BAPHAIHOHHOE HCIUCIEHNE, TeOMEeTPHIO U MexaHnKy. OH BLIBEJI IPABUIIO PACKDBITHS HEOIPeIe-
seHHOCTH (HOCAIEe UM JlomuTans), pa3paboTaj MeTOAB HHTEIPUPOBAHNUS PAIMOHAIBHBIX [PO6eii, BHITHCIeHNUS IO (el
ILUTOCKUX (DUTYD, JaJ ONPEAeeHNue MOHITUS (PYHKIUT KAK AHAJUTUIECKOTO BBIPDAXKEHUsI, COCTABJICHHOTO U3 TIEPEMEHHBIX U
MOCTOSHHBIX BeJIMYUH. VIOraHHY MPUHALJIEKUT [I€PBOE CUCTEMATUIECKOe n3jiokeHne AudepeHIuaJIbHOr0 U HHTErPAJIbHO-
ro ucuucienui. 3axada o 6paxucToxpore (KpUBOH, IO KOTOPO# MaTepuajbHas TOYKA OBICTpPEe BCErO CKATHTCA U3 OJHOM
3aJaHHOH TOYKM B JAPYTYIO), MpENJOKeHHAs: VOraHHOM, JaJa TOJIUOK PAa3BUTHIO BAPHAIMOHHOIO HCYHCaeHus. OIHUM U3
yuenukoB Morauua 6bur Jleonaps Ditnep. B yects Akob6a u Moranna Bepuynnu nazsan kparep Ha JlyHe.

6 Teonapy Ditnep (Leonhard Euler) (1707-1783) — meitnapckuit, nemenkuif u poccuickuii MareMaTuk u mMexanuk. C
TOUKHY 3peHus MmareMaruku, X VIII Bek — 310 Bex Ditsrepa. Diep 0CTABUII BaskKHEHIITHE TPY/AbI IO CAMBIM PA3INIHBIM OTPAC-
JISIM MATEMATHKH, MEXAHUKY, (DU3UKH, ACTPOHOMHUH U IO DALY MPUKIIATHBIX HAyK. MeHHO Diiep c03/1a1 HECKOJIBKO HOBBIX
MaTeMaTUYeCKUX [UCLHUILJINH — TEOPUIO YHCEJI, BAPUALMOHHOE HUCYUCJIEHUE, TEOPUI0 KOMILIEKCHBIX (yHKIUM, nuddepes-
OUAJBHYI F€OMETPHUIO MOBEPXHOCTEHN, 3a/I02KUJI OCHOBBI TEOPHUM CIENMAJIbHBIX (DYHKIUA. Diljep BrepBble CBI3aJ aHAIU3,
asrebpy, TPUTOHOMETPHUIO, TEOPHUIO YHUCEJ M APYrue JUCHUILINHBL B €IHHYI0 cHCTeMy. biarogapst Dijepy B MAaTEeMATHKY
BOLILIX O0INAst TEOPHUS PSANOB, TEOPHUsS HENPEPBIBHBIX AP00eil, MHOIOYHCICHHbIE IIPHEMbl HHTEIPUPOBAHUS U PEIIeHUs Tud-
(bepeHnrabHBIX YPABHEHUHN, YUCIIO e, 0003HadYeHne ¢ JJisi MHUMOU eAMHUIIBI 1 MHOTO€ 1pyroe. B ero paboTax UCIONb3YIOTCS
POy MaHHAs TEPMUHOJIOTHS ¥ MATEMATHIECKAs CHMBOJIMKA, B 3HAUATEIHHOM CTENEHN COXPAHUBIINECS 10 HAINUX THEMH, 13-
JIOXKEHUE TOBOJIUTCS IO YPOBHS MPAKTUIECKUX anropuTMoB. Ctarhs Ditaepa "Permenne Bonpoca, CBI3aHHOTO € TeOMeTpHeH
MOJIOKeHUs " IOJTOXKUJIa, Hada I0 Teopun rpadOB KaK MaTeMaTHIECKOH auciuninHe. [JoBOIOM JJist MCCIeN0BAHUS TTOCTY XKUJIA,
3amada 0 cemu Moctax Kemurcbepra: MOXKHO Ji IPOUTH KaKIbI MOCT IO OJHOMY pPa3y W BEPHYTLCI B MCXOTHOE MECTO?
Diinep BHEC CYIECTBEHHBIN BKJIAJ B TEOPHUIO W METOALI MPUOIMKEHHBIX BbhluncieHuil. OH BIepBble NPUMEHWJ AHAJIUTH-
9eCKHE METOABI B KapPTOrpaduu, NPeIyIoKuI YEOOHEIH MeToS rpadHIecKOro H300parkeHusl COOTHOIIEHUH U Omepanuii Haj
MHOXKECTBaMH, oIy IuBinuil Hazsauue "Kpyru Ditnepa-Benna'". MHokecTBO pabor Ditsepa MOCBANIEHBI PA3IUIHBIM Pa3ie-
JIaM MEeXaHUKHU ¥ (PUIUKHU. DHUJep MPeIIOKUI aHAJTUTHIECKUH METO] PeIeHns] PA3JINIHBIX 33/1a9 JTHHAMUKHA: COCTABICHUE
nuddepeHuaNbHbIX YPABHEHNH ABIDKEHUS MATEPHAJILHOIO 00bEKTa B UX IOCIeLYyIOMlee WHTEIPHPOBAHNE DU 33JAHHBIX

HAYaJIbHBIX YCJIOBUAX. Diljiep BHEC CYIIECTBEHHBIN BKJIAT B CTAHOBJIEHHE DOCCUICKON HAYKH.
"Huxouatt Uranorms Jlobauerckutt (1792-1856). Jlobaderckuit SBASETCS CO3AATETEM HOBOM TEOMETPHHIECKOH CHCTEMEl —

HEEBKJIMIOBOI reoMeTpru, U3J0KeHHOH B ero Tpyne "O Hawasax reomerpuu"(1829), mosydns psall IEHHBIX Pe3yJIbTATOB U
B APYIUX pa3jesiax MaTeMaTuKu. J100a4eBCKUN HePBBIM HOMBITAJICH UCIOJb30BAThH JAHHBIE ACTPOHOMUYECKUX HAOJIIOMeHIH
JJISI OIpesesieHusl CBOHCTB IPOCTPAHCTBA U BPEMEHH U DEIIeHNs BOIPOCa O TOM, KaKas U3 JBYyX I'eOMeTpHuil — KJacCHYuecKas

€BKJIA0Ba UJIK CO3AaHHad UM — COOTBETCTBYET DEaJbHBIM yCJIOBUAM B (bl/IBI/I‘IeCKOM IIPOCTPpaHCTBE.
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8 9

maruka Morana Hdupuxsie® u deinickoro maremaruka bepuapsa Bosibiiano”.
[TousTre (pyHKINUKM ¢ NPOU3BOJBHBIMU OOJIACTSIMU OIIPEIe/ICHUSI U 3HaUe-
Huil cchopMupoBaJioch mocjie onyoaukopanus pabor ['eopra Kanropa.
BBejienne niepeMeHHOi B MaTeMaTHKy OKa3aJi0 PEIaloniee BIsTHIe Ha Pas3-
BUTHE MaTeMaTUIecKoil HayKu. Kpome KOJIUIeCTBeHHBIX COOTHOIIEHUN MeXK-
JIy TTOCTOSTHHBIMY BEJIMINHAMEI, MATEMATHKA, CMOTJIA W3yUIaTh TTPOIECCHI, CBSI-

3aHHbIC C UISMCHCHMEM BCJIMYUH U JIBU?KCHUEM BOO6H_[6.

[Iycts maner gBa MHOXKecTBa X u Y. ['oBopsaT, 4uTo 3a/jaH0 omobpasice-
HUE MHOXKEeCTBa X BO MHOXKECTBO Y WM, 3ajilaHa QYHKUUS, €CIIN KaXK 10-
My ajieMeHTy ¥ € X 10 HEKOTOPOMY HpaBuy [ CraBUTCS B COOTBETCTBHE
eJINHCTBEHHbII 3jemeHT y € Y. [nsg obo3nadyenus toro ¢gakra, 4To Y €CTh
dbyukmys or x mamyr f 0 X — Y, X AN Y, y = f(z). Muoxecrso
X HasbiBaoT 0baacmovio onpedeaenus Gyukiuuu u obozuavaor D(f), a
MHOXKECTBO Y — MHOdHCECMEOM 3HaveHud QyHKInu 1 obo3uaqtaor F(f).
3nadenne (pyHKIMU Y, COOTBETCTBYIONIEE apryMEHTY T, Ha3bhIBAETCS 00pa-
3oMm dJjiemenTta x. MHOXkKeCTBO 3jieMeHTOB & € X, KOTOPbIM COOTBETCTBYET
OJIHO M TOXKe 3HadYeHue y € Y, Ha3bIBAETCs NPooO6Pa3om SJeMeHTa 1.

Hpe dyukiun f(x) u g(r) Ha3BIBAIOTCST PABHBLLMU, €CTI OHU UMEIOT OJIH-
HAKOBbIE 00J1aCTH ONPEJICJICHUST 1 KaXK/IOMYy 3HAYCHHUIO apryMenTa r € X OHu

CTaBAT B COOTBETCTBUE OJIHY U Ty YKe TOUKY Y € Y.

8Uoraun TTerep T'ycras Jlesken Jupuxie (Johann Peter Gustav Lejeune Dirichlet) (1805-1859) — memernxuit MmaTremMaTux,
BHECIINH CYIIeCTBEHHBIH BKJIAJ B MATEMATHIeCKUIl aHAIN3, TEOPHIO (DYHKIIHI, TEOPUIO YHCET, MEXAHUKY U MATEMATHIECKYIO
busuky. OH BBeJI HOHATHE YCJIOBHOM CXOAUMOCTH Psi/a, 40KA3AJ PA3JIOKUMOCTD B Psifi Dypbe BCAKON MOHOTOHHON KYyCOYHO-
HEIPEPLIBHON (DyHKITHH.

9Bepraps Bombnano (Bolzano) (1781-1842) — wemckuii maremarux, dbumocod, reosor. Inasnoe counnenne Bombrano
"Haykoy4enue" (Wissenschaftslehre) — 0630p TpajHIMOHHBIX JOIHYECKUX YU€HHH ¢ OPUIMHAJIBHBIM H3JI0KEHHEM JIOTUKH.
Paboras HaJ JOTMYECKMMH OCHOBAMH MAaTEMATHYECKOrO aHAIM3a, BOJIBIAHO MEPBBIM BBIIBUHY/I HAEI0 apudMeTHuecKon
Teopuu AeHCTBUTEJLHOTO YHCJA, AAJI MEPBEIM IpHMeD HeNPepLIBHON (DYHKIWH, He MMEIONmeil MPOU3BOAHOM, JOKA3asl BO3-
MOKHOCTb CKOJIb YTIOJHO TOYHOIO IPHUOJHKEHHs MHOIOYJIEHAMM NIPOM3BOJIBHON (PyHKINH, HENPepbIBHOH Ha oTpe3ke. B
ero paborax MOXKHO HalTH paz GbyHIAMEHTAIbHBIX MOHSATHI U TeOPeM aHaJIN3a, OOBIYHO CBS3BIBAEMBIX C Gojiee MO3IHU-
MU UCCJACOOBAHUAMHA APYTIUX MATEMaTHUKOB. BOJIBH&HO ABUJICA NPEeAINeCTBEHHUKOM KaHTopa B UCCJIJOBaHUU 66CKOH6“IHBIX

MHOZKECTB.
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Haubosiee pacnpocrpanensbiit criocod 3ajanusi (DyHKIMU — aHaAJIATHYIE-
CKHit, TO ecThb ¢ nomoipio popmyiibl. Eciu He ¢ienano crennaibHOR OroBop-
KU, TO 3a 00JIaCThb OlpejiesieHns (PYHKIUU OepyT Bce 3HAUECHHST apr'yMeHTa,
JUTsT KOTOPBIX yKaszaHHbIe B (DOpMyJse [eficTBhsi BHITTOJHUMBI. MHOrMA 11151
3aJiaHust (PYHKIMK KCIOJIb3YIOT HE OJHY, & HeCKOJbKO (opmyir. B atom ciy-
qae, JIJId HaXO0XKJIeHUs 3HadYeHns (PYHKITMH HEOOXOMMO CHAYaJIa ONpPEe/IeTUTh
KaKOMY YCJIOBHIO yJIOBJIETBOPSIET apryMEHT, a 3aTeM BOCIOJIh30BAThCSA (HOop-
MYJIOH, 3aIIMCAHHOU B COOTBETCTBYIOIIECH CTPOUKE.

Tumbr pyHKIMII

I Iycre X CRuY CR (X uY — nogmuoXKecTBa MHOKECTBA, JeiCTBY-
resibibix uuces). Torpa Gynkuuo f: X — Y HasbiBawor “uca080t wiu
cransapHot (pyHKIKel oJHON epeMeHHOIl.

OcHoBHBIE 3jIeMeHTapHbIe (PYHKIUU.

1. Creuennpie Gyukuun y = 2" (n € N), y =2 " (n € N), y = J/x
(n€N), y=2a™" (m €Z ncN).

2. Tpuronomerpuueckue pyHKIMM y = sinzx, y = cosx, y = tgx,
y = ctgx.

3. ObparHble TpuroHoMmerpuieckue (yHKIUN § = arcsinx, y = arccos x,
y = arctgx, y = arcctg .

4. Mokazarenpubie Gynknun y = a” (mpu a > 1 unpn 0 < a < 1).

5. Jlorapudmudeckue byuknun y = log,  (mpua > 1 uwnpu 0 < a < 1).

Y100bl HATJISIIHO INPEACTABATH ITOBEJACHUE CKAJAPHON (DYHKIIMU CTPOST
rpacduk dyukinuu. I'padurom dbyuknun y = f(r) HASBIBAIOT MHOXKECTBO
touek M (z,y) MIOCKOCTH, KOOPJMHATHI KOTOPBIX CBSI3aHBI JIAHHON (DYHK-
IMOHAJIBHON 3aBUCHMOCTBIO. [ljisi moctpoenusi rpaduka OYyHKIUK TOJE3HO
VUUTBIBATH CUMMETPHIO TpaduKa U ero IePUOINIHOCTD.

Oynknusa y = f(x) Ha3bIBAETCH YeMHOU, eciin 00JIACTh €€ OpEJIe/ICHUS
cummMerTpudHa orHocuresbro Touku 0 u Vo € D(f) f(—x) = f(z). Oyuk-
nnsg y = f(x) HA3LIBaETCS HEwemmot, ecan 00IacTb ee OMPEICTEeHUsT CIHM-
meTpuana ornocutesabno touku 0 u Vo € D(f) f(—x) = —f(z). paduxk
YeTHOW QyHKIMK cuMMeTpruden orHocuTeabHo ocr OY ) a rpaduk HedeTHOi

(bYHKHI/II/I CUMMETpHYCeH OTHOCUTEJIbHO HaYdaJla KOOPJAMNMHAT.
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Oynkinusa y = f(x) HazbiBaeTCsd NEPuodu“ecKkot, i CyIEeCTBYeT TAKOE
nosioxkutesabroe ducsio T, aro x, ¢ +1T € D(f) n f(a +T) = f(x).

Oynkuus f(x) HasbiBaercs o3pacmarowets Ha 1poMexyrke X, eciu
OoJIbIIIEMYy 3HAYEHUIO apTyMeHTa COOTBETCTBYET OoJiblllee 3HavdeHue (hyHK-
I[N, TO €CTh JIJIS JIIOOBIX T1, Ty € X M3 HepaBeHCTBA T < To CJEJyeT Hepa-
BencrBo f(x1) < f(xg). @yukuus f(x) HasbiBaercs ybwearouseti Ha 1PO-
MeXKyTKe X, ecyii OOJIbIIIeMy 3HAUYEHUIO apryMEeHTa COOTBETCTBYET MEHbBIIIEe
3HaYeHue (PyHKIIMU, TO €CTh JiJIsi JI0ObIX T1, Ty € X U3 HepaBeHCTBa T1 < X
caejyer nepasenctso f(xy) > f(we). Ecum us yeioBus 7 < x9 ciejyer
f(z1) < f(x2), To bynkuus f(xr) HasbiBaeTCs HeybwvB8arOWET HA TPOME-
xkytke X. Ecim us yenosust x1 < x9 caenyer f(xy) = f(x2), To dynkuums
f(x) nasbiBaercsi Hesozpacmarowetl na upomexyrke X. Bospacratouue
wi yObIBatore Ha MpoMexKyTKe X (DYHKINN Ha3bIBAIOT MOHOMOHHBLMU.

II. Bynem rosoputh, 9T0 33/1aHa GYHKUUSL HECKOADKUL NEPeMeHHbLT
(wucaosas yHrUUS BEKMOPHO20 AP2YMEHMA), €CIU KAXKIOMY Jie-
MEHTY T = (xl; To; ...; xn) € X ¢ R™ craBurcst B COOTBETCTBHE 110 HEKO-
Topomy 3akoHy 3jiemMenT y € Y C R. Oboznavaercst pyHKIMS BEKTOPHOTO
aApryMeHTa

y= f(z) = f(z1,29,...,2p).

III. Ecnu kaxjomy snementy x € X C R craBuTcst B COOTBETCTBUE TI0
HEKOTOPOMY 3aKOHY 3JeMEeHT Yy = (Y1; Y2;.-;Ym) € Y C R 10 Gymem
IOBOPUTH, UTO 33/[aHa BEKIMOPHAA PYHKUUS CKAAAPHO20 AP2YMEHMA.

ObozHavgaercst BeKTOpHAast (DYHKIUST CKaJIsIPHOTO apryMeHTa,

(v = filz) )
y=fz)=4 7 = f(z) .
\ym = fm(x) ]

IV. Ecnu kax oMy ssementy © = (213 Ta;...;2,) € X C R™ craurest B co-
OTBETCTBUE 110 HEKOTOPOMY 3aKOHY JIEMEHT Yy = (yl; Y23 .. ym) eY C R(m),
TO OyJleM TOBOpPUTH, YTO 3ajaHa 6eKmOopHas PEYHKUUS 6eKMmMOPHO20

apaymernma. Ob603HaUaeTCsI BEKTOpHAsL (DYHKIUSI BEKTOPHOI'O apr'yMEHTa
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( 3
fl(iL'l, Loy euny xn)

f2($1, Ly uny xn)

L fm(l'l, Loy euny l'n) J

§5. Cynepnosumua dyukimii. ObparHasgs QyHKITHNS.

Bagano Tpu Muoxkecrsa X C R YV < R Z ¢ R® u nyers
byukmust ¢ : X — Y, a byskinua f Y — Z, npuuem D(f) =
E(p). Oyukuust F' @ X — 7 uasbiBaercsd cynepnoduyuel GyHruud
WA CAOHCHOUT ByHKUuet, eCIi BBIIOJHSICTCS CJIeAYIONee COOTHOIICHUE
F(z) = (f o)z = f(e(x)).

C.HO)KHy}O beHKI_H/IIO MO2KHO IIpeACTaBUTb B BUJIC HEIIOYKHU 9JIEMEHTAPHBIX

byukiumit. Hanpumep, bynkimo y = v’ — bzt — 422 + 9 MoxHO npescTa-
BUTH KaK Cynepro3nimio byHkunit y = vt n t =27 — 5zt — 42® + 9.
[Iycrs dynkuus y = f(x) kaxpomy anementy z € X C R craBur
B COOTBETCTBHE €JUHCTBEHHBIH jieMeHT y € Y C R m Kaxk/plil 3/1eMeHT
y € Y rnocraBjieH B COOTBETCTBUE €JIMHCTBeHHOMY 3jiementy z € X. Ta-
Kas PYHKIIUS HA3bIBAETCH 83GUMHO-00HO03HaA4HOU. [locTpoum orobpaxke-
aue ¢ @ Y — X mo cienyiomeMy npasuiy: x = (y), ecain y = f(x).
Oyukiust © = @(y) HasbBaercs obpammuot Kk byukiwn y = f(x). O6-
JIACTH OIIPEJIeJICHUsT ¥ MHOXKECTBO 3HAQYEHUI HPAMOR u oOparHoil byHKIMit
MeHsA0TCs posisimu. Eciu y ducsioBoit GyHKIUE HE3aBUCHMYIO MTEPEMEHHYIO
0003HAYUTHL 4Yepe3 T, (PYHKIHUIO Yepe3 Y, TO MOJYyIUM, 4TO TIpadUKu Ipsi-
moit y = f(z) u obparnoit y = ¢(x) GyHKIM cHMMETPUIHBI OTHOCUTEJILHO

OMCCEKTPUCHI IIEPBOi U TPeTheil KOOPIMHATHLIX YeTBEepTei.

§6. IlonspHas cucrema koopauHart. I'pacdwmk pyHKIINMM B mOJIp-

HOW cucTeMe KOOPJUHAT.

Bo mnorux IIPpUJIOZKEHUAX U NCCJICJOBaHNN PsAJla BazKHBIX KPUBBIX ITPHUME-

HACTCA NOAAPHAA CUCITIEMA %oopduuam.
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[TonsipHast cucrema KOOPJMHAT COCTOUT U3 HadaJa KOOpauHaT — Touku O
u moJisipuoii ocu. Ilossipable KOOpAMHATHI 77 — PACCTOSIHUAE OT HaYaJa KOOP-
JuHAT 10 TOUKW M ¥ (0 — yroJa1 MeXXIy MOJIIPHON OChI0 W PaJryC BEKTOPOM
OM. Yros ¢ cauTaeTcst MOJOKUTEIbHBIM, €CJU KpaTdaiiimii moBOPOT MO~
JISIPHOI OCH JIO COBMEINEHHUsI ¢ PAJINYC BEKTOPOM TOUKH TPOU3BOINTCS IIPOTHB
YaCOBOI CTPEJIKU, W OTPUIATE]HHBIM B MPOTUBHOM Ciaydae. B OOJbITHHCTBE
caydaen cuntatot, 4To yroj 0 < ¢ < 27, a paccroguue r = 0.

Beenem JekapToBy cucTeMy KOOPIAUHAT CJIEAYIOMNUM 00Pa30M: HAYAJIO CH-
cTeMbl KOOpAWHAT coBrajaer ¢ Toukoir O, och OX coBmajaer ¢ MOJsSTpPHO
ocbio, a och QY mneprieninkyssipaa moJisipaoit ocu. Torjia ¢Bsi3b MeXK 1y 10-
JISIPHBIMHU ¥ JIEKAPTOBBIME KOOPJAMHATAME 331A€TCSI COOTHOIICHUSIMI

T = rcosy, roo= JaZ+y?,
u
Yy = rsingy, tgp = %

Ecan orkazarbesa or yeaopusa 0 < ¢ < 27, TO OIHO# TOUYKe OyJIeT COOTBET-
CTBOBaTH BECKOHEYHO MHOIO 3HadYeHuil yriia ¢ (¢ = @ + 27k).

B nosisipHoOit cucTeMe KOOpMHAT TOCTPOEHNE KPUBOii 7 = 7() BBITOJTHSI-
ercs moTodedHo. [IpoBomsT jiyd moj yrioM ¢ K MHOJSIPHOR OCH U Ha STOM

Jlyde OTKJIaJIbIBAIOT OTPE30K, PaBHbIN T
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I'nmasa 11

DJIeMeHTbl TeOPUU IIPeiesIOB.

§1. Ilpenes mociie10BaTE€IbHOCTH.

ITocaedosamenvrHocmsbio Ha3biBaeTCsi (DYHKINS HATYPaJbLHOTO apry-
MEHTa, TO €CTh KaXKJOMY HATyPaJbHOMY YHUCIY 1 CTaABUTCS B COOTBETCTBHUE
touka f(n) = a,. Touku, cocTaBisioONUe MOCIETOBATEILHOCTD, HA3BIBAIOT
YAEHAMU NOCALI08ATNEALHOCTNU, (,, HA3BIBAIOT 0OULUM WJTH 1-blM TLjIe-
HOM I10CJIE/IOBATEIbHOCTH.

Eciu a,, — "uciio, To MOCIEI0BATETBHOCTD {a, } HA3BIBAIOT 4UCA0801, A
eCIT Gy = (a,(ll); a,(lz); pal) ) — BEKTOP, TO TOCJEI0BATEIHHOCTE {ay, } Ha3bI-
BaeTcs 8ekmMopHot. Irodbl 3a/1aTh BEKTOPHYIO II0CJIEI0BATE/IbHOCTD, HEOD-

XOJIMMO 33JIaTh Kk UHCIOBBIX IOCJIEI0BATEHLHOCTEIR.
n? —dnt 11| g0 JEDT (0t 1)

Hanpuwmep, {a,} = — : T — 4nc-
D" g5
JIOBBIE MOCHEAOBATENBHOCTH, {ay} = § =73 - BEKTOPHASI 10~

CJIEJIOBATE/ILHOCTD.

[Tycrs {a,} — auciosast n10c/e10BaATEBLHOCTD.

Yucoas OCIeI0BATEILHOCTD {a, } Ha3bIBAETCs 803pacmarowieti, eciu
KasK/Iblil 9WICH OCJIEI0BATEILHOCTH, HAUMHAS CO BTOPOIO, OOJIBILE IMPEIbl-
JYIIEro, TO eCTh Gpy1 > G (0bosnavaercs {a,} ), eciu Kaxplil wieH
IOCICIOBATEILHOCTH, HAYMHAS CO BTOPOTO, MEHBIIE IPEIBIIYIIEr0, TO eCTh
Ap+1 < Gy, TO TIOCTEIOBATEIHHOCTD {a;, } Ha3bIBaeTCs YOuiarowet (006031~
qaercs {a,} ). Yncaosas nocsenosaresbuocrs {a,} HasbiBaeTcss HE603-

pacmarouweti, eciu KaxK Iblii 4JIeH MOCJIeJJOBATeIbHOCTH, HaUUHAas CO BTOPO-
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1o, He OOJIbINe TPEIBIIYIIEr0, TO €CTh (ni1 < Oy, €CJAN KaXKIbIi d9JjIeH To-
CJIeJI0BATEIbHOCTH, HAYMHAS CO BTOPOT'O, HE MEHbINE HPEJbIIAYIIEr0, TO €CTh
Up+1 = Ay, TO TOCTEOBATELHOCTD {a, } Ha3bIBaeTCs Heybbl8atouLel.

YoniBatornme u BO3PACTAIONINE TTOCIEI0BATEIHHOCTH HA3BIBAIOT MOHO-
MOHHBIMU.

[TocenoBaTebHOCTD {a;, } HA3BIBACTCS 02PAHUNEHHOT CEEPTY, ECIIH CY-
mecrByer uncjo M rtakoe, 9to a, < M Ui BCeX UJIEHOB TOCJIEI0BATE]Ib-
Hoctu. Ecim cymiecrByer 4ucjio m takoe, 94To @, = M JiJis BCEX YJIEHOB IO~
CJIEJIOBATEJILHOCTH, TO TOCJIEI0BATEIbHOCTD {a;,} HA3BIBACTCI 02PAHUYEH-
Hot cnudy. Orpanndennasi CBEpXy M CHU3Y IOCJIEI0BATEILHOCTH HA3bIBa~
eTCSI 02PAHUMEHHOU. YCJIOBUE OIPDAHMICHHOCTH MOXKHO 3allUcaTh C OMO-
1pi0 Mojtydtst. [locseoBarenbuocts {a, b orpanndena, eciim CyImecTByeT Iuc-
710 M > 0 Takoe, 9TO Jijist BCEX N BBIMOJIHEHO HEPABEHCTBO |a,| < M.

[TocienoBareibHOCTh, HE  SBJSIONLYIOCS — OIPAHMYEHHON, Ha3bIBAIOT
HeozparHuvwenrot. Eciu 1ociesoBare/lbHOCTL He OI'paHMYeHa, TO BHE
aoboro orpeska [—M; M| naiijyyrcss dieHbl 3TOM 110C/I€I0BATEIBHOCTH, TO
ectb Jiist Jiroboro wucia M > 0 naiigercs a,, Takoit uro |a,| > M.

[lepeiijieM K OJIHOMY M3 OCHOBHBIX IOHSTHI MaTeMaTUIECKOIO0 aHaJl3a —

MOHATHIO TTpejea.

Onpenenenne 1.1. Touka a na3vieaemces npedeaom nocaedosamenvHo-
cmu {a,}, ecau daa 1106020 cKoAb Y200HO MAAO2O TOAOAHCUMENDHOZ0 YUCAL
e cywecmeyem nomep N () marot, wmo daa eécex n > N(g) svnoanaemeca

nepasencmeo |a, — al < e uau a, € U:(a).

JpyruMu CJI0BaMu, TOUKa (, HA3LIBACTCS IIPEJIEIOM LOCIEA0BATEILHOCTH
{a,}, eciim HAUMHAST ¢ HEKOTOPOTO HOMEPA PACCTOSTHUE MEXKy TOUKAMHU @ U
@y, MEHBIIIE €.

Obosnauaercss a = nlg{)lo @, (duraercs TOYKa @ — HpeJesl M0CJIe[0BATE b
HOCTH @, TIPU N — 00).

Ecin 7}1_2;10 @, CYIIECTBYET, TO MOCJEI0BATEILHOCTD {a, } Ha3bIBaeTCst cTo-
dawetics, eciu ke lim a, He cymecrByer, 10 nocjaejoBaresbHocTb {ay,}

n—oo
HA3bIBAETCA PAcTo0auetica.
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Ecin nocneposarensuocts {a,} — [uciosas, To ycaosue |a, — a| < €
(a, € U-(a)) osnauaer, uto a —e < a, < a+¢& w a, € (a —¢, a+¢€).
JLjist 9UCI0BOM 1TOC/IEJIOBATEIBHOCTH €€ IIPEJeJ] MOXKHO [IPOMJIIIOCTPUDPO-

BaTh CJICJIYIOIIKUM O0OPa30M:

( o )
\ ]
a—¢€& Qan+5 a aAN4+43 QA+ €

Ecin mocnenosarensnocts {a,} — Bekropuas, To ycmosue a, € U(a)

koo
; .
(la, — a| < €) oznavaer, aro Z(ag) —a)? < &2
i=1
Ucene0BaTh CXOMMMOCTD BEKTOPHOI TTOCJIEI0BATETBHOCTH [TOMOTAET CJie-

JIyIoIias Teopemar

Teopema 1.1. /laa mozo «mobv, 6eKkMOPHaA NOCAEIOBAMEALHOCTND

{a,} = {(ag);ag);...;aq(f))} mouer us R¥) cxoduracy ® mouke a =
(aW:a®): . :a®) neobzodumo u docmamoumo, wmobu xascdas koopdunam-

HaA NOCACIOBAMEALHOCND CLOOUAACH, npuvem lim a%) = q? (Vi=1,k).
n—0o0

B Teopeme yTBeprK1aeTcs, UTO CXOJIUMOCTb BEKTOPHOM MOCJIEIOBATEIHHO-

CTHU CBOJUTC:A K CXOJMMOCTH BCEX KOOPJAMHATHDBIX HOCHeﬂOBaTeﬂbHOCTeﬁ.

Jloxasameavcmeo. 1. Heobxogumoctb. IlycTh BeKTOpHad MOC/IEI0BATEILHOCTL {a,} =
), (@ K
{(aP;a'?; . a)Y exomnres k rouke a = (a®;a®;...;a®). Torna anst aw06oro ckob

YTOJIHO MAJIOrO HOJIOKHTEJIbHOIO YuCiIa € cylectByer Homep N (€) Takoii, 410 Jijisi Beex

k

n > N(g) Bbinoansiercs nepasencrso |a, — a| < & wm 3. (al) — a®)? < €2, Ecan cymma

HEOTPULATEIBHBIX THCEI He IIPEBOCXOAAT HEKOTOPOTO YHCIA, TO I KAKIOe CIATACMOe He

IPEBOCXOUT 3TOr0 1uCa, To ecTh (a') — a®)? < &2, Cnenobarenso, |ay) —a®| < & s
Bcex n > N (). 3HaunT, KaxKaas U3 KOOPAUHATHBIX MOCJIEI0BATETBHOCTEH CXOUTCH.

2. JHocrarounocth.  3ajaHa  BEKTOpHAsl  MOCTEIOBATENTBHOCTH  {a,} =

). (2 k
{(a,(l); al; ); o a ))} U IYCTh BCE KOOPAMHATHBIC HOCICI0BATENBHOCTH CXONATCS, NMPUIeM

h_)m V= (st kaxkgoro ¢ = 1,2, ..., k). Jlokaxkem, 9TO TOCTI€I0BATENLHOCTD
n oo

{a,} cxomnres x Touke a = (aV;a®;...;a®). CxomumocTh KoopaUHATHBIX TOCTETOBA-
TeJBLHOCTEH 03HAYACT, 9TO [JId OO0 CKOJb YIOJHO MAJIOTO HOJOKUTEILHOTO YHCIA £
cymecTByIoT Homepa N;(¢) Takue, 9To a5 BceX n > N;(€) BBIIOTHSIOTCS COOTBETCTBYIO-
mpe nepasencrsa |af) — a®| < S= (%),

[Monoxkum N = max{Ny, Ny, ..., Ni}. Torna nas awoboro n > N BHINOJHAIOTCA Bee k
HepaBeHcTs (k). meem

4w — a? = (0¥ — a®)? < 3° (ﬁ)Q

i=1 =1

2
k‘%zgg.
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9To 3HAQYUT, 4YTO BEKTOPpHad IIOCJICAOBATCJIBHOCTL CXOAUTCA MW €€ IIpeael paBeH
a=(aV;a?;..;a®). O
[Tosromy Tipu JasibHERIIIeM U3JI0KEeHIN MaTeprasia OyJeM pacCMaTPUBATH
qUCI0BBIE TOcaeoBarenbioct {a,} ({a,} € R).
CdopmMynupyem 1 JI0KasKeM HEKOTOPbIE TEOPEMbI O MPEJIeJIax MOCIeI0Ba-

TeJbLHOCTEN.

Teopema 1.2. Ecau nocaedosamenvHocms umeem npede, mo amom npeodei

eduncmeennvii.

Zoxazameavcmeso. 1IpoBegem MeTOI0M OT MPOTHUBHOTO.

[TpeamnoaoKuM, 9T0 MOCJIEI0BATEILHOCTD { A, } IMeeT /Ba Mpejiesa, TO eCTh li_}rn anp = a
n oo

1 ogHOBpeMeHHO lim a, = b. [lycTh my1s onpenenennoctn a < b. 3amaanm € = b 5 @ Tlo
n—oo

onpeae/IeHuIo peesIa JIjisd 3TOTO € CYIEeCTBYET HOMED, HAUUHAas C KOTOPOT'O BHITIOJIHAETCS

HEPaBEHCTBO _b__T& <ap—a< b—Ta. 3 sTorO HepaBeHCTBA CIEAYET, UTO A, < a_—krb.

AH&J’IOI‘I/I‘IHO, AJIAd 9TOI'0 2Ke € CyIIeCTBYEeT HOMED, HadlHad ¢ KOTOPOI'O BBIIIOJIHAETCA Hepa-

BeHCTBO — 2 > @ <a,—b< b 5 @ 113 3T0r0 HEPABEHCTBA CICLYET, 9TO @, > & "21” b Takmm
00pa3oM, HaYMHAsS C HEKOTOPOTO HOMEpPA, CIPaBEINBLI 00a HEPABEHCTBA G, < GT—H) u

a, > 4 "21— b A 310 HeBOZMOKIO. 3HaunT, HaIle NPEANoJI0KEeHHEe HEBEPHO, W MOCJIe10Ba-

TeJIbHOCTD {a,} UMeeT eJMHCTBEeHHBIH Hpeiet. O

[Tocnenosarenprocts {qy,} Ha3bIBAETCsT OeCKOHEWHO MaAAOU, €CIU ee

npenen papen 0: lim «a,, = 0.
n—0o0
Yesosre lim «,, = 0 o3navaer, 4To Jyisd Jioboro uucia € > 0 cyniecTByer
n—o0

nomep N (&) Takoil, 9To JIJIsi BCEX UJICHOB MOCJIEJ0BATEILHOCTH ¢ HOMEPAMU
n > N (&) BBINOJIHIETCS HEPABEHCTBO |, | < €.
Ecnn nocienosaresbiocts {a,} cxomures K auciy a (a, — a), To 1mocse-

JIOBATEJILHOCTD (v, = @y, — @ OyneT 6eCKOHEUHO MAJION.

Teopema 1.3. Beakyro crodaugyroca nocaedosamesvnocmsv MONCHO Npeo-
cmasums 6 6ude cymmol ee npedesa u Hexomopot 6eckonewno Marot nocie-

dosamenvHocmu.

DTa TeopeMa CJIEJyeT HEOCPEJACTBEHHO U3 OLPEJICJICHIS PEJIeIa.
[TocrenoBarembaocTh {b, } HasbIBaeTCs bECKOHEUHO HOALULOT, CCITU JIJIs

J060T0 MOJIOKUTETHLHOTO Yucia E cymecrsyer Homep N (FE) Takoit, 910 jijist
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BCEX UJIEHOB TIOCJIEJOBATEIBHOCTH ¢ HOMepamu 1 > N(E) BbIONHSAETCS
HepaBeHcTBo |by,| > F.
O GeckoHeUHO DOJIBITIX TOCIEI0BATETBHOCTX TOBOPST, YTO OHU CXOJISATCS

K OeCKOHeYHOCTH Mk lim b, = oo.
n—oo

Teopema 1.4. Ecau nocaedosamervnocmo {ay,} (o 7é 0) asaaemea bec-
KOHewHo Manot, mo nocaedosamenvnocms {b,} = { } ABAACNCA OECKO-
Hewno 60AvWOT, U ECAU NOCACIOBAMEALHOCTID {b } asasemcea beckoneurno
60abwo0t, Mo nocaedosamenvuocmy {ay,} = { } ABAACNCA OECKOHEUHO

MAAO0.

§2. OcHOBHBIE TeOpeMHBI O IIpeJiesIax IMOCJIeI0BATEILHOCTH.

B sTom naparpacde cchopmysnupyem u JOKarKeM OCHOBHBIE TEOPEMBbI O CBO#i-

CTBaX MPEESIOB CXOIAIINXCS TTOCIEI0BATEIHLHOCTEN.

Jlemma 2.1. Cymma dsyx beckonewno Masvls nocaedosamesvnocmets ecmo
OECKONEUHO MAAGA NOCAEIOBAMEALHOCTD.

Jlokasamenvemso. Ilyers {a,} u {f,} — nBe GeckoHeuHO Masble TMOCTIEI0BATETLHOCTH.
[To ompeseIeHUIO TIPEIEIa NOCAEI0BATEIBHOCTH JIjIg JH000r0 uuciaa € > 0 CylecTByor
Homepa Nq(g) u Ny(€) makme, 9T0 JjIs BCEX UICHOB IIOCJIEA0BATEIBLHOCTEH ¢ HOMEpaMU
n > Ni(e) u n > Ny(e) BbIIOJHAETCS HEPaBEHCTBA |ay,| < % (%) u |B,] < % (%)
coorBercTBerno. llycte N = max{N;(¢), No(¢)}. Torma upu n > N BoimosnHaioTcs 06a
nepasencrsa (*) u (**). Mmeenm |ay, + Bu] < |ag| + |Ba] < § + § = . D10 smauut, aro

HOCJIEIOBATEILHOCTh (v, + [3,, SIBJIsIeTCS DECKOHEIHO MAJIO. L]

CaenctBue 2.2. Cymma 1100020 KOHEYHO020 YUCAL OECKOHEUHO MANDIT NO-

caedosamenvrocmets ecmov 6ECKOHEUYHO MAAAA NOCACIOGAMEALHOCTLD.

Jlemmvma 2.3. Ilpouseedenue beckoneuno manoti nocaedo8amesvbHoCu Ha
02PAHUNEHHYIO eCMb DECKOHEWHO MAAAA NOCAEIOBATEADHOCTND.

Aoxazamenvcmeo. Ilycrs {a, } — GeckonedHO MaJIast IOCJIEI0BATEIBHOCTD, {by, } — orpanu-
deHHAs MOCIe0BATELHOCTD. SHATNT, CYIIECTBYeT Yuca0 M Takoe, 4TO JJid BCeX YICHOB
nocenoBareabaoctu {b,} cupaseanuso HepasencTBo |b,| < M. Ilo ompemenenuio mpe-
Jesa st Joboro gucaa € > 0 cymecrsyer Homep N (g) Takoif, 4To JJisl BCEX UJIEHOB
OCJIEJOBATEJNBHOCTH (y, ¢ HOMepaMu 1 > N(€) BBIIOJIHAETCH HEPABEHCTBO |av,| < ﬁ
IIycte n > N(e). Torma cupaBeyinBo HEPABEHCTBO |, by | = |av, | - |by] < % - M =e. D10

O3HAYAET, YTO IIOCJIeI0BATEIbHOCTD (b, sBjseTCsa OECKOHEYHO MAJIOM. ]
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Teopema 2.4. Ecau nocaedosamesvrocms umeem Koweunvili npedes, mo
OHA 02PAHUMEHA.

Jlokasamenvemso. IlycTh nociaenoBaTelbHOCTh {a,} cxomures u lim a,, = a. Ilo ompe-
n—oo

JIEJICHUIO [IpeJiesia, Jjisi JI060ro MOJOKUTENLHOTO ducia € cymectByer Homep N (), Ha-
YHHAST C KOTOPOTO BCE WJIEHBI MOCJIEI0BATENLHOCTH {a,} VIOBIETBOPSIOT HEPABEHCTBY
a—¢ < a, <a+ &, To ecTh MPUHAJJIEKAT HHTEPBATY (a — €; a + €). O6o3HaUYnM depe3
m =min{a —¢, a1, as, ..., ane)}, M =max{a+e, a1, as, ..., an()}. Toraa Bce wrens
LOCJIEJIOBATE/IbHOCTH YJIOBJIETBOPSIOT JIBOHHOMY HepaBeHCTBY M < a, < M. CuenoBa-

TEJIbHO, TOCJIeJ0BATEbHOCTD {a, } — OorpaHudeHa. O

CaenctBue 2.5. Ilpoussedenue deyx beckoneuno masvix nocaedosament-

nocmeti ecmb 0eCKOHEeUHO MAAAA NOCAEIOBATNEALHOCTID.

CaencrBue 2.6. Ilpoussedenue 1106020 KoHewH020 “UCAAL DECKOHEUHO Ma-

ABIT NOCAEA0BATENLHOCTNET €CMb DECKOHEUHO MAAAA NOCAECIOBAMEALHOCTID.

CJIQZLYIOHL&H TeopeMa Ja€T OCHOBHbLIE IIPpaBUJIa BbIMUCJ/ICHUA IIPEAECJIOB 110-

cJieJiloBaTeJbHOCTE.

Teopema 2.7. IIycmo {a,} u {b,} — crodawueca nocaedosamervrnocmu u

lim a, = a, lim b, = 0. Cnpasedaueo caedyrousue ymeeporcdernu:
n—0o0 n—0o0

lim ¢ =¢ (¢ — koHcranra);
n—oo

lim (a, + b,) = a + b;

n—oo

1

2

3. lim (a, — b,) = a —b;
n.—>OO

4. nh_)rgo(an n) = a - b;

5. lim (

6.

Nim (¢-a,) =c-a;
n—0o0

lim f2 =& (b, 40, b+#0).

n—oo bp b

Joxazameavemeo. JlokazkeM BTOPOI U 9€TBEPTHIH MYHKTHI TEOPEMBI.

2. TlocieoBarenbuocTh {a,} cxopurcs u nh_g)lo a, = a. o oupejenennto npejesa s
qoboro ancia € > 0 cymecrsyer nomep Ny (), HaYUHAs ¢ KOTOPOTO BCE UJICHBI MTOCIEI0-
BATEILHOCTH {ay,} YAOBICTBOPSIOT HEPABEHCTBY |a, — a| < % (%). AHasoruvno mjs Ho-
craenosarebHoctu {by,}, cxongmeiicss K aucsy b, masg 9Toro ke unciaa € > 0 cyImecTByer
rHoMep Ny (£), HAUMHAST ¢ KOTOPOTO BCE WIEHBI HOCIEA0BATENLHOCTH {b;,} YIOBIETBOPSIOT
HepaBeHcrsy |b, — b| < % (xx).

O6oznaunm gepes N = max{N;(g), No(e)}. Toraa st Bcex Homepos n > N cupasej-
JauBbl 00a HepaBercTBa (*) u (**). Umeem
|(@n +bn) = (a+b)| = |(an — a) + (by = b)| <lan —a + b, — b < 5§+ 5 =
CrenoBaTeabHO, 110 ONpeeseHnio peneaa a + b = lim (a, + by,).

n—oo

22



4. Tax KaK HOCIEI0BATEIBLHOCTE {dy, } CXOAUTCS, TO OHA OTPAHIYEHA, TO €CTh |a,| < M.
[To oupexenenuto upegena s Jjoboro uucia € > 0 cymecrsyer nomep Ni(e), Ha-
YUHAA C KOTOpOFO BCE WIEHBI MOCJIEI0BATENLHOCTH {a,} VIOBIETBOPSIIOT HEPABEHCTBY

la, —al < (%). AHasOrMYHO ISl OCJIeI0BaTeIbHOCTH {by, }, cXomsieiicst K qucy b,

2|b\

JJIsT 9TOr0 Ke uncaa € > 0 cymecrByer Homep No(g), HaunHasA ¢ KOTOpOI‘O BCE YJICHBI

nocaeoBaTeabHocT {by, } yIOBIETBOPSIOT HEpaBeHCTBY |b, — b| < o] M\ ().

O6o3naaum vepes N = max{N;(g), No(e)}. Toraa st Bcex Homepos n > N cupasej-
qauBbl 06a HepapercTBa (*) u (**). Umeem
lanb, — abl = |apnb, — ayb + ab — ab|] = Ja,(bp — b) + bla, — a)] <
< ay| - |bn, — 0] + |b] - |ay, —a| < M - ﬁ + |b] - ﬁ = ¢. CnenoBaresibHO, 1O OLpe-
Jejenuto npefesaa lim (a,b,) = ab.

IIpuBenem eme no—;ﬁ)o JIOKA3ATEILCTBO TOrO IMYHKTA TeopeMbl. IlocaenoBaTebHoCTh
{a,} exomures u nh_{rolo a, = a. Torna a, = a + «, ¥ 0OCJIEIOBATEIBHOCTD {, } — BECKO-
neano manag. [locienosarensrocts {b,} cxonurcs u nhg)lo b, = b. Torna b, = b+ 3, n

OCIe0BATELHOCTD {3, } — Geckonedno Masast. Vimeem
anb, = (a4 a,)(b+ Bn) = ab + afy, + bay, + o, fn.
[TocaemoBarebHOCTD af3, + bay, + a3, — Geckoneano manast (caencrus ?7 u 77). Ilo
teopeme 77 lim a,b, = ab. O
n—oo

Teopemy 7?7 MBI JIOKa3bIBAJINA MIPU YCJIOBUAK, 9TO 00€ MOCIET0BATEILHOCTH

NMEIOT KOHEYHbIC IIPEJCJIbl U 1IPpEAE/I 3HaMEHaATECJIA I];pO6I/I OTJIMYECH OT HYJIA.

Breipaxkenus oo — oo, 0 - 00, 8, X IBAAIOTCSH HEONPEJETCHHOCTAME, 06 1X

BEJIMYMHE HUYETO ONPEJCJEHHOI'O CKa3aTh HEJIb3. ,Z[.HH PaCKPbITHA HEOIIPE-

JIEJIEHHOCTEN CYIIECTBYIOT CHelNUaJbHbIE TTPUEMBI.

IIpumep 2.1. JlokaxkuTe 1o OmpeeeHuio, ITo

1

a) lim = = 0 npu a > 0;

n—oo

6) lim ¢" =0 npwm |q| < 1.
n—0o0

2
Saganue 2.1. Boruncaure lim 6” —on+17
n—oo n+Tn+12°

Pemenne . Jlanuaa npobb IpejcTaBiigeT cO60il HEOUpPeNeJeHHOCTh BHIa ==. YTo6bI

00
PACKPBITH €€, BHIHECEM 32 CKOOKH B UHC/INTENIe U 3HAMEHATEe CAMyI0 OOJIBIITYI0 CTeeHb
n, To ecth n?. [oayunm
5 17
n2<6———|——2) 6—§+H
lim 6n —on+ 17 _ = lim n n = lim n n2 —
n n
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17

lim 6 — lim — + lim —

_ n—oo n—o0 M, n—)oon2_6—0—|—0_6
o . 7 . 12 7 1-0+0 ™
lim 1+ lim — + lim —
n—00 n—o0o 1M, n—o00 n,

ITpumep 2.2. Borunciure lim
n—0o0

32+ —1_3n> —2n+5
n+ 2 n+3 :

Permuenne . /lannas qpoOb mpeacTaBisgeT coO0i HeOIpeIeeHHOCTD B 00 — 00. YToObI
PACKPBITDH ee, IIPUBEIeM cHada I JIPoOH K 00IeMy 3HaMeHaTe 10, a 3aTeM OyieM JIeicTBO-

BaTh KaK B IIPEABIAYIIEM IpUMEDE.
lim (3n2+7n— 1 3n2—2n—|—5) _

n=oo n+2 n+3

~ lim (Bn®+Tn —1)(n+3) — (B3n*> —2n +5)(n +2)
iy (317 4+ 16n° +20n — 3) — (3n” + 4n” + n + 10)

—_= 11m 5 —=

2( 19 13)

n* (124 — — —

:hm12n2+19n—13:hm n_n) _1240-—
n

) 7_3n+1_i_9.3n—3
IIpumep 2.3. Boruncnure nhj& 3 5.3

Pemuenne . /lannasg apoOb IpencTaBiseT co00il HeompeaeTeHHOCTh BHIA % YTo06n!
PaCKpBITH ee, BBIHECEM 3a CKOOKM B umcauTese u 3HameHarese 3". [loayamm
9
3" 21+ —
lim 73149370 lim —( 27) = lim m&l =4
n+1 2n—3
TIpumep 2.4. Boraucymre lim 25—+ i
prmep s 30— 5. 2n 1
Pemuenne . /lannag npoOb mpejcrabiisieT co0O#l HeolpeaeeHHOCTh BHIA, % Yr1o065w1

PacKphITH ee, BhIHECEM 3a CKOOKM B umcyuTese u 3Hamenarese 3". [loayanm

1 2\" 1 2\"
g (g (B)) weg(3)
53" 49 : ~ lim _

lim = lim = =
nooo 3% — 5.0t n—oo 2\" n—oo 2\"
311 —-10-( = 1—-10-( =
1 2\" 1
154 - - lim (—) 154+ =-0
8 n—oo \ 3 .
g = =10 = 19
1—-10- lim ( =
n—oo

2 — J—
ITpumep 2.5. Borauciure lim \/4n +5m—1—n

n—00 n-—o

Pemenne . /lannas apoObh TipejcTapiisieT cobo#t Heonpeae eHHOCTh BHIA % Yrob6w!

PacKpBITH ee, BbIHECEM 3a CKOOKH B ducJuTese u 3HameHarese n. [logaydanm
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5) 1 e ——

lim = lim

n o n (oo} 5

7 n(l—é) - -
n

4 3_1—9n2
ITpumep 2.6. Boruuciure lim \/4n +on’ —1— 2n :

n—00 n—>o

Pemuenne . /lannasg apoOb mpencrabiisieT co0oil HeolpeaeleHHOCTh BHIA % Yro6mw1
PACKpBITH €e, Hy?KHO H30aBUTHCS OT PAJIMKaJja B BBIpaXKeHHN BUJa o0 — 00. JLas sToro
YMHOZKHUM YHCJIUTEJIb U 3HaME€HaTeJIb ,ZLpO6I/I Ha BbIpaxKe€HHE, COIIPAKECHHOE YHUCJIUTEJIIO.
i (VAn* 4508 —1— 2n*)(V4nt +5n% — 1+ 2n%)
n—o0 (n — 5)(V4n* + 5n3 — 1 4 2n?)
— lim dn* +5n° — 1 — 4n? — lim 5n® — 1 .
n—oo (n —5)(V4nt +5n3 — 1 +2n?)  n—oo (n —5)(V4nt + 5n3 — 1 + 2n?)
BrineceM 3a cKOOKH B gucaInTeae n 3HaMeHaTese nS. [loayanm

(o)
lim n = lim n =
n3<1—§) (w/4+§—i4+2) (1—5) (,/4+§—i4+2>
n n n n n n
=5 1,95
1-(Va+2) 7
Tn+129 o n°+2n=5

ITpumep 2.7. Borunciure lim cos

noo 0, In? + 4n + 17 n+8
129
Tn 4+ 129 " (7 i _>
Pemenne . lMmeem lim %1 + = lim n =
—oo 0, 1n" +4n + 17 — n2(071+_+_2)
n o on
129
lim i n =0 um ‘cos n’+2n + 17‘ < 1. IlpumeHuB TeopeMy O HpPOU3-
non

BeJIEHUH OECKOHETHO MAJION IOC/Ie0BATEILHOCTH Ha OrpaHudenyio (teop. 77), mosydnm,

: 7n + 129 n +2n—5 _
o nh—glo 0,1n? +4n + 17 n+38 =0

- COS

§3. IlIpenenbHblii Iepexoa B HEPABEHCTBAaX.

Cdopmynupyem n JIOKarXKeM HECKOJHKO TEOPEM O BBIUUCJCHUH TTPEJIeSIOB

B HEpaBEHCTBaX.

Teopema 3.1. Ilycmv nocaedosamenvrnocms {a,} crodumea. Ecau, navu-
HaA ¢ HEKOMOPO20 HOMEPA (MO eCcb 0AA 6CET T > Ny) 6LINOAHACTNCA HePa-

sencmeo a, < ¢ (a, = ¢), ro lim a, < ¢ (lim a, > ¢).
n—oo n—oo
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B reopemMe yTBepKaeTCs, UTO €CJIu h_)m an =a ¥ a, < ¢, TO a < C.
n—,o0

Bamerum, 4ro eci a, < ¢ (HepaBeHCTBO crporoe), To lim a, < ¢ (Hepa-
n—od

BEHCTBO HeE€ ABJIAETCA CTpOFI/IM). CYHLGCTBYIOT I[IpUMEPLI IIOCJIEN0BATEIILHO-

1

creif, Jig KOTOpbIX a, > ¢, no lim a, = c. Hanpuwmep, a, = = > 0, no
n—o0

: .1

lim a, = lim = = 0.

Teopema 3.2. (0 npenesibHOM HEepexo/e B HepaBeHCTBe.) Ecau nocae-
dosamenvnocmu {a,} u {b,} crodamca, u, nawunas ¢ nexomopozo rnomepa
(mo ecmv das 6cex n > ng) 6BINOAHAETNCA HEPABEHCNEO Gy < by (ay = by),

to lim a, < lim b, (lim a, > lim b,).

Jokxazamenavcmeo. Ilyctb npu n > ng cupaBesinBO HEPABEHCTBO a, < b,. DTO 3HAYMT,

q9TO MpU N > Ng  a, — b, < 0. [Ipumenum teopemy ?7. Hoxyamm, uro lim (a, — b,) < 0
n—oo

win lim a, < lim b, O
n—oo n—oo

Teopema 3.3. (Teopema o 3a)kaToil mocsiemoBaTeabHOCTH). [Tycmo
aadanve mpu nocaedosamesvrocmu {an}, {bn} u {c,} u ux waenv ceasza-
Mol HEPABEHCMBOM Gy < by < ¢, Ecau nocaedosamenvrnocmu {a,} u {c,}
cxodamea % odnomy mpedeay, mo nocaedosamensvnocmo {b,} crodumes x

amomy otce npedeny.

okxazamenvcmeo. Badukcupyem € > 0. Tak kak lim a,, = a, T0 110 OUpeEICHUIO IIPe-
n—r0o0

JieJ1a TO0CTIe0BaTeIbHOCTH JIJIsT BRIOpaHHoro € > 0 cymiecTByer HoMep Np(g) Takoif, 4To

Jgist Beex 1 > Np(€) BBIIOIHSAETCS HEPABEHCTBO |4 — G| < € Wian

a—e<a,<a+e. ()
Anajioru4no, Tak Kax nh_{go ¢ = a, 1711 91oro XxKe € > 0 cymecrByer HOMep Np(€) Takoii,
910 7715t BeeX 1 > Np(€) BHITIOMHIETCS HEPABEHCTBO |a — ¢,,| < € min

a—e<c,<a+te. (%)

O6o3naunm depes N = max{N;, No} u nmycte n > N. Toraa cnpapeqmsbl 06a HepaBeH-
crBa (*) u (**). VI3 91ux HEPABEHCTB W YCJIOBHS T€OPEMBI BHITEKAET, UTO

a—c<a,<b,<c,<a+e.

CrenoBaTenbHO, TOCIeI0BATELHOCTE {b, } cxomuress u lim b, = a. O
n—o0
IIpumep 3.1. Boruucimre lim 2y .
n—oo T

Pemtenne . /g Boluucjenus npejesia 3TOil JApodU MpUMEHIM TeopeMy O 3aKaToil Io-

3" 3" 3 3)"
caeJloBaTeIbHOCTH. VMeem 0<m< T 931~ .4:3-?-1-<1> .

3\ 3"
Taxk xak lim 0 =0, lim <Z[> =0, To lim 27 =0.

n—oo n—o0 n—oo
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§4. MoHoTOHHaAs TI0CJIEJOBATEJILHOCTD U €€ IIpe/Iell.

CdopmynrpoBatnasi B 3ToM naparpade reopeMa umeer 0OJIBIIoE Teope-

THUYECKOE 3HaAYCHUE.

Teopema 4.1. Beakasa monomonno eospacmatowas (MoHomonno yowea-
owas) ozpanuvennad ceepxy (02panuNennas cHu3y) nociedosamesbHoCmy

umeem npeea.

B Teopeme yTBepKIAETCs, UTO €CJIM BBLIIOJHEHDLI YCIOBUS (41 = Gy W
an < M (ap41 < ap u @, = m), TO CYIIECTBYET 7}1_{130 a,,. JlokasbiBaercsa, 9To
JIJIsl MOHOTOHHO BO3pacTatoleil nocsejgosaresbiocru lim a, = sup{a,}, a
JIJIST MOHOTOHHO yOBIBaIOIIe Mocjae0BaTeIbHOCTH 711;11210 a, = inf{a,}.

Eciu nocienoBarebHOCTD {a,} BO3pacTaeT U He OrpaHUYCHA CBEPXY, TO

noJiarator, uro lim a, = 400, ecsin nocieoBaresbHOCTL {a, } yobiBaer u He

n—oo
orpaHMYeHa CHHU3Y, TO MoJjaraioT, 4ro lim a, = —oo.
n—oo
B reopeme yTBepxKpaercs, 4ro lim a, cyliecTByer, HO He yKa3blBaeTCsd,
n—o0

kak ero HaiiTu. OpHako cam pakT CyIIEeCTBOBAHUS MIPEJIE/Ia TaCTO TTO3BOJISET

BBIYUCJINTD 3TOT IIPEJIEJI.

STL

IIpumep 4.1. /lokaxXute, 9TO MOCAETOBATENIHHOCTD G, = 7 UMeeT mpejien

N BBIYUCJINUTE €T0.

n+1 3n 3
Pemienue . 3amerum, ur — S 30, 3 _ === TI BaTEIb-
elIeHne . 3aMe , 9TO (py1 CES) ST T = e - Hocaenosaren
Gpt1 3
HOCTB {a,} orpaHuYeHa CHU3Y, TAK Kak Jyisi J1o6oro n a, > 0. Tak Kak G =T < 1
JUIST BeeX n > 3, TO MOCJeI0BATeIbHOCT {a,} sBIAsIeTcs MOHOTOHHO yObiBatomieit. [1o
teopeme 7 ona ummeer upegesn. ObGo3HaumM ero depes3 a, To ectb lim a, = a. Yro-
n—o0
ObI BBIYHUCJTUTD TIPEJIET, B PABEHCTBE (i1 = Ay - ni—l—l nepeiinem kK mnpezenay. Ilomyanm

lim a,y; = lim a, - lim CnenoBarenbto, a = a - 0. 3uaunt, a = 0.

n—00 n—00 n—oo M+ 1°

IIpumep 4.2. JJokaxkure, 4T0 1OCIEI0BATEILHOCTD G = 2% UMeeT Ipejied

1 BbIYUCJIUTE €r'0.

n+1_ n 1 _ a, 1
2n+1 - 2n+1 + 2n+1 =739 + W HOCHGJLOBaTeﬂb—
HOCTb {an} orpaHHMYeHa CHU3Y, TaK KakK a, > 0 maag jodoro n. Tak Kak a,, 1 — a, =

= 7;7;1;11 — 2% = 12;? < 0 mag Becex n > 1, TO TMOCTAEAOBATENBHOCTD {a,} sABISETCS

Pemenne . 3ameTuM, 9TO G,y =

MOHOTOHHO yObIBatoreii. ITo Teopeme 7?7 ona mmeer npezges. OOO3HAYUM €0 Yepe3 @, TO
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. a .
ectb lim a, = a. YT0OBI BBIYUCIUTH MPEJIEs, B PABEHCTBE 1 = o5+ 2n—1+f nepeiijgeM K
n—oo

npejeny. [Homyunm hm apy1 = lim 7" lim

CaengoBaTebHO, a = % +0wua=0.
n—oo n—

1
2n+1
§5. UYwucJo e.

Paccmorpum ere ojiuH npuMep MOHOTOHHOM 110CJIE€/I0BATEIbLHOCTH.

CdopmynupyeM cHavaJIa JIEMMY.

Jlemma 5.1. (nemma Bepnaymnu'.) [Jaa ao6oz0 wucaa m € N v das ao-

6020 deticmeumenvrozo wucaa h > —1 cnpasedauso nepaserncmeo

(1+h)™ =1+ mbh. (mepasencTBo Bepnyiin) (5.1)
n
PaceMoTpuM 1oc/ie10BaTeIbHOCTD Ty = (1 + %) :
JlokazkeM CyIIecTBOBaHUE MpeJIea STOH MOCIe0BaTeIbHOCTH. Paccmor-

PUM BCIIOMOI'aTe/IbHYIO 110CJeJJ0BATEeJIbHOCTD Yy = <1 + 5

[ToceoBaTebHOCTD Y, OrpatuydeHa causy (y, > 0).

n+1 n+1
[Tokaxxem, aT0 oHa yObIBaeT. 3aluIiem vy, = (1 + %) = (n - 1) 7

S

n
Yn—1 = (%) U HailIeM UX OTHOIICHUE:

1= ) () - e 2

Yo — \n—1 n—+1
n**2(n — 1) 22\ noi 1 "
eyt \w-1) w o \UTw—r)

NPUMEHUB K MOCTEHEMY BBIPAYKEHHIO HepaBeHCTBo Bepuysuiu, mosyanm
Unt s (14041 n=1 (1+ 11>.n—1: n_.n—1_14

Un n2 —1 n n n—1 n
Hpﬂm:n+1,h:%.
n®—1
Takum obpazom, yz_l > 1 wm y, < yYp_1. CiaegoBaresbHO, MOCIEI0-
n
BaTeJHLHOCTL {y,} yoObiBaer. Ilo Teopeme 7?7 cymecrsyer lim y,. Ho rorma
n—oo
: n
cyuiecrsyer u lim x,, Tak KakK T, = U, - .
Yyui y S L, n — Yn n—+1
L sIxo6 Bepuynmu (mem. Jakob Bernoulli, 1655 -1705) — meefinapckuii maremaruk. OJuH U3 OCHOBATEEH TEOPHYE BEpO-

ATHOCTEY U MaTeMaTHUeCKOro aHaau3a. flkod BepHysn BHEC 3HAYUTEJBbHBIA BKJIAJ B TEODUIO PAIOB, AuddepeHuaIbsHoe
WCYUCTIEHUE, TEOPUIO BEPOSITHOCTEH U TEOPHUIO YUCEs, T/Ie ero uMeHeM Ha3BaHbl "duciaa Bepuyman". OH 10Ka3aJ 4acTHBIH
ciay4dail 3aK0oHa 6osabiuX ynces — teopemy Bepaysnu. ko6 BepHysiu BHEC OrPOMHBIN BKJIAJ B PA3BUTHE AHAJIUTUIECKON
reOMeTpUU U BapUAIMOHHOIO mcuyucaerHus. Ero mmeHeMm Ha3BaHa jJeMHHCKaTa Beprynnu. OH uccae0Bal TaKxKe IMUKIOUIY,
[MeNHYIO JUHUIO, U JorapudMudecKymo cunupaisb. B 1690 rony Beprynin Brepsble OmyOIMKOBAJ HUCCIETOBAHUE CIIOXKHOTO
MPOLIEHTA, B KOTOPOM 000CHOBAJI CYII[ECTBOBAHNE NPEAEJHHON BBITOABI, KOTOPYIO OIEHUJI KaK OOJIBIIY0 2,5 HO MEHBIIYIO 3.
IIyreMm HECKOJBKEX HPUONIMKEHUNH OH MCKAJ IIPEeJT II0CJIeI0BATEIbHOCTH, KOTOPHIH DABEH UHCIY €.
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O603HaYNM .

lim (14+—-] =e.
n—00 n
Hucao e mMeeT UCKITIOUNTENHHO BaykKHOE 3HAUYEeHWe KaK JIJIs caMoil MaTeMa-
TUKU, TaK U JIJIsi €0 MPUJIOKEHU. € — YUCJI0 UPpPallMOHAILHOE, OHO TPUOJIU-
JKEHHO paBHO e ~ 2, T18281828459045 ..., KpoMme TOro, € — TPAHCIEHJIEHT-
HOE IHCJI0 (OHO He sIBJISIeTCsT KOPHEM HUKAKOTO aJredpanviecKoro ypaBHEHUs
C palMoOHAIBHBIMEI KO3 dDUIIEHTAMN ).

[Tokazaresibuyto pyHKIUIO Yy = €*, OCHOBaHUE KOTOPOW paBHO €, Ha3blBa-
10T 9KcnoHerwmotu. Jlorapudm 1Mo OCHOBAHUIO € HA3BIBAIOT HAMYPAALHBIM
u obosnauaroT In x. [lpu permennn Mmuorux 3aj1a4 pusank, XuMnuu, OUOJIOTUH,
CTATUCTUKU UCHOJIL3YIOTCH 1H0Ka3aTe/bHas niin jorapupMmuieckast pyHKIust

"2 TTouemy 6bI-

¢ oCHOBaHHEM e. Uucio e qacTo HasbiBaloT amciom Diiepa
Jla BbIOpaHa MMEHHO OyKBa €, TOYHO HEU3BECTHO. BO3MOXKHO, 3TO CBSI3aHO
C TeM, 4TO ¢ Hee HauumHaercst cjoBo exponential ("nokazaresbubiit"). Ipy-
roe IpeJIoIoKeHne 3aKII09aeTcsd B TOM, UTO OYKBbI a, b, ¢, d y2Ke JOBOJILHO
IMPOKO MCIIOJIH30BAINCH, 1 e Oblia nepBoit "cobommoit" Oyksoii. Takke
IIPUMeUaTesIbHO, 4TO OyKBa € sipjisiercs nepoit B Gamuinu diiep (Euler).

[Ipuunna "Besmecymuoctu" umcna e 3aki09aeTcs B TOM, 9TO (HOPMYJILI
MaTEeMaTHIECKOTO aHaIn3a, COJEPIKAIINe IKCITOHEHI[MAJTIbHbBIE (DYHKITUU WU

JlorapuMbl, 3alMCLIBAIOTCS 1IPOIIE, €CJI JorapudMbl OPaTh 110 OCHOBAHUIO

e, a He 10 wm KaKoMy-JiO0 JIpyroMy OCHOBAHHIO. HCIO € MOXKHO OIpe/ie-

2 Teonapy Diutep (Leonhard Euler) — mselinapckuit, memernxuti u poccuiickuit MaTeMaTnk u Mexanuk. C TOYKH 3DEHUs
maremaTuku, X VIII Bek — 310 Bek Dilepa. Ditjgep ocTaBU BayKHeHIINe TPYABL 110 CAMBIM DA3JHYHBIM OTPACJISAM MaTeMa-
THKH, MEXaHUKU, QUINKY, ACTPOHOMUH U MO Py MPUKIATHBIX HayK. VMeHHO Dilnep cO37a7 HECKOJIBLKO HOBBIX MATEMa-
TUYECKMX JUCLHUILINH — TEOPUIO YHCes, BAPUAIMOHHOE UCYNCIIEHNe, TEOPUI0 KOMILIEKCHBIX (PYHKIUH, quddepeHuaabHy o
FeOMETPHIO TOBEPXHOCTEH, 3a103KUJI OCHOBBI TEOPHH CIENHUAIBHBIX PYHKIUN. DHIep BliepBbie CBA3AJ aHAIN3, aIrebpy, Tpu-
TOHOMETPHIO, TEOPUIO TUCEJ W JPYTUe JUCIHUIIINHBI B €IUHYIO cucTeMy. baaromaps Diysepy B MaTeMaTHKY BOILIH OOIIast
TEOpHUsI PALOB, TEOPHS HEIPEPBIBHBIX Apo0eil, MHOTOYUCIeHHBIE IPHEMbl HHTEIPDHPOBAHNSA U pPerneHns AudQepeHnnaIbHbIX
ypaBHEHUH, IHCI0 e, 0D03HAYEHHE ¢ JJIs MHHMOW €IWHUIBI U MHOroe apyroe. B ero paborax HCIOIB3YIOTCS IPOAYMAaH-
Has TePMHUHOJIOTHS ¥ MATEMATHIECKAsT CHMBOJUKA, B 3HAYMUTEILHON CTENEHU COXPAHUBIINECS JI0 HAIIUX JIHEH, U3I0KEHUE
IOBOAWUTCS IO YPOBHYA IPAKTHIECKHX aaropuTmoB. Crarns Ditnepa ""Pemenne Bompoca, CBA3AHHOTO C F€OMETPHEH IIOJIOXKe-
HUS" OJTOXKUIIA HAYAJIO TeOPHUH rpadoB KaK MATEMATHIECKOH qucrumnianHe. [10BoIoM s HCCeI0BAHMS IOC/TY 2KIIa, 3312494
0 cemu MocTax Kenurcbepra: MOKHO Ji IPOUTH KAXKIBIH MOCT II0 OJTHOMY Pa3y M BEPHYTHCSI B HCXOTHOE MeCTO? Ditjaep BHEC
CyH.[eCTBeHHbIﬁ BKJIa/J B TE€OPDHUIO W METOLbL HpI/IGJ'II/I)KeHHbIX BBIUHCJICHUN. OH BIIePBbIC IIPDUMEHUJI QHAJIATUYICCKNEC METOLbL
B KapTOorpaduu, Ipe IOk YI0OHbIH MeTOx IpaduiecKoro n300parkKeHns COOTHOMIEHUN U Omepanuil Ha[ MHOXKECTBAMH,
nomyuusinuii Hassauue "Kpyru Ditnepa-Benna'". MuoxkecTBO pafoT Dilepa MOCBANEHBI PA3IUIHBIM PA3/IeIaM MEXAHUKHU
u ¢usuku. Tpakrar Dinepa "Mexanuka, nin HayKa O ABM>KEHUHN''3HAMEHOBAJI HOBBIH 3TAll B PA3BUTUU dTOU HAYKH. Jilaep
MPeJIONKUII AHAJUTHYECKUH METO] PerleHus] Pa3JndHbIX 337349 JUHAMUKH: cocTaBiienve quddepeHnaabHbIX ypaBHEHUH
JIBUJKEHHST MATEPHAJIBLHOTO OOBEKTA M MX MOCJIEAYIONee HHTErPUPOBAHNE DU 33aHHBIX HAYAJBHBIX YCIOBHAX. Ditaep —

aBTOp Gosiee yem 850 pabor. Diyiep BHEC CYIECTBEHHBIN BKJIAJ B CTAHOBJIEHHWE POCCHIACKON HAYKH.
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JUTh KaK ocHOBaHue b, mpu koropoM rpaduk dbyskimn y = log, x nmeer B
Touke T = 1 KacaTeJIbHYIO C YIVIOBbIM KO3 UiimeHToM, paBibiM 1, ujiu 1pu
KOTOPOM KpuBas y = b” uMmeer B Touke r = () KacaTeJbHYIO C YTJIOBBIM KO3(D-
dunmentom, papabim 1. Camy KOHCTaHTY BIIEPBBIE BHITUCIUI TBEATIAPCK Ut
mareMaTuk flkod BephyJiin B Xojie pelienust 3a/ia4uu o 1pejiesibHON BeJinurHe
IPOIEHTHOIO JIOXO/1A.

HpI/I BBIYUCJICHUN 3Ha4Y€HUdA € MOI'yT ObITH MCIOJIL30BAHBI U HEKOTOpPbIE

Jpyrue pOpMyJibl, HALIPUMED:
e =2+ 11 nm e = lim

1+ 5

3

1
4+ —

P&CCMOTpI/IM 3a1a1y 9KOHOMUYECKOI'O COJIepKaHuAd — 3ada41y O HEIIPbIB-

2+
3+

HOM HAQYUCJIEHUU ITPOIIEHTOB.

[Tycts mepBoHaUa bHIT BKJIAJ B OaHK cocTaBjsgeT Sy pybseit m OaHK Ha-
gqucaster p% roposuix. Haitaure pasmep Bkiaga Sy uepes t Jier.

ITpu mcnosb30BaHUM MPOCTHIX MPOIEHTOB pa3Mep BKJIAJa €XKETrOHO yBe-

JIMIUBAETCA Ha OJHY W TY 2K€ BEJIMIUHY 1%8030 " 9epes t et pasMep BKJIa-

Jla coctaBuT S; = Sy <1 + %to) pyOJieii. Ha mpakTuke 4acTo npuMEHSIOT
CJIOXKHBIE TIPOIEHTHI, KOIJa MPOIEHTHl HAYUCISIOTCS He TOJLKO Ha, OCHOB-
HYI0 4acTh BKJIAJA, HO M Ha HAYMCJCHHbIE DaHee NPOIEHTHI (BKJAJ € Ka-
nuragusaiueii %). B arom ciaydae pasmep BKJIaja €XKErofHO yBEeTHINBACT-

¢ B OJIHO W TO K€ YHUCJO Pa3, TO eCTh B <1 + %) pas u depes t Jer

i
pasMep BKJaJia cocTaBuT Sy = Sy (1 + %) py6uieii. [IpenmoioxKum, 910

IPOIEHTHI Ha BKJIAJI HAUUCASIOTCS HE OJINH Pa3 B T'OJl, a N pa3 Torja 1po-

1

4 p

LEHT HAYMCICHUs 38 7 HacTh rojia COCTEIBI/IT m% v 4epes t jer pasmep
n

BKJIaJa cocTaBuT S; = S (1 + ﬁﬁ) pybuieii. Eciu yMmeHbIIaTh IIPo-

MEXKYTOK MEXKAY HaYUCJICHUAMU B ujaeaJie 1Ipu n — OO OH CTaHOBUTCA

n’

GECKOHEYHO MaJIbIM, TO HOJIYUNM, 4TO depes3 t jieT pasMep BKJaa COCTABUT
o 100n_pnt pl

S, — lim Sﬂu%) — lim (1+ D ) P100n — g, . o100,

n—00 n—00 100n
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Taknm 0Opa30M, KOHCTAHTa € O3HaYaeT MaKCHMaJbHO BO3MOXKHYIO TI'OJI0-
BYI0 IPUOLLIL HPpU pY% FOJAOBBLIX U MAKCUMAJILHO YACTONH KAIIMTAIU3AIUY PO~
IICHTOB.

Hueso e MOYKHO BBECTH T€OMETPUUECKH: € — 9TO TaKOe YHMCJI0, YTO TIIOMAJIh
KPUBOJIMHEHON Tpalleliuu, orpaHuieHHol rpadpukoM pyHKIuu y = %, OCbIO

OX u npsMbiMu £ = 1 1 © = e paBHa 1.

Ormerum na ocu OX rouku 1,q,¢%,...,¢" %, ¢" e ¢ = 1 + 1/n. Pac-

CMOTPHM TIPSMOYTOJBHUKH OCHOBAHUS KOTOPBHIX ¢ — 1, ¢° — q, ¢© — ¢°, . . .,

L
Y q? q Y
pucytke. [Lioma b Kaxx10ro U3 9TUx 1 HpsiMOyroJbHUKOB pasHa ¢—1 = 1/n,

a BBICOTHI 1 . COOTBETCTBEHHO M PACIIOJIOZKEHHDbIE KaK IIOKa3aHO Ha

II03TOMY CyMMa UX ILjomaJjeil mpu jgwoboMm n pasha 1. [Ipu n — oo obbeau-
HEHHUE IIPAMOYIOJIbLHUKOB BCE MEHbIIE OTJIMYAeTCs OT (PUI'YPBI, ¢ IOMOIIbIO

KOTOPO# ObLJIO OTIPEJIeJIeHO YUCTIO €.

§6. IlIpenen pyHKIUU.

ycrs Gynxmus y = f(z) orobpaxaer muoxecrso X C R™ o muo-

xectBo Y C R, u myers zp — TouKa Crymiennst MHOXKECTBa X, TOUKA

A e RM),

Onpepesieane 6.1. Touxa A naswvieaemcs npedeasom dymnruuu f(r) 6
mouke o, ecat 0aa 1106020 NONOACUMEADHO20 YUCAL € CYULELCTMEYEM NOA0-
orcumenvroe wucao 6(€) makxoe, Ymo s 6CET X, NPUHAOACHCAULUT NPOKO-
aomoti oxpecmmocmu Us(xo) mowku xo snavenus gynryuy f(x) npunadie-

orcam oxpecmuocmu U.(A).

O6osnavaercs npegen dbyukiun B Touke A = lim f(z).
T—Xo

Takum obpasom A = lim f(z), eciu Ve > 0 3d(e) > 0 rakoe, uro

T—To

Vo € Us(zy) umeem f(x) € U-(A).
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Ecmu y = f(x) — ckanspras QyHKIWs CKAJISPHOTO apryMeHTa, TO OIpe-

JleJIeHre Tpejiesia MOXKHO C(pOPMYINpPOBAThH CJIEAYIOIUM 00Pa30oM:

Onpenesenne 6.2. Yucio A naswvieaemcsa npedeaom dynruyuu f(r) 6

mouke ry (A = lim f(x)), ecau Ve > 0 Fd(e) > 0 maxoe, wmo Ve,
T—X0

ydosaemsopaowus yeaosuro 0 < |z — xo| < § caedyem |f(x) — Al < e.

Onpepenenne 6.3. Jucio A naswsaemes npedesom Pynxuyuu f(r) 6

moure vog (A = lim f(z)), ecau Ye > 0 Fd(e) > 0 maroe, wmo Vz,
T—TQ

ydosaemeoparowur yeaosuro x € (xrg — 0,x0) U (xg, g + ) caedyem, wmo

f(x)e (A—e, A+e).

Onpenenennst 77 — 77 Ha3bIBAIOT onpedescHuem Ha A3vike € — 0 WA ONpe-

denernuem Kowu 3.
Onpenenenne npejena JJisi CKaJISIPHOH (DYHKIUU CKAJISIPHOTO apryMeHTa

MO2KHO HTPOUJIJIIOCTPUPOBATH CJIEJLYIONIUM 00pa30M:
Y

A+e
A

A—c¢

Py
xo — 0 To To + O T

Onpenesenne 6.4. Touka A naswseaemcsa npedeaom dymnxyuu f(x) 6
mouke To, ecau daa Mobot nocaedosamenrvrnocmu moyer {T,}, crodawetica
K MouKe Tg, COOMBEMCMBYIUAA NOCACIOBAMEALHOCTND 3HAeRUT PYHKYUL

{f(x,)} crxodumes x mouxe A.

Nubivu ciioBamu, A = lim f(x), ecimn jist J11060i 110Cs1€10BATEIBHOCTI
T—Xo

Touek {T,} — Ty COOTBETCTBYIOIIAs 110C/IEI0BATEBHOCTh 3HAYEHUH (DYHK-

nnn { f(z,)} — A.

30riocten Jlyn Komm (Augustin Louis Cauchy) (1789-1857) — senmkwuii dbpanmysckuii MaTeMaTHK W MexaHUK. Pa3zpa-

6oras dyHAAMEHT MATEMATHIECKOTO aHAJIN3A, BHEC OIPDOMHBIH BKJIA B aHAJIN3, aaredpy, TEOPHUIO UHCENI, MATEMATHIECKYTIO
bu3uKy U MHOrHe Apyrre o0JaCTH MATEMATHKH; OJUH U3 OCHOBOIIOJIOXKHUKOB MEXAHWKH CILIOIIHBIX cpei. Komwu BuepBbie
J1aJI CTPOTOE OLIPEIeSIEHHE OCHOBHBIM MOHSITUSIM MAaTEMATHIECKOTO AHAIH3A — IPEJENy, HEIIPEPHIBHOCTH, IIPOU3BOIHON, Aud-
(pepeHnmaly, HUHTErPALY, CXOAUMOCTH Psaa U T. . Ero onpejesieHre HENPEPLIBHOCTH ONMPAJIOCh HA MOHSTHE DECKOHEYHO
majsoro: y Komu 6eCKOHEYHO Majioe — MepeMEeHHAsT BeJIUINHA, CTPEMSIIIASICS K HyI0. Ko BBeJI HOHITHE PAJNYCA CXOIH-
MocTH paja. B obsacTtr KoMiaekcHOro anaan3a Komu co3/1a/1 TeOpuio HHTErpaJIbHbIX BHIYETOB. B MaTeMaTudeckoil pusmke
M3yYIU KPAEBYIO 33434y C HAYAJBHBIMHU YCIOBHSIMH, KOTOPas € Tex mop HasdmBaerca '"3amada Komu'". Komu mammcan
cerirre 800 pabor.
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Omnpenenenne 77 Ha3LIBAIOT onpedescHuem Ha A3bIKE NOCAEA0BAMENOHO-
i 0 Tedine *
cmet uau onpedesenuem letine *.
Mbl copMymupoBan [1Ba ONpeIeaeHus OAHOro mouaTrus. Ho Hukakoro

MPOTUBOPEUNST MBI He TOJIYIUM, TaK KaK CITPaBeJJINBa TeopeMa.
Teopema 6.1. Onpedenenusn npedesa no Kowu u no I'etine axsusasernmmo.

Ha npaxruke omnpejenenne Koiiyn ucnosib3yror, Korjia HY»KHO JI0Ka3aTh
cylnecTBOBaHe Ipejiesa (PYHKIMKU B TOUKe, a ompejeneHue [eiine — Korja

HY>KHO JIOKa3aTh, 4TO (PYHKIUS TTPEJiesia B TOUKE HE NMEeT.

Onpegnenenne 6.5. Touxa A nasweaemes npedeaom dynxuyuu f(x) npu
T —> 00, ECAU OAA N100020 NONOACUMENDHOZ0 YUCAG E CYULECTNEYENM, NOAONHCU-
meavhoe wucro A(€) makoe, 4mo 0aa 6cex T, NPUHAOAEHCAUUT OKPECTIHO-

cmu Up(00) snavenua dynryuu f(x) npunadaescam oxpecmuocmu U-(A).

Takum obpazom, A = lim f(z), ecsiu Ve > 0 JA(e) > 0 raxoe, uro Vz,
T—00

YIIOBIETBODSIONTHX yeaosuio |z| > A caenyer |f(z) — A| < e.

ITpumep 6.1. /lokaxxure, uro lim
z—3

.CC2—9_6
T—3 = 0.

Pemenue . Babukcupyem ¢ > 0 u mycrs |z — 3| < §. Ilo onpesenenuto mpejena

ﬂ_(ﬁ’ _ |z =3)(x+3)
3 - r—3

= —6| =|r+3—-6] = |z — 3| < &. Ecam B3aTh § = ¢,

2
TO M3 HEPaBEeHCTBa |x — 3| < § Oyjer cIeg0BaTh, 9TO “fv — ?? - 6‘ < &. 3HaunT, 1Mo onpe-

2
eJIeHUIO 1peesia li x_9:6.
JEJICHN Hp'ﬂ‘ﬂxg%.fﬁ——g

IIpumep 6.2. Jlokaxxure, uro lim £ _161 = 2.
=24
Pemenne . 3adukcupyem ¢ > 0 u nycrs |x — 2| < §. Tlo onpezenenuto mpejena

)x—6_2‘ _ ‘Q_Zﬂ |z = 2|

=1 = =5 < ¢ (rak kak ¢ — 2, 10 4 — z > 0). Pewas sro

T
HEPaBEHCTBO IIOJIYyYUM CHCTEMY

r—2 < (4—1x)e $<%
I
r—2 > (xr—4) x>21__—4€’S

Ecmu B3are 6 = min{%":_—is -2, 2— 21__—465}, TO W3 HepaBeHCTBa |r — 2| < § Bymer
z—06
= 2.

r—06 :
CJIe/IOBaTh, 9TO ‘m 2‘ < €. 3HAYUT, 110 ONPEJIEJCHUIO IIpeIeia }:1_}11% T

4Tempux Dnayapx Teiine (Heine) (1821-1881) — memenxuit maremaTux. OCHOBHEIE TPyAbl TeliHe OTHOCATCA K MaTeMa-
THYeCKO# dusuKe (TeOpUs MOTEHIHMANA), Teopun AuddEpPeHIRATBHBIX, YPABHEHUA B YACTHBIX IMPOU3BOJHBIX U K TEODHH

dyukuwmit. Psan pabor Teitae nocesimmen npobjieMe eIMHCTBEHHOCTH TPUTOHOMETPUYECKUX PSIOB.
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ITpumep 6.3. [okaxure, aro dhyukiwms f(z) = sin% HEe UMeeT IIpejiesia B

Touke xo = 0.

Pemenne . Yrobnl jgokazarh, 9to upegen dyukmun f(r) = sin% B Touke Ty = 0 He

CYTIECTBYET, TPUMEHUM Ompeaeaenue ['eiine.

PacemoTrpuM nocste1oBaTebHOCTD X, = ﬁ — 0. CooTBeTcTBYIOMAS TOCIEI0BATE b

HOCTH 3Hadenuit gynkmun f(z)) = sin2mn = 0, o ectp lim f(z),) = 0.
n—oo
1

Paccmorpum mocseoBarensuocts o, = w———— — 0. CooTBercTByIOmas mocsieo-
5 + 21

BATEILHOCTD 3Hadenuil pynkmun f(z)) = sin(% +27mn) = 1, 10 ecTh nh—{{olo flzh) =1
[MocaenoBarenbaocTu 3uavenuii byukuuu f(z)) u f(x!)) cxonarces K pasHbIM IpeTeIaM.
[To onpenenennto leitne dynknus f(z) = sin% He uMeeT npejesa B Touke g = 0.
Onpepenenne 6.6. Tourxa A naswsaemea npedeaom Pynxyuu f(x) npu
T — 00, ecau daa 10001 nocaedosamenvrocmu mouek {x,}, crodawetica x
00, coomeemcmeyowas nociedosamervrocms snavenutd gynruuu {f(x,)}

crodumes x mouke A.

Ecmu f(x) ckansipras GyHKIWST CKaJsIPHOTO apryMeHTa, TO PasIiydaioT

A= lim f(x)un Ay = z1_1>r_1’100f(x)

Tr—+00

Onpenenenne 6.7. [osopam, wmo npedea Ppyuryuu f(xr) 6 mouke xg
pacen 0eckOHEeNHOCTIU, ecAt Oaa A106020 nososcumenrvrozo wucaa B cyue-
cmeyem noaoscumenvroe wucao 0(E) maxoe, wmo daa ecer x, npunad-
aeorcauyuz okpecmmocmu Us(xg) snavenus dywryuu f(x) npunadaescam

oxpecmmocmu Ug(00).

Takum obpasom, lim f(x) = oo, eciu VE > 0 3J(F) > 0 takoe, ato Vz,

T—X0

yoBreTBopsionux yeiaosuio 0 < |x — x| < 0 crenyer |f(z)| > E.

Onpepenienne 6.8. Oynryus a(x) nasvieaemces beckoHeuHO Manol 6

mouke g, ecau lim a(z) = 0.
T—To

Eciu dyuknus f(x) numeer KOHEUHBIN Tpesiesl B TOUKE T, TO €€ MOYKHO
MPEJICTABUTH B BUJIE CYMMbI TIPeJieJia U HEKOTOPO# HECKOHETHO MaJioit (DyHK-

LMK, TO €CTh, €CJIN :Ch_g:l f(z) = A, T0 B OKPECTHOCTH TOUYKHU T( CLIPABE/JIUBO
0

paserctBo f(z) = A+ a(z), rue a(r) — 6eckoHeuHO MaJsas QyHKIU.
3ameTuM, 9To onpeiesenue mpejena Gyukiyn f () B ToUKe xo He Tpedyer,

yT00bl (PYHKIUS ObL/Ia OIpeJie/ieHa B 3TOM TOUKE.
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§7. OcHOBHBIE TEOPEMBI O MPeEJIEIaX.

B srom naparpade Oyzuer chopMynpoBaH psiji TEOPEM O CBOCTBaX Ipe-

JeJ1a (bYHKLH/H/I B TOYKE U IIpaBUJIaX BBIYUCJICHUA IIPEACIJIOB.

Teopema 7.1. Qyuryua ne moscem umems 6 mouke bosee 0dnozo npedena.

Wubivu ciioBaMu, ecyn (pyHKIUs | (az) UMeeT B TOYKE X IpeJiesi, TO 3TOT
npejaes e AuHCTBEeHHbIA.

Jlokasameavemso. Tlpennonoxum, aro GyHknus f(x) uMeer B TOYKe o (B IpPejesa, TO

ectb lim f(x) = Awu lim f(z) = Bu B # A. Bozbmem € = B%A Toraa mo onpeeste-
T—T0

T—T0
HUIO TIPe/IesIa JJIs 9TOTO € CYIecTByeT 01 (€) Takoe, aTo i Becex @ € Us, (To) BolmomHsgeTcs

f(z) € U-(A) (%). AHAIOrHYHO JJIst 9TOTO Ke CAMOro € CYIIECTBYeT d9(€) Takoe, 9To st
Beex € Us,(x0) Bomomnstercs f(z) € Ue(B) (xx). OGo3maunm uepes § = min{dy, d,}.
Torma mst Beex @ € Ud(zo) cupasesmsnl yeaosus (¥) u (**). Ho okpecrrocrn U.(A) n
U.(B) ne nepecekatrcs. [Toaygerroe npornBopedre JOKa3bBaeT TEOPEMY. ]

Teopema 7.2. Beaxasa gynwuus f(x), umerowas 6 mouke xo npeden, ozpa-

HUYeHa 6 HG’I{}OmOpOfZ OwpeECTNHOCTNU TMOYKU X).

Jlokazamensvemeo. [lo onpenenenmto npenera A = lim f(x), ecmm Ve > 0 3d(e) > 0
Tr—x0

taxoe, uto Vo € Us(xg) crenyer |f(z) — A| < e. Bmaunt, Vo u3 Us(xy) cnpaBemmmso
repasercTso |f(z)| < |A|+¢ u dynkuns f(x) orpanndena B J-OKPECTHOCTH TOUKH ZTo. [

Teopema 7.3. [Iycmov lim f(z) = A, lim g(x) = B. Cnpasedauco caedy-

T—T T—T0
uyue YmeepHcoeHU:

Ll (f() + g(z)
2. Tim (f(x) — o))

3. lim (f(2) - g(2)) = A- B;
4. lim c- f(x) = c- A;

T—To

5 im L8 — 4 (g() 20, B2 0).

IIpumep 7.1. Boruuciute npegen lim 33: —lx+9
=1 2 — 5 + 2

Peuntenne . lcnoibays TeopeMy 7?7, MoJyYuM
lim 322 — 711m:L’+9

1; 322 —Tx4+9 _ a1 _3=T7+9_ o
g —bx + 2 hrr{:v 5hrr{x-|—2 IT—-5+2 5
z— z—
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3:L' 7x—|—4
x> —br—+4°

0

Pemtenne . JIpo6b npeacrabiseT coboit HEOpe e 1eHHOCTD 0 ¥ CPasy IPUMEHATH Teope-

IIpumep 7.2. Boraucaute mpeen hm

My 7?7 Heb3s. PazioKuM ancanTenb 1 3HaMeHaTe b JpoOH Ha MHOKHATENN: T2 —5x +4 =
r—1)(x—4), 322 =Tz +4 = (z — 1)(3x — 4) n noACTaBUM B 3aJaHHOE BbIPaKEHNE
J

(3ameTnm, 9To T # 1)
lim(3z — 4)

32 —Tr 44 (= 1D)Br—4) . 3r—4 _ 251 _3-4__1
M serd M @ Ae-D A1 Tm@-4 1-1-
T—r
IIpumep 7.3. Borunciute npejgen lim 62” — 11z — 8,
z00 312 — 8z + 17

Pemenne . /IpoOb 1pejicrapisier cob0i HEOlPe e/ IeHHOCTb % U cpasy IMPUMEHSTDH TeOo-
pemy 7?7 Hesb3s. BhiHeceM B umciuTesle M 3HaMeHaTe e 3a CKOOKH T2 U COKPaTUM JIPOOb:

2 I8 118

622 — 11z — 8 T\ e -T2 6
—_— —_— . . . a’/’ l’ _ _

D37 Bt 1T e (. 8 1T\ a8 it 377

2(3-24 Y 3— =+

r r oz
o1 N

3aMeTuM, 4TO xh_)rglo 7=0m xh_)rgo Pl 0

IIpumep 7.4. Borauciure npepen lim Y5=————= z+1-3
T—8 x — 92 + 8

0

Pemnenne . /Ipobs npejcTaBigeT coOOil HeONpe1eIeHHOCTH 0 ¥ Cpasy IIPUMEHATDL Teope-
my 7?7 menb3g. [Ipu BoIaucIeHNN TIPeieia B BIPayKeHNN, CTPEMSIIEMCST K HYJTI0, n30aBuM-
csd OT PaJUKaJIOB. [lJist 3TOr0 yMHOXKUM YUC/AUTEb U 3HAMEHATE/Ib JIPOOU Ha BbIParKeHUeE,

COHpH)KeHHOG YUCJIUTEJIIO.

w/x+ ~ lim (Ve +1-3)(Vz+1+3) ~ im r+1-9
0 —9x+8 m—>8(a:—1)( 8)(\/m+1+3)1 $—>8(x—1)(1 8)(Vr+1+3)

g I e s e R T v e

V6+z—V2—1x
2413422 —V7T—2

Pemtenne . BoimosinuM npeobpa3oBanus KaK B MIPeIbIAYINEM IPpUMepe, YMHOKUB YUCIU-

IIpumep 7.5. Boraucaute mpejent hm

TEJIb 1 3HaME€HATEJIb ,ZLpO6I/I Ha BbIpazKeHUud, CONPAZKECHHbIC YUCJIUTEJII0 1 3HaMeHaTeJII0.

lim V6+1—V2—=x

v—>-2/13+22 =7 -1

(V6+z-V2—20)(vV6+a+V2—2)(VI34+ 22+ VT —x) _

2 (VI3 1+ 22 VT —2) (VB 122 VT —2) (Voo +v2 1)

o (6t —240) (VB2 4+ VT —a) _ | (4+20) (VI3 20+ VT )
= |lim =

13420 —7+2)(V6+2+vV2—12) «=-2 (6+32)(V6+z+V2—1)

o
. 2<\/13—|—2:c+\/7—a:)
T 3(\/6+:B+\/2—35>
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Teopema 7.4. I[Iycmov f(x) u g(x) ckanapnoe dynryuu ckaraprozo apey-
menma. Ecau 6 mnexomopoti oxpecmmuocmu mouwku Xy 6bnoAHEHO HEPAGEH-

cmeo f(x) < g(x) u pynwyuu f(x) u g(x) 6 mouke xy umerom koneuHvie

npedeaw. (lim f(z) = A, lim g(x) = B), mo cnpasediu6o nepasencmeo
T—Tg T—T0

lim f(z) < lim g(z) (A< B).

T—T0 T—T0

Teopema 7.5. (Teopema o 3axkaroit dyukiwmu.) [lycmo f(z), g(z)
u h(z) ckarapuoe pynkyuu ckaraprozo apeymenma. Ecau 6 nexomopot
OKPECTHOCTIU MOYKY To (8 YACTHOCTIU MOJHCEM Obimb, 4Mo Ty = 00) 6bi-
noaneno nepasencmeo f(x) < g(xr) < h(x) u pynxyuu f(z) u h(x) umerom
6 MouKe Ty PasHbvie npedensl (xh—>Hxlof(x) = :gh—{?oh(x) = A), mo ¢ynryus

g(x) umeem 6 mouke o mom oce camwl npedes, mo ecmov lim g(x) = A.
T—X0

Joxazameavcmeo. Ilycrs lim f(z) = An lim h(x) = A.

r—x0 T—T0
I[To oupegesenuio mpemesa s J000r0 CKOJIb yrOAHO MaJoro € > 0 cyuecTByer Takoe
61(g) > 0, uro ms Beex x € Us, (o) crpaBemuBo HepaBeHcTBO |f(2) — A| < ¢ mwin

A—e< f(zx) < A+e.

Jnst sToro e camoro € > 0 cymecrsyer takoe dy(e) > 0, uro mus Beex z € Us,(z)

CIIPaBeINBO HepaBeHcTBo |h(z) — A| < € win
A—e<h(x)<A+e.
OGo3uaunM depes § = min{dy, &, }. Torma mis Beex & € Us(zy) BEPHO HepaBeHCTBO
A—e< f(z) <g(x) <h(z) < A+e.

[To onpemesnenuto npejesa yukiun umeem lim g(z) = A. O
T—T0

Teopema 7.6. [Ipoussedenue beckoneuno maroli 6 OKPECMHOCTIU MOYKY X

éyH’K}u’LLU HA 0Z2PAHUYMEHHYMIO ECTND beckoOHewHo Maras 6 OKpeCHOCU TMOYKU

o PYHKUUA.

Jlokazamensvemeo. Iycrs dyukuus f(x) B OKPECTHOCTH TOYKH To ABJISIETCSH OECKOHEUYHO

MaJioii, To ecth lim f(x) = 0, a dynkmus g(x) — orpanmdena, TO €CTh CYIMIECTBYET TaKoe
T—xQ

ancyo M > 0, aro qya Beex © € D(g) cupasemauso yeaosue |g(z)| < M. o onpeaenenuio
mpejesa s JoO0ro CKOJIb YIOMHO Maaoro € > 0 cymecTByer Takoe d > 0, 4To /71 Beex
z € Us(xy) cnpasenmmso mepasenctso | f(z)| < %. Torma aas Beex © € Us(zg) mmeem
|f(x)-g(x)| = |f(x)||g(x)| < ﬁ - M = e. Tlo oupeyesienuto upejieia GyHKIMU UMeeM
lim f(z)-g(z) = 0. O

T—T0
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Teopema 7.7. Ecau lim f(u) A, lim g(z) = b, mo cywecmsyem npeden

{E—>.I'

CAOHCHOT PYHKUUY U hm flg(x)) =
T—Xo

Jlokasamenvemeo. Oynknus g(x) uMeer mpesesn B ToUke To: lim g(z) = b, a dyHKuus
T—TQ

f(u) umeer mpeen B TouKe b: lnri f(u) = A. Ilo onpefiesienuto mpeieia s Jo6oro CKoJb
u—

yrommo Masoro £ > 0 cymecrsyer taxoe w(e) > 0, ato mus Beex u € U, (b) BBIIIOTHEHO
yeaosue f(u) € U.(A) (%) u misa Haiizensoro Beiire w(e) cyrmectyer Takoe d(w(e)) > 0,
aro gist Beex x € Us(xg) Buimosreno yeaosue g(z) € U,b (+x). Torma mpuvenus bopmy.is:
(*) m (**), mosyumm uro mag mwoboro £ > 0 cymectByer Takoe d(¢)) > 0, 910 1IsT BCex
x € Us(zo) sumonneno yeaosue f(g(x)) € U.(A). Tlo onpegenenuio npeaesa byHKmm

nMeeM li_)m flg(z)) = A. 0
Teopema 7.8. Ecau cywecmsyrom koneunvie npedeavi lim f(z) = A > 0,
T—T0
lim g(x
lim g(z) = B, mo lim f(z)/® = (lim f(x))l-ﬂog( ) _ AB.

T—Xo T—To T—X0

§8. OagHOCTOPOHHME IIPEIEJIbI.

[Tycrh 3ajana ckajspHast PYHKIMs CKAJsIPHOIO apryMeHTa

fiXCR—=YCR,

Onpepenenne 8.1. Yucro A nasweaemces npedeaom dynuruuu f(zr) 6
mouke Ty caesa, ecau oaa aobozo € > 0 cywecmsyem §(e) > 0 markoe,

wmo daa mobozo x € Uy (xg) cnpasedauso f(x) € U.(A).

NubiMu ciioBamu, eciin xg — 0 < T < T, TO \f(x) — Al <e.

O6osnauaerca mpejies ciesa  lim . flz) =
T—To—

Onpepesienne 8.2. Yucao A naswsaemces npedeaom dynuruuu f(r) 6
mouke xy cnpasa, cciu daa 106020 € > 0 cywecmeyem 6(€) > 0 maxkoe,

wmo daa aobozo x € US (xg) enpasedauso f(x) € U-(A).

Nnbivu cooBamu, ecin £ < « < xg + 0, o |f(z) — A| < €.

Oboznauaercs npejes cipasa  lim  f(z) = A.
*>$0+0

CBsi3b MeXK/1y IpejiesioM (DYHKIMKE B TOYKE OJJHOCTOPOHHUMHU IIPEJie/IaMu

JaeT TeopeMa.

Teopema 8.1. Ecau cywecmesyem xonewnwd lim f(x) = A, mo oba odno-
T—X0

CMOPOHHUL Npedea hm f( yu lim f(x) makorce cywecmsyrom u onu
T—T x—x0+0
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pashor A.

Obpammo, ecau oba odnocmopornux npedeaa lim  f(x) u lim  f(x) cy-
z—x9—0 r—x0+0

wecmeyrom u 0ba pasHv, 00HOMY U MoMmy sce vucay A, mo npedea Gynryuu

6 amot mouke maxoice cyuecmsyem u lim f(x) = A.
T—X0

ITpumep 8.1. Boruuciiure 0jjHOCTOPOHHKE TIPEJIEJIbl PYHKITUU

2
r*—3x+1, ectm x < —2
f(x) = B TOUKe To = —2.
r+4, ecinmx > —2

Pemenme . lim f(z)= lim (2> -3z +1)=4+6+1=11.

z——2-0 z——2-0
lim f(zr)= lim (z+4)=-2+4=2.
r——2+0 z——2+0
s dyHKIUY, 3aJaHHOM B YCJIOBUHU 33Ja491, 00a OJHOCTOPOHHUX IIPeJiesia B TOUKe Ty = 2
CYIIECTBYIOT, HO OHM pasandnbl. CienoBaresbHo, yHKnus f(x) npejena B ToUKe o = 2

He uMeeT.

§9. IloBTOpHBIE IIpPEAEJIBI.

Iycts f: X C R® — Z C R, to ectb 2 = f(x,y) — GyHKIug IByX nepeMeHHLIX.
B §6 6bL10 mano omnpejesienue npejenia (pyHKIHE B TOYKE. DTOT Hpelesl MOXKHO BbI-

YUCJUTD, TPUMEHsIsT TeopeMy 77.

IIpumep 9.1. Bruiauciaure npemen thnQ Yy —3°
y—1
lim 22 - lim ¥
2 2

. Ty o T—2 y—1 . 2¢.1 . 4 .
Pewenue . lm o7 =3 = ofin g fmy—3 - 2-2-1-3 1~ +

—2 r—2 y—1

y—1

3

ITpumep 9.2. /lokazkuTe, 9YTO HE CYIIECTBYeT mpeaesa lim %.
z—0 T +y

y—0

Pemmenune . 3anannad B yeaosuu Apobdnh npejicrasiader coboil Heopele IeHHOCTh 0. 4
0
JIOKa3aTe/IbCTBa IIPUMEHUM Ollipejiesienue npejena pyuknuu 1o l'eiine. Ins sroro BbiOe-
PeM JIBe TOCJIeI0BATETLHOCTH TOUeK, cxosamuxcs K Touke (0,0) Takux, 9T0 COOTBETCTBY-
IOIIHe OCJIE[I0BATEIbHOCTH 3HAYCHHUIT (DYHKIMK CXOAATCS K PA3HBIM YHC/IAM.
1 .03
Mycts M, = (%,O) u M, — (0,0) mpu n — oo. Torma f(M,) = 1”—4 =0m
— +0
n
f(M,) — 0 mpu n — 0.
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1 1 1
_(11 _n o’ _nt_1
Iycrs K = (5,7 ) # K — (0,0) HpHn—)OO.TOF,ZLaf(Kn)——l—l——T—?
P

u f(K,) — % pu n — o0.
[To oupenesienuto leiine upegen dyuknuu B rouke (0,0) He cyuiecrByer.

MoOKHO IPUBECTH MHOTO IPIMEPOB, B KOTOPBIX (DYHKITHS JABYX MEPEMEHHBIX HE HMEET
npejesa B HEKOTOPOil Touke. JIerKOCTh MOCTPOCHHS TAKHX HIPUMEPOB OObBSCHIETCS TEM,
9TO Ha IUIOCKOCTH CYIIECTBYET MHOTO PA3/IMIHBIX My Teil TpHOINzKeHns K 3aIaHHOM TOKe.
PacemorpuM /1Ba TAKHX Iy TH.

[Tycrs 3amamst ase Touku Mo(zo;yo) u M(Z; 7).

N K(xo;9) M (Z;9)

bynem napurarbes ot touku M kK Touke My mo Jsomanoit MK My. Bwurameaum

lim f(z,9), ecniu o cymectByer (aBuzkenne maparenbno ocu OX). DToT mpees 3a-
T—T0

sucut ot y. O6oznadum ero p(y) = lim f(x,y). Beraucoum teneps lim p(y), ecaun on
T—T0 Yy—Yo

cymectByer (nBuzkenne napaJsieabHo ocu OY). Tpemen

lim (lim f(z,y)) (9.1)

Y—Yyo T—TQ

Ha3bIBaeTCAd NO8MOPHBIM npede./wM.

Ananormuno, asurasch no jgomanoit M LMy, Beraucanm ¢(z) = h_}m flz,y) n
Y=o

lim (). [Mosyanwm erme o MH MOBTOPHBII TpeIe
T—T0

lim (lim f(z,y)) (9.2)

T—x0 Y—Yo

CB43b MeEXKAY IpeaeioM (byHKHHH ABYX II€pEeMEHHBIX B TOYKE W IHOBTOPHBIMU IIDE€/e-

JlaMH JaeT TeopeMa.

Teopema 9.1. Ecau cywecmeyem ronewnwd lim  f(z,y) = A, u das kascdozo y
T — To
Y= Yo
cywecmeyem o(y) = lim f(x,y), mo cywecmsyem nosmopnud npedes lim @(y) =
T—T0 Y—Yo

lim (lim f(z,y)), maxorce pasrwii A.
Y—Yyo T—TQ

Ananozuuno, ecau cywecmesyem wonewnwd  lim  f(z,y) = A, u daa kasrcdozo x
Tr — X0
Yy — Yo
cywecmeyem P(x) = lim f(z,y), mo cywecmeyem nosmopuwi npedea lim (y) =
Y—Yo T—rIT0

lim (lim f(z,y)), makorce pasnwii A.
T—To Y—Yo
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SaMeTI/IM, YTO 13 CYINECTBOBaHUA IMOBTOPHBIX NIPpEaeJIOB beHKI_[I/II/I B TOYKE N JazKe UX

PaBEHCTBA HE CJIeJyeT CYIIeCTBOBaHUE JBOMHOIO 1pejea (PyHKIUU B TOIH TOUYKE.

ITpumep 9.3. Hokaxure, uro dyukuus f(z,y) = J:Qw——lg—/f umeer B rouke A(0;0) oba

HOBTOPHBIX IIpe/ieia, OHH PaBHBI MeXKTy co0O0i, HO ABOiHOf ipeaes1 (PYHIIUN B 9TOH TOUKe

He CYIIeCTBYeT.

Pemtenne . Boruncium HOBTOprIe npeesbl B 33JJaHHON TOYKe.

T T . 0- c 1 T

lim lim 2_y2 lim =0, limlim 2_y2 = lim —£- 0.

y—02—0 T~ 4y y—>00+y z—0y—0 x° 4y 2—0 22 + 0

. x
[MToxazkem, uro ABoitHOfl npejes lim 2_y2 (bynKmu B 910t TOUKE HE CYLIECTBYET.

x>0 T Y
y—0

Jl1st 9TOr0 paceMOTpUM JiBe MOCJIEI0BATEIBHOCTH TOUeK, cxomsmuxcsa K Touke A(0;0).

1

[Tycts M,, = (l, l). Torma lim ——— = lim Q
nen x>0 TFY e (l) +
y—0 n

_1
1\* 2
a)
1

w:w/\:m

[Iycts K, = (—%, %) Torma lim —Y = lim

=0 :E2—|—y2 nﬁoo n
y—0 +

ITo onpenenennto Teitne npenena byukmun f(z,y) = —ﬁ B Touke A(0;0) ne cy-
HIECTBYET. Y

§10. HemnpepbIBHOCTH (DYHKITUM.

[TousiTne HEeNMpepbIBHOCTH (PYHKIINU, KaK W TOHATHE Mpejiena (hpyHKIUT
SIBJISIETCST OJJHUM W3 OCHOBHBIX TIOHSITUI MaTeMaTu4deckoro aHaJjmuza. Hernpe-
pbiBHbIE (PYHKIUU 00J1aJIAI0T 1IEJIbIM PSIJIOM BaXKHbIX CBOHCTB, HOMOIAIOIIMX

IpU U3ydeHUun (PYHKIWHA, pellleHny pa3juiHbIX TUIIOB ypPaBHEHMIA.

Ompenenenne 10.1. Oyuxyus y = f(z) (f : R™ — RM) wasweaemes

HENPEPLIBHOT, 8 MOYKE T, ECAU OHA Onpedesena 6 OKPecmmocmy Imot

mouku (u 6 camoti mouke xg), cywecmeyem lim f(x) u on pasen snavenuio
T—X0

byrryuy 6 mouke.

To ectb xg € D(f) m
lim f(x) = f(zo). (10.1)

T—To

Uz ompenenenus: 10.1 ciemyer, 4TO Uil HEIPEPBLIBHON (DYHKIUU CHMBOJIBI
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npejesa U GyHKINE MOXKHO MEHSITh MECTaMM.

lim f(z) = f(lim x). (10.2)

T—T0 T—T0

Qynryus y = f(x) nenpepwsna 6 mouke To, ecau ona onpedeena 6 Mot
mouke u daa 060t oxpecmuocmu U (f(xg)) ¢ ywecmeyem oxpecmmocmy
Us(xg) makaa, wmo daa ecex mouex x € Us(xy) snavenua dynryuu f(x) €
Ue(f(x0)).

Qynryua y = f(x) nenpepwsna 6 mouke Ty, ecau ona onpedeena 6 Imot
mouke U dasa 06020 wucaa € > 0 cywecmeyem wucao 6(€) > 0 makoe, wmo
KAk MOALKO PACCMOANUE MENCIY MOUKAMU T U To CMAHOGUMCH MEHBULE O
|z —x0| < 0), mo paccmoanue meorcdy moukamu f(x) u f(xg) cmanosumes
menvwe € (|f(x) — f(zo)] < €).

O6o3HauuM vepes Ar = T — xry — npupawerHue apPeYMeHIna, a Hepes
Ay = f(z) — f(z0) — npupawenue dynxyuu.

Ompenenenne 10.2. Oyuxyua y = f(z) (f : R™ — RM) nasweaemes
HENPEPLIBHOUT 6 MOUKE Ty, €CAU OHA Onpedesena 6 Imot mouke u 6ecko-
HEUNO MAAOMY NPUPAUWEHUIO apeymenma AT coomeememeyem 6eckoneuno

manoe npupawernue Gynryuu Ay, mo ecmo AlimO Ay = 0.
T—

Onpenenenns 10.1 — 10.2 S5KBUBaJEHTHBI.

Hokaxxem skBuBajieHTHOCTH onpejenenuit 10.1 u 10.2 juis ckajasipHoit
dbyukiuu ckassipuoro aprymenta. Jeiicrsurensuo, lim f(x) = f(xg) rorya

T—Xo
1 TOJIbKO Toryia, Korga lim Ay = lim (f(x) — f(xo)) = lim f(x) — f(xg) =
T T—2g T—T0

= f(xo) = f(z0) = 0.

Ha ocHOBaHUU T€OPEMBI O CBSI3M OECKOHEUHO MAaJIbIX BEJIUYUH C ITPEJIe/IaMu

dyHKIM Jij19 HeNIPepbIBHON (DYHKIIMKM MOXKHO 3aIIMCATh
f(ao + Ax) = f(0) + alao, Az), (10.3)

re oz, Az) = f(xg + Azx) — f(xg) — 6eckoneuno masas mpu Az — 0.
OyHKIMsA, HEIpEepbIBHAs B KaXKJ0il TOUKe ODJIACTU, HA3bIBACTCA Henpe-
puieHOoU 8 Mot obaacmu.
st nid ckansgpHo#t (byHKIUK CKAJSIPHOTO apryMeHTa MOXKHO BBECTH IO-

HATHUA OJHOCTOPOHHEH HEIPEPbIBHOCTH.
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Onpepenenne 10.3. Qyuxyua y = f(x) nasweaemes nenpepwvieHol 6
mouke Ty CAeBA, eCAU 0Ha ONPedeseha 6 Ae60T NOAYOKPECMHOCTU IMOotl

mouku, cywecmeyem lim Of(x) U OH PaBeH 3HAMEHUI0 GYHKUUU 6 MOoYKeE.
T—To—

Onpepnenenne 10.4. Qyuxyua y = f(x) nasweaemes Henpepwvienol 6
mouke Iy Cnpasa, eciu ona onpedesena 6 npacoti noayoxpecmmocmu 3mot

mouku, cywecmaeyem lim Of(x) U OH paser 3HaveHUro ¢y7‘67€uuu 6 Mmovke.
T—To+

Teopema 10.1. Ecau dynxuyus y = f(x) nenpepvisna 6 moure xo cnpasa

u caesa u odnocmoponnue npedeav, pasno,  lim  f(x) = lm  f(x), mo
rx—x0—0 r—xo+0

byrryuA nenpepoiena 6 Imoti MouKe.

Teopema 10.2. Cymma, paznocmy, npoussedenue u 4acmmoe (eciu 3name-

HAMEND OMAUNEH O HYAA) HENPEPLEHOLT PYHKUUT ACAACTCA HENPEPLIEHOT
byrryued.
Teopema 10.3. Ecau dynryus y = p(x) nenpepvisha 6 mouke xo, a Pymk-
yua z = Y(y) menpepwena 6 mouwke yy = w(Tg), MO CAOHCHAA PYHKYUA
z=(Yop)(r)) =1Y(p(r)) Henpepuena 6 mouke (.

Oyukiust y = () HempepblBHA B TOYKe X, 3Hadnt, lim ¢(z) = ¢(zo). Pyuxuus

T—T0
z = 1(y) HenpepLIBHA B TOUKE Yo, 3Ha4uT, lim ¢ (y) = ¥ (yo). Umeem lim ¢(p(z)) =
Y—Yo T—T0

= w(lgn (p(x)) = ¥(p( li_>m z)) = Y(p(xg)). CrnemoBarenbrno, caoxuas QYHKIHI

z = 1(p(x)) HEIPEPBIBHA B TOYKE X(.

Teopema 10.4. Bce saemenmapnoie Gynkuut, HENPEPuLEHbE 6 0044CMU CEO-

€20 onpeOe,/LeHu.ﬂ.

§11. 3ameuaTesibHBIE IIPEIEJIIbI.

1 3amMedaTesIbHBIN MTpeael.
B okpyxuOCTH paguyca R ¢ IeHTPOM B HavaJje KOOPJUHAT MPOBEIEM JIy T
OB non yriom « (0 < a < 7/2) x ocu OX. On nepecekaer OKpyKHOCTb B

Touke B u jimnuio ranrencos B rouke C.

Ouesnnno, ato AOAB C cektrop OAB C AOAC. Torna

Saoap < Scexkropa 04B < Sa0AC;
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%RQSinoz < %RQQ < %thga = sina < a < tga.

e
N

Tak kak sin « # 0, TO pa3/ie/uB HEPABEHCTBO Ha Sin (v, TOJYIUM

Q 1
1< sin o < cos o
[To Teopeme o 3axkaToit PyHKIMU C yueTOM HElPePbIBHOCTU (DYHKIUU COS (¢
nosyanM, 4To  lim —&— =1
00 Sl @
Tak kak Jpobb —%— — 4gerTHas1, TO IPH Q¢ Takke BepHo lim —%— =
AP sin « ’ P <0 b a——_0 SIn &
Boisesu (popMmyity Jijist IepBOro 3aMedaTebHOrO Mpejiesa,
. sina
lim = 1. (11.1)
a—0
2 3aMeyvaTeJIbHBIN IpeaedI.
Ucrnonb3yst TeopeMy 0 3axKaroil pyHKIIMU, MOXKHO 110Ka3aTh, 4TO
1 w
lim (1 + —) =e. (11.2)
T—00 T
Eciu obosHauuTh o = %, Tonpur — 00 o — 0 nm
: 1
lim(1+ )@ =e. (11.3)
a—0

I3 BTOpOro 3amedaresbHOIO TIpeJiesia MOXKHO BBIBECTH CJEIYIONINAE CJIe]I-

CTBUA.

In(1
lim 2Ly (11.4)
a—0 o
log, (1 1
lim 28l ta) 1 (11.5)
a—0 o In «
o“_q
lim = = 1. (11.6)
a—0 o
ooat—1
lim = Ina. (11.7)
a—0 (8%
1+a)—1
lim (1+2) =l (11.8)
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Hoxkaxem dhopmyiy (11.5).
log, (1 + «) 1 1 1
a

= lim log,(1 4+ )@ =log, lim (1 4+ )& =log, e = ——.
a—0 a—0

lim ha

a—0
Hoxkaxem dhopmyiy (11.7).
O6o3znadum a® — 1 = y. Torga a = log, (1 + y) u upu o — 0 umeem y — 0.

a1 y 1
gg(l) a ilg(l)loga(ljty) log, e

Hoxkaxem dhopmymy (11.8).
O6ozuatnm (14+a)t—1 = y. Torna (1+a)" = 1+y u pln(l+a) = In(1+y).

= Ina.

. (14+a)—1 .y pln(l+a) . In(l+a) . y
lim ( = lim - %—F——~ = ulim lim = L.
a0 Q a0 @ (l+y)  Halo— @ il +y)  H
. tgTx
IIpumep 11.1. Boraucanre 91:13(1) TR
. tgTr . sin7x sin 7z - Tx
Pemenne . }}L% sinx iﬂ% sinxcos7x glﬁlg(l) sinx-7x-cosix
— lipsinrr  _x T _ T _ o
T 250 (x  sinx costx 1 U
. . 7x2—|— 11
IIpumep 11.2. Boraucanre xlgzll (Qx - 5) :
Pemieane . I[IpeacraBuM ocHOBaHWE CTeNEHW B BHUJIE % = 1 4+ «. Torna
o= ggig —1= ;’ﬁig BameTum, 4To ecaun ¥ — —1, To o — 0.
[Tpeobpazyem 3ajaHHOE B 3a/1a49€ BbIParKeHHUE:
_— Tr 411 et 3 Trx +11
: T 21 _ 1 r+ 2_ 1
Jim, (35£5) =L = Jim, (1+335) =~ 1

JIoMHOXKHUM W pa3aenM MOKa3aTe/b CTeeHn Ha %

Tx+11 3x+3 2x+5
lim <1 3$—|—3> 2 —1 2x+53v+3 _

z——1 2x + b
AL (@@ -D@Ee+5)  tm oo
— lim <1+3£E—|-3> T+ e (x* —1)(2z +5)
z——1 QZ‘ + 5 '

Borancianm npeaes mokKa3saTesid CTeIIeHn

(Tx +11)(3x 4+ 3) I 37z +11)(x + 1) 3(7Tx + 11)

3}5{11 -2z +5) o) (x+1)(z—1)(2x +5) - :CEH_H (z —1)(2z +5) =2
. < 7x2+ 11
. T+ -1 —¢2
Nrax, xli>II—11 (m) x =e %

r—2

: e " —e
ITpumep 11.3. Boiuuciure :lcliré Wbz —14)

Pemmenne . Bejem HOBYIO IlepeMeHHyI0  — 3 = y, npudeMm ecau r — 3, 1o y — 0. Toraa
. €$_2 —e 7 ey+1 L RT G(ey — 1) . 5y IRT €<€y — 1) . 5y e
e =10 MMMyt D) a BBy r1) by % By WByLr1) 5
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3amaame 11.1. Borunciure npejiebl

a) lim gz : 6) lim 1_%

1 . aJrC x
arcsin r I‘) lim tg .
z—0 X

B) lim
’ ) L ’ z—0 z

z—0 X z—0
()TMGTI/IM7 qTO IpeJesibl B 3aJaHUU ABJAIOTCA CIEJCTBUAMMN II€PBOTO 3a-

Me€4daTeJIbHOI'O IIpeleJia.

§12. Touku paszpwiBa pyHKIIHUN.

Touka (¢ HasbiBaeTCst MOwKOU padpuea Gyukiuu y = f(x), eciu HyHK-
V4 He ABJIAETCA HEIIPEPLIBHON B 3TOW TOUYKE.

Paccmorpum xapakTepu3annio TOUYEeK pa3pbiBa JJIsT CKAJSIPHON (DyHKITUHI
CKAJISTPHOT'O apryMEeHTa.

Iycts f: X CR =Y CR.

Paznnuaror ciienyiomnme THitbl TOYEK Pa3phiBa.

Touka x( HasbiBaercs Moukot pazpwviea 1-20 poda byukiuu f(x), eciau
CYIIECTBYIOT 008 OJHOCTOPOHHUX IIPEieia, HO OHM HE PaBHBI MEXKy CODOii.
To ects 3 lim f(z) = a1, 3 lim f(z) = a9, HO a1 # ap. Beawuanna

r—x9—0 T—xo+0
|a; — as| HazwbIBaeTCS CcKAMKOM.

Touka x( Ha3bIBaeTCst MOYKOU paspuea 2-20 poda dyukiuu f(x), ec-
77 XOTst OBl OJIUH U3 OJHOCTOPOHHUX npenesoB lim  f(x) mmm  lim  f(x)

rz—x0—0 r—xo+0
paBeH 0O WJIM He CyIIeCTBYeT.

Touka x( HA3BIBACTCST MOUKOT Yemparumoz0 paspuea Gbyuknun f(z),
eCJT CYIIECTBYIOT 00a OJHOCTOPOHHHUX IIpejesia, OHM PaBHBI, HO (DYHKIUSI

f(x) ne onpenenena B Touke xo. T.e. 3 lim f(z) =a1,3 lim f(x) = ay,
rz—x9—0 r—x0+0
a1 = ap, no A f(xo).

ITpumep 12.1. Ucciieyiire HenpepbiBHOCTH (DYHKIUN
2
r*—4dr+3, eciu T < 2
flz) =

T — 2, ecoin T =2

Pemienne . Bo Bcex Toukax, kpome x = 2 byHuknua f(x) aBisercs 371eMeHTApHOI,
II05TOMY OHa HempepbiBHa. Vccaemyem Touky x = 2. g sroro Haiinem mpeaensl dpyHK-
mun f(x) B TOUKe T = 2 cJieBa U crpaBa.

lim f(z)= lim (22 —42+3)=—-1, lim f(z)= lim (z—2)=0.
m—>2—0f( ) x—>2—0( +3) ’ m—>2+0f( ) x—>2+0( )
B Ttouke x = 2 dyuknus f(z) uMeer paspeiB MepBOrO POJA.
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ITpumep 12.2. [Ipu Kakux 3HAUECHUSAX IMapaMeTpa a (PYHKITUS

22 —x—4, ecm <3

flx) = HEPEPHIBHA.
T+ a, ecsiim x> 3
Pemenune . Oyuknus f(z) onpeneseHa Ha Beeil YUCIOBOI TpAMOil v npu = # 3 DyHKIHs
SIBJIAETCS dJeMEeHTapHOil, IM09TOMYy OHa HempepbiBHA. Haiiem 0JHOCTOPOHHHE IIPejiesibl
dyuxmun npu r — 3.
lim f(z)= lim (22 —2—4) =2, lim f(x)= lim (x4 a) = 3 + a. Ecn bynxuug
1%370](‘( ) zﬁ370( ) ’ x»3+of( ) x%3+0( +a) + bymn

HEIPePBIBHA, TO IPeJe/Ibl CIIpaBa U CJIEBa PaBHbI, TO €CThb 3 + a = 2. 3HAYUT, a = —1.

_2Vr
P EEEE)

Permenune . Bo Bcex toukax, kpome z = 0 dbyHkiws f(z) ABIAETCS I€MEHTapHO, 110-

ITpumep 12.3. Ucciaenyiite nenpepbiBHOCTD byHKIHIO f(X)

sTomy oHa HenpepbiBHa. Mccaeayem Touky x = 0. g aroro naiigem upejaeabl QyHKIUT

f(z) B Touke x = 0 caeBa u cupasa.

g 21 _27°-1_0
_xll>H—1021/‘f+3 27> 430
2 (1 -2V S 1-2-=

Jim f(x) = [55] 1153021/90(1+3-2‘1/9”) T3 T T30
__1-0_ _4
1+3-0 )

B rouke x = 0 dyukuus f(z) uMeer paspbiB LEPBOIO POJA.

IIpumep 12.4. VccneayiiTe HenpepbIBHOCTL (DYHKITUIO

2
i
————, ecmu <0
flz) = z? + 3z +2 h
In(1 + 4z) '
————, ecm >0
x° + 6x
Pemenue . Bo Bcex Toukax, kpome x = —2,x = —1,x = 0 dyuknus f(x) sBasercs
9JIEMEHTAPHOM, TI03TOMY OHA HelpepbhIBHA.
Uccaepyem rouky © = —2. g vroro naiigem npegen gyukiuu f(x) B Touke x = —2:
2
: o 224 . (x—=2)(x+2) .. r—2 _ —4 _
xigliof(x) N xiggio 4+ 3x+2 xahfnzlio (x+2)(x+1) zl£%lio rF1 - -1~ 4B
Touke v = —2 dyuknusg f(xr) uMeeT yCTpAHUMBI Pa3pbIB.
Uccnenyem touky x = —1. Jlas sroro naiigem npenen dyukmnun f(x) B Touke x = —1:
2
. T =4 rT—2 _ =3 _ _ _
i @) = i e e L, a1 T e Brome s = —Ldymama

f(z) umeer paspeiB BTOPOTo poja.
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Uccnenyem touky x = 0. st sToro Haiimem npemenst dbyuknun f(z) B Touke x = 0 cieBa

U CIpaBa.
lim f(z)= lim ﬁﬁ —4 _-4_ 9
z——0 z——0 2 —(|— 3x —|—)2 2 E )
. . In(1+4z) . 4In(1+4z) _ 2 .
mli>r—ri-10f($) - z—+0 :L‘Q + 6x - xlig-l() 41‘(1’+6) - $—>+0x+6 3 B roure z =0

dbyuxius f(x) nmeer pa3pbiB EPBOroO PoJA.

§13. CsoiicTBa (hyHKIIII, HEIPEPLIBHBIX HA OTPE3KE.

B »stom mnaparpadge OyiaeM paccMaTpuBaTb CKaJSIpHYIO (DYHKIIHO

y = f(x), onpejie/ieHHY 0 U HENPEPBIBHYIO Ha OTpe3Ke [a; b].

Teopema 13.1. (IlepBas Teopema Bosbnano’-Kommm.) ITycmuv diyms-
yus y = f(x) onpedeaena u nenpepusna na ompeske [a; b] u npunumaem
Ha KOHUAT 0MPe3ka 3navenud pasnoir 3naxos. Tozda cywecmeyem xomsa Ol
odna mouxa ¢ € (a; b), snauenue Gynkyuu 6 KOMOPoOl pasHo YA, MO eCMb
fle) = 0.

['eomerpuuecknii cmbicyi Teopembl bosibiiano-Komm cocrour B TOM, 9TO
ecim ynkiws y = f(r) Ha KoHIAx orpeska [a; b] mpuHEMAeT 3HAYCHUS
Pa3HBIX 3HAKOB, TO CYHIECTBYET XOTd ObI OJHA TOYKA, B KOTOPOi rpaduk
dbyukiuu y = f(r) nepecekaer och abeiuce.

yl

af/ :b T

Teopema 13.2. (Bropas Teopema Bosabiiano-Kormru.) [Tycmo gynryusa

y = f(x) onpedeaena u nenpepvisna na ompeske [a; b] u npunumaem na
Konuaxr ompesra pasnoie 3navenus A u B. Tozda das arwbozo wucia C', pac-

noaoscennoz20 mencdy wucramu A u B cywecmeyem xoma 6v odna mouka

5Bepraps Bosbiano (Bolzano) (1781-1842) — wemckuit maremaTuk, dhunocod, Teosor. Paboras Ha| JTOTHYECKUME OC-
HOBAMH MaTe€MaTHIECKOrO aHAJN3a, BOJIbIIAHO EPBHIM BBIABHHYJI UIEI0 aPU(PMETHICCKON TEOPUH [eHCTBHTEILHOIO YHUCIIA.
OH 7aJ1 epBBIHf TPUMED HEMPEPBIBHOM (DYHKIUN, HE UMEIOMEeH MPOU3BOIHOMN, TOKA3aJI TEOPEMY O HENPEPBIBHOCTH (DYHK-
nui, JOKA3aJ BO3MOXKHOCTD CKOJIb YTOZHO TOYHOTO HPUOIMKEHHs] MHOTOWIEHAME IPOU3BOJILHON (DYHKIUK, HEIIPEePHIBHOM
Ha OTpe3Ke. B ero cCOYMHEHUAX MOXKHO HANTH PAX PYHIAMEHTAJIbHBIX MOHITHE U TEOPEM aHAJIN3a, OOBIYHO CBI3LIBAEMBIX C
6oJiee O3JHUMH UCCJIEJOBAHUSAMHA APYTUX MATEMATHKOB (HOHATHE 0 "IIOTHOCTH MHOXKECTBA TOYEK UpaMoii, 06 "orpeske"
u "mpoMexxyTke," O CXOZHMOCTH DPAIOB, TEOPEMY O CYIIECTBOBAHHH IPEAEJbHOM TOUKH y OECKOHEYHOIO OrPAHHIEHHOTO

MHOXKECTBa U ;prrme). BOJIbHaHO ABUJICA NPEeAIIEeCTBEHHUKOM KaHTopa B HCCJIeJOBAaHUHU 6ECKOHEYHBIX MHOXKECTB.
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c € (a; b), sanauenue gynryuu 6 xomopot pasro C, mo ecmo ecau f(a) = A,
f(b)=B uA< B, moVC € (A; B) dc € (a; b) maxas, wmo f(c) = C.

Jlokasamenvemso. Tlycts A < Bu C € (A; B). Pacemorpum dyukimuo o(z) = f(z) —C.
Dynknust p(z) HenpepoiBHa Ha orpeske [a; b]. Tak kak p(a) = A—C <0, p(b) = B—C >
0, To byEKIHS @(x) IPHHEMAET HA KOHIAX OTPe3Ka 3HAYCHHsI PA3HLIX 3HAKOB. [1o Teopeme

?? cymecrByer Touka ¢ € (a; b), 3Hauenue (bYHKIMU B KOTOPOH DABHO HYJIO, TO €CTh
o(c) =0. Torma f(c) = p(c) + C =C. O

Teopembl Bosbiiano-Koiiin umeror e 1oJibKO TeopeTrieckoe, HO U IPaKTu-
yeckoe 3HadeHre. OCHOBHBIE aJTOPUTMbI BBIUNCIECHUS TPUOIMKEHHBIX 3HA-

yeHnit PyHKIUiE 000CHOBBIBAIOTCSI ¢ TTOMOIIBIO TeopeMm BoJibriano-Korrm.

Teopema 13.3. (ITepsas Teopema Beiiepmrpacca’.) Beaxas nenpepuis-
nas na ompeske [a; b] Pynkyus y = f(x) oepanuvena na smom ompesre, mo

ecmo cyuecmeyrom wucaa m u M maxue, wmo m < f(x) < M Vz € [a;b].

IIpu jokazarejbCTBE TEOpPeMbl IIOKA3bIBAETCs, UTO M = ir[lf ] f(x),
x€la; b
M = sup f(x).
x€[a; b]

Teopema 13.4. (Bropas teopema Beitepmirpacca.) Beakas nenpepois-
naa na ompeske |a; b pynkyua y = f(xr) npunumaem wa smom ompeske

c60€e HaUuMenbvwee U HauboAbULEE 3HAYEHUA.

Caenacrue 13.5. Fcau ¢pynruua y = f(x) nenpepwena na ompesxe [a; b,

Mo ee 3HANEHUA 3ANOANAIOM HeKOMopuit ompesor [m; M].

§14. DBeckoneyHo MaJble n 6eCKOHEYHO OoJbIe (PYHKITUN.

[Iycts a(x) — cranspras yHKIW CKaJsgpHOTO aprymenta. B §6 ObL10
JIAHO Olpejiesienne GeCKOHETHO MaJioil B Touke xo (GyHKIMK (onpejesieHue

6.8). Hamomuuwm ero.

6Kapn Teomop Bunsrensm Beitepmrpace ( Karl Weierstrass) (1815-1897) — memenxuit MaTematuk. Mccmenosamus Beit-
epIITPACCA MOCBAIEHBI MATEMATHIECKOMY aHAAU3Y, Teopur (DYHKIUH, BAPUANMOHHOMY HUCYHUCIEHUI0, nuddepeHnunatbHoi
reoMeTpuu U JuHeHOH anrebpe. Beiiepmrpacc pa3dpaboran CcUCTEMY JIOTHYeCKOI0 OOOCHOBAHMS MAaTeMAaTHUECKOTO AHAJIU-
3a, JAJ CTPOroe JIOKA3ATETHCTBO OC-HOBHBIX CBOUCTB (DYHKIIMA, HEMPEPLIBHBIX HA OTPE3Ke, W BBEJ MOHSATHE PABHOMEPHOM
CxOAUMOCTH (DYHKITMOHAIBHOTO Psfa. Bosbmoi Bkiaag Beilepuirpacc BHeC B pa3BuTHe TEOPHUH AHAJUTHIECKHX (DYHKIHIH,
Teopuu ajrebpandeckux GyHKIUE 1 abesieBbIX HHTErpasoB. B nuHeiiHo# anrebpe Beiiepmrpaccy IpUHAIIEKHUT IIOCTPOE-
HU€ TEOPHH 3JeMeHTapHBIX AesuTeseii. [[pusenenusie Beitepinrpaccom onpeneseHust mpesena, HeMIPePbIBHOCTH, CXOTUMOCTH

PAa 1 PABHOMEDHOH CXOAMMOCTH (PYHKIMH BOCHPOU3BOAATCH 6€3 BCAKMX U3MEHEHUH B COBPEMEHHBIX yIeOHHKAX.
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Oyuxrmst «(r) HA3LIBAETCH OHECKOHEYHO MaAol B TOUKE T, €CIH
lim a(z) = 0.
T—T0

CdopmysiupyeM OCHOBHBIE TEOPEMbI O CBOMCTBaX GECKOHEYHO MAJIbIX B

TOUKE T PYHKITHIA.

Teopema 14.1. Cymma deyx beckornewno Marvle 6 mowke Ty GyHKUU ecmo

OECKOHEUHO MAAGA 6 MOoYKe T GYHKUUA.

Teopema 14.2. IIpoussedenue beckoneuno marot 6 mouke To GYHKUUY Ha
02PAHUMEHHYIO 6 OKPECTNHOCTIU IMOT, MOUKY GYHKUUIO €Cb OECKOHEUHO Ma-

AAA 8 MOUKE T PYHKUUA.

Canencreue 14.3. Ilpoussedenue deyxr bOeckoneuno Maavir 6 mowuke X

bynryut ecmv beckoneuno Maras 6 mouke Ty GYHKUUA.

Teopema 14.4. Yacmmuoe om deaenus beckoneuno manroti 6 mouke xro Pymk-
UUU 1A PYHKLUI0, UMENUYIO 6 TROYKE To NPEdes, OMAUYHOIT 0T HYAL, €CTND

OECKOHEUHO MAAGA 6 MOYKe To GYHKUUA.

Teopembr 77 — 77 joKa3arb CAMOCTOSITEIBHO.
B Teopeme 77 He paccMarpuBaeTCs Ipejiesl OTHOIICHHS JIBYX OECKOHETHO

MaJIbIX (PYHKIUIA.

=

[Tycrs a(x) u () e GeCKOHEUHO MaJible B TOUKe T (DYHKIMH.
z)

Ecin  lim % = C (C #0,C # o0), 70 a(x) n f(r) HazsBaorcs
T—T0
OecKOHEUHO MAABIMU 00HO20 TOPAOKA MAAOCTIIU B TOYUKE ).
. afx) .
Ecim lim == = 0, o a(z) umeer B TOUKe Ty Hoabwuti nopadox
T—To (x)
maaocmu, dem [(x).
. a(r) .
Eciu lim 535 = 00, 10 a(x) umeer B TOUKE T( MEHLWUY NOPAIOK
T (Q?
maaocmu, dem [(x).
Ecim o(z) n pB(x) mse OGeckonedHo MaJsible B TOUKE T( (DYHKIMH U
. afr)
lim —< = 1, o a(x) u B(x) Ha3BIBAIOTCH IKEUBAAEHIIHLIMYU OECKO-
T—T0 (l’)

HEUYHO MAABILMU B TOUKE T(.
Tak B Touke £ = 0 UMEIOT MECTO CJIEJIyIOlINe SKBUBAJCHTHOCTH: SIN T ~ T,
2

In(l+z) ~a, e —1~a, 1 —cosz~ G
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Cdhopmysinpyem 0OCHOBHbBIE CBOHCTBA IKBUBAJEHTHBIX B TOUKE X( (YHKIHUIA.
1) Eciin a(x) ~ B(x), 10 B(x) ~ afx);

2) Ben alx) ~ B(z), B(x) ~ ()10 a(z) ~ 1(z).

3) Eciin a(x) ~ f(x), o a(z) — f(x) Geckoreano Masas 6ojiee BbICOKOTO

HOPsiJIKA MaJIOCTH, YeM KaxKjias u3 (PyHKIIUL;

4) Ecoin a(x) ~ oq(x), B(z) ~ Bi(z) n J}EE}O % =C, o 171519’310 &igzg -
— lim Q@)
= ;}LI?O (x) =C.

ToBopsit, 1T0 GeckoHEUHO MaJiasi B TOUKe xo GyHKIWs «r) umeer no-

padox maaocmu k orHocuTebHO OeckoHeUHO Masioii dyukiuu B(z), eciu

im _a(z) _ 50
B By - COF0CF)

Beckoneuno manas C(S(x))*

HA3BIBAIOTCS 2AA68HOT 4ACMBI0 OECKOHETHO
Masioi a(x).

B mpakTuueckux 3agadax daie Bcero bepyr f(x) = x — .

ITpumep 14.1. Haiijiure riaBHyto 9actTh OECKOHEYHO MaJIOi B TOUKE Ty = 2
bynximn a(z) = (=2 — 1) . In(52 — 9) - (vV2r +5—3) .

: a(x)
Pemenne . PaccmorpuM oTHomenue lim -
T—2 (:L‘ - 2)

lim alx) lim (@2 _ 1) In(5z — 9) - (V22 +5—3)
z—2 (3} — )k ey (:L‘ — Z)k o
i €Y 1 In(14+5(z—2) (V22 +5-3)(V2r+5+3) 5z - 2)%
Cas2 T2 5(x —2) (V22 +5 + 3)(z — 2) (zr—2)F ~
1.1 lim (2z —4) Sl —27 2 Bz —2)°
T2 (\/2x;r5+3)(:c—2) (z—2F 252224543 (z—2)F

. r— 2

:}g%lbg Ex—Q;k :gnpnk‘:?).

Takum 06pa3oM, rinaBHag 4acTh [5(x) = %(w —2)3.

Oyukiust f(x) HasbiBaercsi 6eckoOHewHO 60AbWOT B TOUYKE T(, €CJIH

lim f(x) = oo.
T—T0
CrpaBe/yiuBa CJIe/IyIONIasi TeOPEMa, BLIPAXKATOIAsl CBA3b MEXKJy OecKo-

HEYHO MaJIbIMU U OECKOHEYHO OOJILIITMMU (PYHKIUSIMU.

Teopema 14.5. Ecau dynruus f(x) # 0 asasemca beckoneuno manrot 6

mouke xg, mo gynryua g(x) = ﬁ ABAAECMNCA DECKOHEUHO 6ONLULOT 6 IMOT
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mouke. Ecau dynryua f(x) asasemea beckoneuno 60avwots 6 mowke xq, mo

dynrxyua g(x) = % ABNACMNCA DECKOHEUYHO MAAOT 8 IMOTE MOUKeE.

BameTum, 4T0 HECKOHEYHO DOJIbINas B TOUKe & — X (pu & — 00) PyHK-
1Msl HeorpaHudeHa. B To ke BpeMs HeorpanuuenHast GpyHKIMs MOXKET U He
ObITH OeckorewHO Oosbinoit. Hanpuwmep, dyukius f(x) = xsinx npu z — 0o
ABJIACTCS HEOrPAHMYCHHOM, HO He dABJIAeTCs OeCKOHeUHO GOJIBbINOI, TaK Kak
ee 3HauYCHUd MOI'YT ObITh CKOJIb YI'OJHO OOJIbIIMMM, HO B TO K€ BpEMs OHa
IPUHAMAET pABHBIE HYJIO 3HAYCHUS IIPU CKOJIb YTOIHO OOJILIINX 3HATCHHUIX
aApryMeHTa, .

CroiicTBa 6ECKOHETHO DOJIBIINX B TOYKE To (DYyHKIHUIA.

Teopema 14.6. Cymma beckoreurno 60avuL0T 8 MOUKE Ty U 02PAHUNEHHOT

dynryut ecmv beckoneuno 60ALWAA 6 MOYUKE Ty OYHKUUA.

Teopema 14.7. IIpoussedenue beckoneuno boavwot 6 mouke o GyHKUUU
Ha PYHKUUIW, UMENULYIO 6 IMOT, MOUKe KOHEUHDIT, OMAUNHYIT 0 HYAA NPe-

den, ecmob O6eckoneuHo bOALWaAA 6 ToYKe Ty PYHKUUA.

Teopema 14.8. Yacmmnoe om desenus beckoneuwrno 0oAbwWOT 6 Mouke X
GyrruuY Ha GYHKUUIO, UMENOULYIO 6 TMOYKE To Npedes, OmAusHuT 0T HYAA,

ecmnv 0eckonewno boALUWLAA 6 MoYKe T PYHKUUA.

[lycts f(z) u g(x) aBe Geckonedno Gosbinue B TOUKe xo DYHKITUH.

Ecmm  lim % = C (C #0, C # 00), 10 f(x) u g(x) HA3BIBAIOTCH
T—T
6ec1<;0He%H,00 boavuwumMu 00H020 NOPAIKA POCMA B TOUKE T).

[(2)

Ecin  lim @) = 0, ro f(x) mMeer B TOUKe T( MeHbWUL NOPAIOK

x—x9 g
pocma, 1em g(x).
Eciu lim Hz) 0o, 10 f(x) umeer B Touke x( GoAvWUL NOPAIOK
T—T0 g(.%')

pocma, qem g(x).

L~

Eciu f(x) u g(r) jase Geckoneuno OoJibliine B TOUYKE T (DYHKIMU U

[(2)

lim = 1, ro f(z) u g(x) Ha3BIBAIOTCA IKEUBANEHMHBIMUYU OECKO-
T2 g(:z:)
HEUYHO DOABWUMU B TOUKE .

ToBopsiT, uTo GeckoHewHO OosbIasi B ToUKe x¢ Gyuknus f(x) umeer no-

padox pocma k oTHOCHTELHO GECKOHETHO OOJBINON GyHKIMU ¢(T), eciu
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lim L&) _ (040, C+o0)
w0 (g())"
Beckomeuno 6ompmrag C - (g(z))* naspisaiorcs 2aasmoti wacmwio 6ecko-

HevaHO Gosibinoit dyukiwmu f(x).

Han6osee uacro 6epyr g(z) = .
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I'masa 111

JIndpdepennnaabHoe ncuHucieHue.

§1. IloHaTMe MPOU3BOIHOIA.

O1HO# 3 OCHOBHBIX 3a/1a7 MaTEMaTHIECKOTO AHAJIN3, SIBJISETCST NCCIIEI0-
Barue PyHKIWH. 1 MOIMHBIM HHCTPYMEHTOB TaAKOI'O NCCICI0OBAHUS STBIISIIOTCS
nuddepeniaibHoe 1 HHTerpajbHoe ucauciaenus. B ocnose auddepenim-
AJIbHOTO MCYUCIICHWS JIEXKAT MOHATHUST MPOU3BOAHON 1 aud dpepennmaa.

1. Bajjaua 0 MIHOBEHHOI CKOPOCTH TOUYKH (PACCMATPUBAJIACH B IITKOJIBHOM
Kypce MaTeMaTuKH).

2. 3ajiava 0 KacaTeabHOH K KPUBOIi.

n

Yo + Ay

Yyol|....

[Tycrb Ha wiockocTu 3ajiana Henpepbiias Kpusas y = f(x). HyxHo Haii-
TH ypaBHEHNEe KacaTeJbHOI K KpuBOil B Touke M (xo; yo). BoszbmeM Ha KpuBOi
eme onny Touky M (x;y). Torma © = xo + Az, y = yo + Ay. [Iposemem ce-
kytyto MoM.

Kacameavnot ¥ kpuBoit y = f(x) Ha3bIBaeTCS TPEENbHOE MOJOKEHUE
cexymeit MyM , korga rouka M npubsamxkaercs K Touke My, To ectb Az — 0.

Ypasuenwue npsamoit MoM wumeer Bunt y — yo = k(x — xg), oie k — yriosoii

kKoadpumument npsmoit. Uz AMyM K nonydaem k = tga = ]\]\440[[(( = ﬁi

Torma yryioBoit KoadpuimeHT KacaTeabHOi
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o A flae + Ax) — f(xo)
k= Alirgom a Algilo Az '

3. 3aga1a o npomsBoguTenbHOCTH Tpy/aa. [lyers dynknusa u(t) Bopaka-
er KOJMYECTBO MPOU3BEJIEHHON TPOJyKInK 3a Bpems t. Heobxopnmo HaiiTu
IPOU3BOJIUTEJILHOCTH TPY/Ia B MOMEHT BPEMEHU ty. 3a MPOMEXKYTOK BpeMe-
uu [to; t] = [to; to + At] KoIMIECTBO MPOU3BEIECHHON MTPOIYKITUN H3MEHUTCS
¢ u(ty) mo u(ty + At) u cocrasur Au = u(ty + At) — u(ty). Torma cpej-

Au

Hsisl IIPOUBBO/UTEIILHOCTD TPY/IA 38 9TOH MPOMEXKYTOK BPEMEHU Zg, = At

U IPOU3BOJIUTEJILHOCTL B MOMEHT oy paBHa z(ty) = Al}tr—{l() %
[Tosyunin, 910 BO BCex 3aa1aX HEOOXOMMMO BLIYUCIUTD OJIHOTUIIHLIE ITPe-
JIeJIbl. DTOT MpeJiesl UTPaeT B MaTeMaTHIeCKOM aHAJIN3e BayKHYIO POJIib.
ITycts f: X CR — Y C R — ckaastprasi pyHKINs CKaJIsiPHOTO apryMeH-
ta u x € X. Jlaxum aprymenty npupamenue Ax # 0, npudem x + Az € X.

Oynkius nosxyant npupamnienne Af = f(x + Az) — f(x).

Onpenenenne 1.1. Ilpouszsodnotli ¢pynxuyuu y = f(x) 6 mouke x na-
3v6aemcea npedes OMHOWEHUA NPUPGULEHUA GYHKUUU K NPUPAULEHUN ap2ly-
MEHMA, K0200 NPUPAUEHUE AP2YMEHMA CINPEMUMCA K HYA.

o) i Ay S A2) — f@)
Fo= i = -y

Tepmun npousBojnast 6bu1 BBejgeH Jlarpanxkem B konie XVIII Beka.

[Ipomnece HAXOXKAEHNS TTPOU3BOIHON (DYHKIIMU HA3LIBAIOT dugdeperuyu-
posaruem (PyHKINH,

CymecrByeT HECKOJIBKO 0DO3HAUEHM JIJIsT TPOU3BOIHO:

A
% — oboznauenue Jleitbuuna’;

x) — obosuauenue Jlarpamxa

1Kozed Jlyu Jlarpanx (Joseph Lowis Lagrange) (1736-1813) — dbpaHIy3cKkuit MaTeMaTHK, aCTPOHOM U MeXaHUK. BHec
0OMBLUION BKJIAJ B PAa3BUTHE AHAJIN3A, TEOPHH YHUCEJI, Teopuio AudPepeHIuaIbHbIX YPABHEHUN, TEOPUI0 BEPOATHOCTEN u
9UCJIeHHBIE MeTObI. JlaJ perrenne 3a4a49 Ha, HAX0XKJEHUE MAKCUMYMOB ¥ MUHUMYMOB (byHKIHU. FEro nmenem Ha3BaHbl (Ghop-
MyJia KOHEYHBIX IIPUPAIEHIH, HHTEPIOJAIHOHHAS (DOPMYa TPUOIHKEHHST (DYHKITUE MHOTOUIEHOM, (POPMYIIa OCTATOTHOTO
arena paga Teitnopa. O pa3zpaboras MeTos MHOXKHUTEEH [ PeIleHus 3a4a9 HA YCIOBHBIA SKCTPEMYM.

2Torcdpuy Busbrenvm Jeittuun (Gottfried Wilhelm von Leibniz) (1646-1716) — nemenxuii maremaruk, dpusux, dbuso-
cod. OcnoBroit 3acmyroii Jleiibuuna B 061acTH MaTeMATHKH sSBAsfeTCH cozpamme (Bmecre ¢ M. Hpooronom) muddepennnu-
aJILHOTO W WHTErpPajbHOrO ucYucaeHusd. Jlefitbuun mana onpesgesnenue auddepeHnuaga U MHTErpasia, BbIBeJ IpaBUia gud-
depeHnupoBaHus, MONCKA YKCTPEMYMOB U TOUEK Imeperuba, MOKa3aJ B3auMHO-OOpATHBIN xapakTep AuddepeHnInpoBaHUS

¥ WHTErPUPOBAHUS, BHIBEJ HPABUIA Au(PepPeHInPOBAHNS TPAHCIEHIEHTHLIX (DYHKIUH, IOJOXKHUBIIKE HAYAI0 UHTEIPHPO-

nn

BAHUIO PAIIMOHAJBHBIX jgpobeii. Jlefibuuny mpuHauiekar TepMunsl " guddepennnan,”" "muddepennuanpHoe ucaucienne,"

"non "ot "ot n"nn "nn

"muddepennuanbuoe ypasuenue, " "dyuknus," "nepemennas," "mocrosuuas," "koopamuarsr," "abcmumceca," "anropurm,"
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1y — oboznauyenue Hproronas.

13 paccMOTPEeHHBIX 3a4ad CJIELYeT, 9TO

METAHUYMECKUT CMBICA TIPOU3BOJIHON — 3TO MIHOBEHHAs! CKOPOCTH TOUYKH B 3a-
JIAHHBI MOMEHT BpeMenu; 1o3romy st byukuuu y = f(x) ee npoussojiHast
f'(xg) — 970 cKOpOCTH M3MEHeHUsT (DYHKIUH B TOUKE T(;

2COMEMPUYECKUT CMBLCA TIPOU3BOIHON — 3TO YIJIOBOH KO3(MDDUIMEHT Kaca-
TeJBHON K rpaduky (DYyHKIUKM B JIAHHO TOYKe (TAHINEHC yrjia MexKJly Kaca-
TeJIbHOM K rpaduKy (DYHKIMY B JTAHHONH TOUKE U OCbIO abCIUCC), ypaBHEHUE
KacaTesbHoil K Tpaduky dyakmun y = f(x) B Ttouke My(xg,yo) umeer Bu
y — Yo = y'(zo)(x — 20);

IKOHOMUMECKUTT CMBLCA TTPOU3BOIHON — 3TO IPOU3BOJAUTEILHOCTL TPY/IA B 3a-
JIAHHBIT MOMEHT BPEMEHMU, eCJIN U3BECTEH 0OheM MPON3BeICHHON TTPOJLYKIWN.

[Tycrs dyukius y = f(x) umeer B TOUKe Ty KOHEUHYIO MPOU3BOJHYIO

_ i Af(2) Af(x) _
f'(x0). Tak xak f'(xg) = AliIEOTx’ 10 Apobs —— = f'(2) + a(Ax),
rie a(Az) — 6eckoneano masasi ipu Az — 0.

VMuoxkUM 00 uacTu paencTsa Ha Ax, MOJyInM
Af(z) = f(zo) - Az + a(Ax) - Az (1.2)

U3 sroro pasenctBa cieayer, uro mpu Az — 0 u Af(x) — 0. 3uauwur,

Jle#iGHuI ciesian HEMAJIO OTKPBITHH U B APYTUX 00JIaCTIX MAaTEMATUKH: B KOMOUHATOPUKE, B aJrebpe (Haqaﬂa TEOPHUHU OIpe-
enuTesiel), B reoMeTpun. B sioruke, pa3puBas yueHue o0 aHaiu3e W cuHTe3e, JleiGuur| Brepsbie cPOPMYIHPOBAJ 3aKOH
JIOCTATOYHOTO OCHOBAHUS, J]AJI COBPEMEHHYIO (DOPMYIUPOBKY 3aKOHA TOXKAecTBa. B pabore "O6 nckyccTse KOMOHHATOPUKA"
ﬂeﬁGHHL{ OPpeaABOCXUTHII HEKOTOPBIE MOMEHTHL COBpeMeHHOIU/I MATEMATUIECKOMN JIOTUKHW, OH BBIABUHYJI UACI0 O IPDUMECHCHUU B
JIOTUKE MAaTEeMaTUYIECKON CUMBOJIMKU U TOCTPOEHUN JIOTUICCKUX I/IC‘II/ICJ'[GHI/H‘;I, TIOCTaBUJI 3a/a91y JIOTUICCKOTO O6OCHOB&HI/I?I
MaTeMaTHKHU. JIeHOHUI] ChIrpaj BaXKHYI0 POJIb B UCTOPUU CO3AHUS JIEKTPOHHO-BBIUHUCIATEIHHBIX MAITUH: OH TP/ JIOMKHIT
HCIIOJIB30BATH JIJIs IeJIeil BEIYUCIUTEIbHON MaTEeMATUKH OUHAPHY IO CUCTEMY CUYuc/enusi. B a3biko3nanun JIefiGHuIy npunai-
JIEXKUT UCTOPUYIECKAS] TEOPUST TPOUCKOXKAEHUS I3BIKOB, WX Kjaccudukanus. VM B OCHOBHOM CO3/aH HeMenKui (puaocodckuit
¥ Hay4dHBI JekcukoH. [lo npockbe [lerpa [ pazpaboTas mpoeKTH pa3BUTHs 0OPA30BaHUS U IOCYaPCTBEHHOTO yIPaBJIeHUS
B Poccum u mpoexr yupexgenus IlerepOyprckoit akageMun HayK.

3Ucaak Heioron (Isaac Newton) (1642-1727) — amrmmiickuii bU3NK, MAaTEeMAaTHK, MEXaHUK U ACTPOHOM, OJMH M3 CO-
3mareseil kaaccuaeckoit dhuzuku. ABTop QyHIAMEHTAILHOrO TPyAa "Maremarnueckue HavMaJIa HATYpaIbHOU dhumocodun".
OnauoBpemeHHO ¢ Jleiibuurem paspadborast quddepeHIaIbHOe U HHTETPAJIbHOE HCYUCTIEHNS, TEOPUIO IIBETA U MHOTHE JIDYTHE
MaTeMaTH4decKue u ¢pusudeckue teopun. B cBoeit kuure Hei0TOH sicHO onpenenns 6a30BbIe IOHATHSI MEXAHUKHU, CDOPMYIH-
poBaJ Tpu 3akoHa MexaHuku. C paboramu HpiOTOHA CBsS3aHa HOBas 310Xa B (pusmke v MareMaTuke. M3/10KeHne TPUHIUIIOB
aHasu3a Heroron onybiukosas B padore "O xBazparype Kpusbix"(1704). Hpl0TOH CYMTa] OCHOBHBIM H OBIIUM METOJOM
aHanu3a GbyHKIuE pasnoxenre B pax. OH UCIOAB30BA PSAIBL IJIs BEIYUCIAEHUs TabJINIl, pelleHns ypaBHeHui (B TOM duce
nuddepernuanbaex), nccaenoBanns noBenenns pyHknuil. HEI0TOH CyMes HOyIuTs Pa3/IOrKeHHe s BCeX CTAHTADTHBIX
Ha TOT MOMeHT dhyHKnuii. bosbimoe BuuManue Hbl0TOH ynensan npubimKeHHOMY pelIeHUu0 ypaBHeHui. HbIOTOH He TOIBbKO
JIOCTATOYHO IMOJIHO pa3paboTaj aHAJIU3, HO W CAENAJ MONBITKY CTPOro 0BOCHOBATH ero npuHnumbl. B mucbme k Tlapausy
Heioron chopuynuposan "30m0Toe npasmuio mayku:" "Jlyumum u manbosaee 6e30IaACHBIM METOAOM JOJKHO ObITH CHATAJIA
IpUJIE’KHOE UCCJIeOBAHNE CBOIICTB Belleil U yCTAHOBJIEHHE STUX CBONHCTB C MOMONILIO S9KCIEPUMEHTOB, & 3aTeM [OCTEIIEHHOE
MPO/IBUKEHHE K TUIIOTE3aM, OOBSICHIIONNM 3TH CBOUCTBA. ['MIOTE3BI MOTYT OBITH MOJIE3HBI JIUIID P O0LICHEHNH CBONUCTB
Bemeﬁ, HO HET HeO6XO,Z(I/IMOCTI/I B3BaJIMUBATh HAa HHUX OGHSaHHOCTI/I OnpeaensarTb 3TU cBoOlicTBa BHE IIpeneJsjioB, BbBIABJICHHBIX

skcuepuMeHTOM 2K Beapb MOXKHO M300pPECTH MHOYXKECTBO THIIOTE3, OObSICHAIONIUX JIF0ObIe HOBBIE TPYIHOCTH."
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dbyukiust y = f(z) wenpepsiBHa B TOUKe X (ompesesenue 10.4).

Mu1 mokazajm Teopemy

Teopema 1.1. Ecau ¢ynruyua y = f(x) umeem 6 mouke xo KoHEUHYO Npo-

uaeoanym, mo oHa HENPEPLIGHA 6 2motl mouke.

SaMeruM, 4TO OoOpaTHOe yTBepxKjeHue HepepHo. Hampumep, dyHKnus

y = |x| wenpepsbiBHa Ha R, HO oHa He MMeeT MPOU3BOJAHON B ToUke = = (),
. |Ax| . |Az]
TaK KaK hm A— = 1, hm A— = —1.
Ax—+0 X Az——0 X

§2. J/Iuddepennman pyHKINAM.

[Tycrs dyukmus y = f(z) onpenenena na mpomexyrtke X. Broibepem
TouKy * € X W 3ajaJuM Hpupalierne aprymMmenrta Ax tak, 94roobl & + Az €
X. Torna dynknus nosyqaur npupaimenue Ay = f(x + Az) — f(z). [lycrs

npupalienue pyHKIUU IPEJICTABUMO B BUJIE
Ay =A-Ax+ oz, Azx) - Az, (2.1)

npuyeM, ecin Ax — Geckonedno magasi, 10 u «(x, Ax) — GECKOHEUHO Ma-
Jasi, To ecthb ciaaraemoe afr, Ax) - Ax — 6eckonedHo MaJiast 60J1ee BhICOKOIro

HOPSIJIKA MaJIOCTH, YeM AX.

Onpenenenne 2.1. Jugppepenyuarom dynryuu y = f(x) 6 mouke x
NA3LIBAECMCA 2AAEHAA NMHETHAA LACTD NPUPAULHUA GYHKUUL 6 2ot MoY-

Ke.

dy = A- Az. (2.2)

Takum obpaszom, jguddepennuan (QyHKIHE — 3TO YaCTh IIPUPAIICHUS
dbyHKIMN, TUHEHHO 3aBuCsIas oT Ax.
Econ npupatienune dynkipn npejcrasumo B Bugie (2.1), o dyukims Ha-

3piBaeTca duggeperuupyemoti.

Teopema 2.1. /laa mozo wmobw ¢ynruyua y = f(z) (f : R - R) 6w-
A6 dupdepenuupyema 6 mouke r HeobToduMo U docmamouro, wmobv. oHa

umena 6 amoti mouke Konewnyto npouseodnyro f'(x).
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Jlokasameavemso. 1. Heobxomnmocts. [ycrs dyukmus y = f(x) auddepennupyema B
touke x. Torjga ee npuparienne npejacraBumo B Buje (2.1). Pazgenus pasencrso (2.1) Ha
Ax, 3amurmiem % = A+ oz, Az). llepeiins B sToMm paBencTse K npegeny upu Azx — 0,
nonyunm A = y/(z).

2. Hocrarounocts. [lycrs dbyrkmusa y = f(r) uMeer KoHedHYyI0 TpOU3BOAHYIO ¥ (x) =

TAy(a:) . Torna TAy(x)

Az—0 x x
YMHOKHB 9T0 paBencTBo Ha Az, nonyanm Ay = ¢/ (x) - Az + a(x, Az) - Az. Yeaosue (2.1)

lim =y (x)+a(z, Az), tne a(x, Az) 6eckoredHo Matas QyHKIHA.

BBITTIOJTHEHO. L

U3 jiokazaresibcTBa, TEOPEMbl BbITEKAET, 4UTO juddepeniina PyHKInuu
npeacrasum B Bujie dy = f'(x) - Ax. Ecim oboznaunts Az = dz, 10 mM0O-

JayaumM popMyay st Beluucaenus jguddepennualia HyHKIANR
dy = f'(z) - dx (2.3)

N3 dopmydibt (2.3) sierko nosyuurs oboznadenue Jleiibuuua Jist 1pousBo/i-
HOII KaK OTHOIIeHue JABYX audepeHIuaos.

C nomornpio auddepeniralia MOXKHO TPUOINYKEHHO BhIUUC/ISITH 3HATEHUE
dbyuknun. Byjgem canrars, uro Ay & dy, 1. e. f(x)— f(xo) = f'(xo)(x—x).

Torma mmeem, 4TO

f(x) =~ f(xg) + f(x0)(x — x0). (2.4)

Dopmyiia (2.4) jaer BOBMOXKHOCTH B OKPECTHOCTH TOUYKU T 3aAMEHsITh [1PO-
U3BOJIbBHYIO (DYHKIIMIO, KMEIOIIYI0 IIPOU3BOJIHYIO0, JInHEHON dyHKIiueit. [1pu

9TOM (POPMYJIa TeM TOUHee, YeM MeHbIne A,

§3. IlpaBujia BbIYMUCJIEHUS IIPOU3BOIHBIX.

Bce dyukiun, paccmarpuBaeMble B 3ToM naparpade gud hepeHimpyemsl.

1. IIponsBoiHas KOHCTAaHTHI paBHa HYJIIO.
d = 0. (3.1)

2. Ilpoussonnast cymmbl (pasuoctu) dbyHKIUH paBHA cyMMe (PasHOCTH)

IITPOM3BO/IHDBIX.

(utv) =u £ (3.2)
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3. IIpousBojinast mpousBejicHust JIBYX (PYHKIUI paBHa TPOU3BEICHUIO TTPO-
U3BOJIHOM 11€PBOIO0 COMHOXKMUTEJIA Ha BTOPOU IJIIOC IIPOU3BEJICHUE [TPOU3BO/I-

HOIl BTOPOT'O COMHOXKUTEJISI HA MEPBBI.
/ / /
(u-v) =u-v+u-v. (3.3)
4. TTocTOSTHHBINT MHOXKWUTEIb MOYKHO BBIHOCUTH 33 3HAK ITPOU3BOJIHOM.
!/ /
(c-u) =c-u'. (3.4)

5. IIpousBojiHast yacTHOrO JIBYX (DYHKIMI paBHa JIpoOU, B YUCIUTESIE KO-
TOPOI CTOUT MPOU3BEJICHNE TPOU3BOIHON INCTUTEN S HA 3HAMEHATETH MUHYC
IpPOU3BeJIeHre TPOU3BO/IHON 3HaAMEeHATe s Ha YUCIUTENb, a B 3HaMeHaTese —
KBajpar 3namenaress (v # 0).

u\'’ v —u-
(5) = o (3.5)

6. [IponsBogHast 1podu, 3HaMEeHATE b KOTOPOi SIBJISIETCs] KOHCTAHTOM, Ha-

XOJUTCsE 110 (hopMyJIe
/

(4) == (3.6)

c c
7. IIpousBonnast 1podu, IUCIUTETH KOTOPOI SIBJISIETCS KOHCTAHTOM, HAXO0-

JIATCS 110 popMyJie
!/

(E)’ = 2. (3.7)

v v
Hokazxkem hopmyJibl Jjijist BblUUC/AeHUst 11pou3Boanbix. [lycrs dynkuun u(z) u v(x)
olpeiesieHbl Ha MHOXKecTBe X, v € X, 3a1aH0 npupaienue aprymenata Az u r+ Az € X.
Torma Au = u(z + Az) — u(x), Av = v(z + Az) — v(z).

2 (ut o) = Alirﬂo Au :mt v) _ Alirﬁo (u(x + Azx) £ o(x +AAxa:)) — (u(z) £ o(z)) _
Jim MEEAD Zule) gy AU gy oy,
3. (u-v) = Algifilo A(u:;:v) _ Aljfgo (u(x + A:B)v(arl—xAx) —u(z)v(z) _
~ lim u(z + Ax)v(z + Az) — u(x + AxA)v(x) +u(z + Az)v(z) — u(z)v(z) _
_ lglc;l u(z + Ax)v(x + Az) — u(x + Azx)v(z) 4 lim u(z + Ax)v(x) — u(x)v(z)
Azx—0 X Az—0 Az
Al_,iglo u(x + AA@"; —u(r) o(z) + Aljfﬁo v(x + AA:EI) —v(x) w(@) = v+ -,

4. (c-u(z)) =c ulz)+c-v=0+c-u =c-u.
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VA ux—l—Ax _u(x (x—l—Aac v(x x) x4+ Ax

L ufet AR - som(a) v el <><x+m>:

T e A0 <(>x+m) m( Ar) = o(a)

. ulr + Axr) —ulx . T+ Ax) — vz
= Am, Ao v lim T '“@‘))'

: 1 _uv—u-v
.Alglgov(ijAx)m(I) B v? '

6. <U(cx)) :u'-cc—Qu-c’:c-uc’Q—Oz%'.

/
7 c _cv—cv _0—c-¥ A
. - 2 - 2 - C 2.
v(x) v v v

st Bbraucyienusi judepeHnnalioB UCIOJIb3YIOTC T€ XKe lpaBuJia, 4To
W JIJI BBIUYNCECHUS TPOU3BO/IHDIX.
1. d(u £ v) = du =+ dv; 3.d(c-u)=c-du;

2. d(u-v)=du-v+u-dv; 4.d(%):du-vv—2u-dv'

§4. IIpoumsBogHasa CJIOXKHOU (DYHKITUN.

[lyctrb p:x € X wueUnf:uelU —yeY, r0ectb u=@(xr)u
y = f(u). Torna y = f(p(z)) — ciaoxkuas dyHKIus.

Teopema 4.1. Ecau ¢gynruyuu y = f(u) uu = p(x) # C umerom xoneu-
nuie npoussodnvie 6 obaacmar X u o(X) coomeememeento, mo npouseoo-
nas caooienotc pynruuu y = f(p(x)) cywecmsyem u pasna npoussodnot
snewmels GUHKYUL 10 NPOMENCYMOUHOMY AP2YMEHMY, YMHONCEHHOMY Ha

np0u3600Hy70 NPOMENHCYMOHYHO20 APSYMEHTA TLO He3a6UCUMOT nepemeHnou”.

Y (x) = f'(u)- (). (4.1)

Zoxasamenvcmeo. daaum HezaBucuMmoii nepemennoit npupamenne Az # 0. Torna ¢yHk-
must u(x) momyant npupamesne Au = u(z + Az) — u(z) # 0. D1omMy npuparieHuo

IPOMEZKYTOIHOTO aprymenta Au OyJaeT coOTBETCTBOBATEH Hpupaiienune Gy Ay.

. Af(w)

) ! = 1

YHKIIUH f((u)) u  ¢(zr) wnmeor upoumssoxmbie  f'(u) Jim =0 w

. Ap(x
!/ — 1
uwl(z) = lim =~

[Tokazkem, 4TO C0KHAs (DYHKIMA UMEET [POU3BOIHYIO.
B pasencrse % = A_g . %r?r;b mepeiizem K mnpemeny mnpu Az — 0. B cu-

ay uempepbiBaoctu byskimun u(x) w3z Az — 0 Beirekaer, uro Au — 0. Torma
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. Ay 1 Ay : Au _ o /
Ay Ar = 1y A A1 By = 1(0) ()
CrenoBaresbHo, npousBonHasa y'(r) cylmecTByeT W ee MOXKHO Haiitu mo dopmyie
y'(x) = f'(u) - (2). -

Dopmyity juddepeHiupoBaHus CJI0KHON (DYHKIMUK Jierde 3allOMHUTD, €C-
JIM BOCTIOJIb30BaThCsA oboznadennem Jleitbnuna y' (x) = Z_u -

[Iycts y = f(x), = p(t), To ecth y = f(p(t)) — caoxuas byHKIMS OT
nepementoit t. Jludpdepennuast 3roit GyHKIMUKU MOKHO BHIYUCJUTH 110 POP-
MyJIe

dy =y, - dt. (4.2)

[TpoussojHast cyuepiosuiun GyHKIui Haxoures 10 hopmysie y, = y.. « T},
[Toncrasus npoussouyto B (opmyrty (2.5), moayuum dy = i, - x} - dt. Tax
KakK x; - dt = dx, 10

dy =y - dx. (4.3)

3 dopmya (4.2) u (4.3) BeiTekaet, uTo dhopmysia Beraucaenus audbepeHiu-
aJ1a, BePHA U B CJIydae, KOTIa Y CJOXKHasA (QyHKIUA. DTO CBORCTBO HA3BIBAIOT

UHBAPUAHMHOCTM IO PopMmbt TIepBOro nuddepeHIuaia.

§5. IIpomsBoaHasi oOpaTHOiT DYyHKITUMN.

[Tycth Ha HekOTOpOM TpOMekyTKe X orpejiesieHa HermpephiBHAsT (DYHK-
nnst y = f(x). o coiicTBy HenpepbiBHO DYHKIMY €€ 3HAYCHUST 3AII0JHAIOT
HEKOTOPBIiT TpoMexyToK. [loaromy Jiyts cymiecTBoBanms 00paTHOH QyHKINNI
Heobxommo, urobbl dbyrkius f(z) oputa Monoronnoii (Vx 31y = f(x)). [lpu

9TUX yCJI0BUsiX oOparHas dyHkius T = @(y) OyjeT HelIpepbIBHA HA MHOXKE-

cree Y = f(X).

Teopema 5.1. Ilycmov dynxyua y = f(x) onpedeaena na npomescymre X
U UMEEM HaA& IMOM NPOMEIACYMEE NPOU3BOIHYI0, OMAUYHYIO 0m HYyss. To2da
obpammas GynruuA makosce umeem npouseoonyro, KOMOPaA BulUUCAACTCA

no gopmynre

7(y) = . (5.1)
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Jlokasameavemso. Tlo ycmoBuio Teopembl cyiectByior 3y # 0 n bynkuua r = p(y) —

obparnast K dyukiun y = f(x). [lycrb Ay # 0 — npupaiienne He3aBUCUMOIT TIePEMEHHON
B . Ar 1

Y, a Ax — npupamienue obpatuoit dhyuknuu. Toraa Ay = Ay Tak kak u3 Ay — 0 cie-

Az

ayer, ¥T0 Az — 0 (B CHIIY HEPepLIBHOCTH (DYHKIHUIT), TO Mepexoist K MPeety, Oy THM
AI;IEO %rg = ﬁ Crenosarenvuo, o'(y) = y’(lx)' O
im —
Az—0 Az

§6. IIpom3BoaHBIE OCHOBHBIX 3JIEMEHTAPHBIX (DYHKITUIA.

U3 onpesenennsi Npon3BOIHON BbITEKAET CIIOCOD ee Bbhruucaenus. [lycrnb
sajana Gyuknusa y = f(x). Beraucienne npousBoiHO#l TPOBOAUTCS O CJie-
JVIOIel cxeMe.

1. BadukcnpyeM 3HaueHne apryMenTa &, 3a4a/ MM MPHUPAIIEeHne apryMeHTa
Az v BeIIHCIUM 3HaYeHUsT GyHKINYN B Toukax = u T+ Ax: f(x) u f(x+ Az);

2. Beraucsum npuparmenue dbyuxmun Ay = f(x + Az) — f(z);

3. Haitjiem orHorenue Tgsz/:;

. Ay
4. Beraucyaum npejen lim Ao CCJIH OH CYIICCTBYET.
Ax—0 AT

CocraBuM TabJINILY TTPOU3BOAHBIX JEMEHTAPHBIX (DYHKIIHIA.

1.y =z
A (03
s 7 (5) )
Torga y' = lim (z+Ax)? — o = lim L =
Az—0 Ax Az—0 Ax
A o
§ (1 + —x) 1
= Alirgo - Zm = 27 . a (BocnosbzoBasucs, dhopmy.oii (17.8)).
x
(%) = a-2*h. (6.1)

2.y =sinzx.
9 i Az n Az
sin — cos |z + —
Toraa o — lim sin(x + Azx) —sinx lim 2 2 )
nay = Ar—0 Ax N Az—0 Az B
. Az
) Sin 7 A.’L‘ .
= Alggo & - COS (:B + T) = cos = (Bocnosib3oBauch Gopmy.toii (17.1)).
2

(sinz)" = cos . (6.2)
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3. Y = COST.

HpOBe,ZLH Bbl1UCJ/ICHUA aHAJIOI'MYHO IIPpeAbL/YyIIUM, 110J1Yy1aeM

(cosz) = —sinz. (6.3)

z(, Az
y'= lim &———"% = lim % =a” - Ina (mo dopmyse (17.7)).

Az—0

(a®) =a" - Ina. (6.4)

5.y =e".

13 dopmyssr (6.4) ipu a = e nosrydaem

(") =e". (6.5)

A
log,, (1 + —x)
$ —_—

6. y = log, x.

. log,(x + Ax) — log, x : 1 1
!/ a a — = . — -
Torna y' = Al;glo A7 = Alglgrilo A7 =T Ta (BOCTIONB30BA:
—_— x
x
quch dopmyoit (17.5) mpeapimymneii riaBol).
1 1
log,z) = - — 6.6
(log, )" = — - 1 — (6.6)
7.y =Inx.
3 dopmyssr (6.6) pu a = e nosrydaem
(no) = (67
nr) = —. .
X
8.y=tgux.
[Tpumenum npasuio audpdepenrmposanus apodu. omyanm
r_ (sinx)l _ (sina) cosw — (cosx)'sina _cos’z +sin®z _ 1
4 cosx cos” x cos” x cos’
, 1
(tgx) = —5—. (6.8)
COS™ T
9.y =ctgux.
[IpoBejist BHIYUCIEHHUST AHAJTOTHIHO MPEBIIYIIAM, MOy YaeM
1
/
(ctgz) = ——5—. (6.9)
Sin- &

10. y = arcsin z.

Qyukiug r = siny — obparHad K jannoil. [lo npasuny auddepennupoBanus odpaTHOM
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dbyukun nmeem ' = cosy # 0. Torna
y—db o 1 _ 1 _ 1
T COS Y \/1 _in? Y V1— g2

1
(arcsinz) = ——— (6.10)

V1—a2
11. y = arccos .

HpOBe,ILH BBIYUCJICHUA aHAJOTUYIHO MPEAblAYIITUM, TTOJYYaeM

1

\/1—:1:2'

(arccos ) = — (6.11)

12. y = arctg x.

Oyukiusa r = tgxr — obparnag kK gannoit. [lo npasuny muddepennuposanusg odpaTHOit

dbyukImn nmeem y' = % = + =cos’y = 1+1g2y - 1_‘_11,2'

cos? 1
(arctgz) = ! 5- (6.12)
1+
13. y = arcctg x.
HpOBe,ZLH BBIYIUCJ/JICHUA aHAJOTHYHO NpeAblAYyIIUM, IIOJYYaeM
(arcctgz) = — . _:xQ. (6.13)

st BbIBOJIA caejytonieit popMysibl IpUMEHUM IIPaBujio JuddepeHnupoBa-

HUsI CJIOYKHOM (DyHKIMK

14. y =In (z + Va® + 22).

Y = 1 .(1_‘_ 2z >: 1 r+Vat+a? 1
z+Va? + 2?2 2va2 + 2 T+ Va2 +a2 Va2 +a? Va2 + 12

(ln <.7: +Va®+ xz))/ N (6.14)

\/a2+x2'

§7. Jlorapudmmdeckasi IIpoON3BOIHAS.

Jlozapudmueckoti npoussodnoti dynknuu y = f(x) Ha3bIBaeTCA POU3-
BoJiHast noJioxkuTebHoN Gynkiuu (Iny)'. Tlo nupasuny auddepennuposanus

CJI0XKHOM (DYHKINN ToJIydaeM (popMyJIy JiJIst JJorapupMUIECKO# TPpOU3BOTHOM

Y
(Iny) = " (7.1)
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Ecin npoussoguyio 3y’ paccMarpupaTh Kak CKOPOCTb M3MeHEHUs: (DYHKIUY,
/

TO JIorapuMuIecKast IPOU3BOTHAS CA olrpeJiesisieT OTHOCUTEJIbHYIO CKOPOCTh

Y
n3MeHeHnsT PYHKITUH.

JlorapudmMuyueckyo Ipou3BOJIHYIO IPUMEHSIOT Ipu JuddepeHnupoBatum
cTenenHo-noKazaTeabHbx pynkimit y = u(2)") u Bbipaxenuii, cogepa-

X OOJIBIIOE UYUCIIO COMHOMKUTEJICH.

sinx

ITpumep 7.1. Boraucsure npoussosanyio Gyukimm y = (tgx)

Pemterume . Ilposnorapudpmvupyem o0e dYacTH paBeHCTBa, 3aJaiomero (QyHKIHIO

sin x

Iny = Intga = sinx Intgx. Haiigem npousBojHbie oT mpaBoil u JjeBoil yacreil pa-

/
% =cosx-Intgx +sinx - tng . ﬁrx' YMHOKUB TOJIyY€HHOE BhIpaskeHue Ha i
1

¥ TIOJICTBUB Y, 3aIUIIeM TPOU3BOAHYI0 y' =y (cosz - Intgx + —) nin

BEHCTBa

COS ™

y = (tgx)¥n® (cosx ‘Intgz + ﬁ)

§8. IIpomsBoanbie u auddepeHIasbl BBICIINX TOPIIKOB.

[Iycts f: X CR - Y CR, 10 ectb y = f(x) u sra Gynknus nme-
er nipousBoayto f'(x). TIponsBoayro Takke MOXKHO PacCMaTpUBATH Kak
pyHKIMIO U 3Ta QYyHKIMSA TaKxKe MOXKeT UMeThb 1pou3BojHyto. [Ipousso)i-
Has OT HMPOU3BOJIHON (DYHKITUU HA3BIBAETCS 6Mopoti npoudscodnot. B obiem
ciaydae, npoudsodnoti nopadka n HA3bIBAETCS MPOW3BOIHAS OT TTPOU3BOIHOIM
nopsijika (n — 1).

f = (fovy (8.1)

nJjim

d"f(z) d (d"Vf(x)

o =\ e (8.2)

BoisicHuM MexaHUYeCcKuii CMbICJT BTOPOil 1ipou3BojiHoil. Panee ObL1o ycra-
HOBJICHO, YTO €CJIM TOYKA JIBUXKETCsI IPAMOJIMHEHO 110 3aKkoHy § = s(t) (rue
t — BpeMms, a s — myTh), TO s'(t) — CKOPOCTH JIBUYKEHUS TOUKU (CKOPOCTH
u3Menenus 1myTn). CieloBaTesibHO, BTOPast MPOU3BOJIHAS Iy TH 10 BPEMEHH
s"(t) = (') (t) = V/(t) — 910 CcKOPOCTH U3MEHEHUsI CKOPOCTH, TO €CTh YCKO-

peHue.
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st HEeKOTOPBIX (DYHKIINMI MOYKHO TIOJIYUUTh ODIILY 0 (DOPMYITY JIJIst HAXOXK-

JICHUSI IIPOU3BOJHOI J1100010 10psijika. Hamnpumep,

.y = e, torma y™ = e”;

—1)!
.y =Inz, Torna y" = (—1)”_1%;
.y = sinx, Torga y™ = sin(x + 7n/2);

.y = cosx, rorga Y™ = cos(x 4+ 1n/2);

sy =% rorma y"™ =ala—1)... (0 —n+ Da*™,

9

S Ot W N

cy =a®, rorma y™ =a® - In"a.
BaluieM HeCKOJIbKO MPABUJI BbIUYUCICHUST TPOU3BOHOM
1. (u£0)™ =4 £ 00,
2. (cu)™ = ¢ u,
3. (u-v)" = ;:()C”;u(k)v(”_k), rie CF = k'(nn—lk)' — GuHOMUAJIbHBIE KO-
dpuIUEHTHI.
DopmyJia BbIYKUCIEHUST TPOUBBOJHOM IPOU3BEIeHNsI JIBYX (DYHKIMIT Ha3biBa-
ercs hopmyaoti Jletibruua.
IIpumep 8.1. Borauciure npon3BOIHYIO TPETHETO MOPSIKA OT (DYHKITHN
— sin’ z.

Pemenune . [Ipoussoupie 6y1eM BBITHCISTE MOCTET0BATEIBHO.
y' = 4sin®zcosz,

y" = 12sin? z cos x cos  — 4sin® xsin x = 12sin® z cos? v — 4 sin’ z,

2

y" = 24 sin x cos x cos? v — 24 sin® z cos x sinw — 16 sin® r cos x =

3

= 24 sinz cos® x — 40 sin® z cos .

[lycte y = f(x) — cransgpras QYHKIUS CKAJSIPHOTO apryMeHTa U
dy = y'(x)dx — ee nudpdepenimal.

Hudbdepennmasn ot juddepennnana HasbiBaeTcss duddepenyuanrom 6mo-
pozo nopadka u obosnauaerca d?y. B obmeM ciayuae dugddepenyuanom mo-

psijika, n HasbiBaeTcs juddepeniualt ot guddepennnaa nopsijaka n — 1.
d™y = d(d"'y). (8.3)

Boiejiem gopmyity jijist Bbluncjienus JudpepHIMasoB pa3jiniaHbiX M1OPsiji-
KOB.

IIycts x — HezaBucuMas nepeMenHas. Torma
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d*y =y (x)da?, (8.4)

a3y = " (2)dz? (8.5)
B obmeMm Buje

d"y = (”)(x)d:(:". (8.6)

[Tycts remeps y = f(x), a © = x(t), torma y = f(x(t)) - croxnas byuknus
ot niepemennoit t. Haiijem Bropoit guddepenimant.
d*y = d(y'dz) = d(y')dx + y/'d(dz) = y"(dz)? + y'd*x, To ectb

d?y =/ (t)dx? + v/ (t)d* . (8.7)

CpasuuBas Gopmyib (8.4) u (8.7), BuguM, ato dopma Broporo auddepen-
A U3MEHMIACh. [10SBUIIOCH JOIOJIHUTEIBHOE CJAraeMOe.

B dopwmysne (8.4) Broporo ciaraemoro Her, Tak Kak dr = Ax = const u
d(dz) = 0. Eciim x = x(t) — Hekoropast dynknus, dr — ee auddepennuad,
10 ecth dv = 2'dt, o d%x = x"dt? # 0,

CrenoBarebHO, BTOpoil qud eperimag THBAapUaHTHOCTHIO (hOPMBI HE 00-

JIaJIaeT.

ITpumep 8.2. Boiuuciiure Bropoit puddepenimat GyHKIUN
y = In(z? — 3z + 5), eciim a) T — HazaBUCMMAas TlepeMeHHas, 6) x = sin t.

Penternne . BorancauM nocieioBaTe IbHO MEePBLIi 1 BTOpoit 1udppepennnaibl (yHKINH.

a) dy:y’dzz—ﬁ 2_$3;i5d:c,

202 =32z +5) — (20— 3)(2x — 3 — 92
d2y:y”da:2= ( (x2)_3x(+5)2 )( )d$2: (x%l‘_—gxﬁf_—g>% dz2.
6) d?/:y/dﬂﬁzﬂdx: 2sint — 3 costdt

:1:2—31:+52 sinzt—BSint—i—25 ’

2(x* — 32+ 5) — (22 — 3) 20 — 3
d2 — //d 2 /d2 — d 2 xz d2 —
y=yertyds (2% — 37 +5)° x+x§—3x—|—5 v
_ =2sin’t46sint+1 2y g2 2sint—=3 o2

(sin®t — 3sint + 5)° sin®t — 3sint + 5
Bus Broporo quddepennuana B ciydasx a) u 0) pasiudeH.

§9. Teopembl 0 CpeJHUX 3HAYUECHUSAX.

MBI y2Ke HayunJIUCh BBIUYUC/ISTH MPOU3BOJIHBIE PA3IMIHBIX (DyHKIH. Te-

1epb IepeiijieM K PACCMOTPEHHIO CBSI3U MEXK Ty CBOMCTBAMU (DYHKIINKE U CBOII-
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CTBAMU €€ NPOU3BOJHBIX.

B srom naparpade OyjyT pacCMOTPEHbI U JIOKa3aHbl TEOPEMbI, UMEIOIINe
GOJIBIIIOE TEOPETUIECKOE U IIPAKTHIECKOE 3HAUCHIE.

[Tycrs y = f(x) — ckassipHast QyHKIMsT CKAJISIPHOTO apryMeHTa.

Byjiem rosoputh, uro dyhkius y = f(x), oupejesientas Ha IPOMEXKYTKE
X, IpUHUMAET B TOUKE Xo Hauboavwee (Haumenvuiee) 3navenue, eCim Jijis

Beex x € X crpasemiibo Hepasenctso f(x) < f(xg) (f(x) = f(x0)).

Teopema 9.1. (Pepma) [Tycmov dynryus y = f(x) onpedeaena na ompes-
ke [a; b] u 60 enympennet mouke xy amozo ompeska nPuHUMAEM HaUbOAL-
wee uau maumenvuee anavenue. Toeda, ecau 6 mouke Ty PYHKUUA UMEEM
npouseodnyio f'(xg), mo npoussodnasn pasna nymo (f'(xg) =0).

Joxazameavcmeo. Ilycrs B Touke o dbyukung f(r) npuHIMaeT HaAUGOJbIEE 3HAUCHHUE.
Dto suaqur, uro f(x) < f(xo) wm f(z) — f(xo) < 0 miag Beex z € X.
ITycts x ctpemuTcst K xy cupasa, 7O ectb £ — xo + 0. Torma © — g > 0 u apobb

f(x) — f(z0) _ e f@) = f(@o)
B e < 0. [Tepexong K npegeny, noxyanm, 910 f'(xg+0) = a;lig;lo B e <
0.

IIycrp x crpemurcs K xy cjiesa, 10 ectb * — xg — 0. Torma © — xg < 0 u apobdb
%ﬁél’o) > 0. Iepexonst k npejesy, noayaum, 4to f'(xg —0) = mli_glo %ﬁ;g%) >
0.

Tak Kak B TOUKe g npousBojHas f’'(xy) CyIIeCTBYeT, TO U3 MOJYIeHHBIX HEPABEHCTB
caenyer, aro f'(zg) = 0.
Cayuaii, Korga B TOUKe Ty (PYHKIUs TPUHAMAET HAMMEHbIIee 3HaUeHIe PacCMaTPUBa-

eTCcd aHAJIOTUYHO. O

[eomerputieckuii cMbicst Teopembl Pepma COCTOUT B TOM, ITO €Cjind (DYHK-
nmust y = f(x) npuHUMaeT B TOUYKE Ty HAMOOJIbIIEE WM HANMEHbBINEE 3HATC-
HUE, TO KacaTesibHasi K KPUBOW B 9TOM TOUKE, €CJIM OHA CYIIECTBYET, HapaJi-

geapHa ocu OX.
Y

Teopema 9.2. (Ponmas) ITycmv gynruyus y = f(x) onpedeaena u nenpe-
puena na ompeske |a; b], na unmepsaae (a; b) umeem xoneunyo npoussod-

HYI0 U NPUHUMAEN Ha KOHUAT unmepeara pasnote snavenua (f(a) = f(b)).
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Tozda cywecmeyem mouka ¢ € (a; b), npouseodnas 6 K0mMopol pasna Hy.A10
/ —

(f'(c) =0).

oxazameavcmeo. Tak Kak dbyHKINS HeNpepblBHA HA oTpe3ke [a; b], To mo Teopeme Beii-

epurrpacca (teop. 13.4 rmaser ) oma mocruraer na [a; b] c¢Boero mambospimero (M) u

HanMeHbIero (m) 3nadenuii. Bo3sMoXKHbI ABa Ciydas.

1. M = m. Buauur, f(x) = M nas Beex © € [a; b]. Torma f'(x) = 0 nas Beex x € (a; b).

B kagecTBe ¢ MOXKHO B3STh JIOOYIO TOUKY IMTPOMEKYTKA.

2. M > m. Tak kak f(a) = f(b), To xoTs1 OnHO HAMOOJbIIEE NJIN HANMEHBITEE 3HA-

gqenne (bYyHKIMH J0CTHraeTcss BO BHyTpeHHell Touke c. [lo Teopeme Pepma (Teop. 77)
f'(c) = 0. O

[eomerpuueckuii cMbici TeopeMbl PoJijist COCTOUT B TOM, UTO €CJIU Helpe-
pbIBHAsI KpuBas — rpaduk auddepernupyeMoi pyHKIIT, TO MEXK/IY JIBYMs
TOYKAMU I'padprKa, UMEIOIMKUMI OJINHAKOBBIC OPJIMHATHI, BCEr/Ia €CTh TOYKa,

B KOTOPO# KacaTesbHas K KpuBOii napaJuieiabaa ocn OX.

CnenctBue 9.3. Meowcdy mobvimu dsyma ropnamu duggepernyupyemor

bynryuu cywecmsyem romsa bv. 00un Koperv ee npou3soonot.

Teopema 9.4. (JIarpauxka) [lycmv ¢gynruyua f(x) onpedeaena u nenpe-
puera Ha ompeske |a; b], na unmepsaae (a; b) umeem Koneuny NPou3col-

nyto f'(x). Toeda cywecmeyem mouka ¢ € (a; b), makxaa, wmo

fi(o) = 101 0.1

Zokasamenavcmeo. PaccMOTPUM BCIIOMOTaTeIbHYIO (DYHKITUIO

F(z) :f(a:)—b_—a(x—a).

Dra byHKIMs yI0BIETBOPsieT BeeM yeaoBusM TeopeMbl Posuis (teop. 77). @ynknus F(x)

olpejieieHa U HelmpepbIBHA Ha OTpe3Ke [a; b], Ha uHTepBase (a; b) HMeeT KOHEUHYIO MPOH3-

BojiHyto F' (1) = f’(x)—%g(a) W IPUHAMAET HA KOHI[AX HHTE€PBAJIa PABHBIE 3HAYCHHSI

Fla) = fla) - LU =D _a) = pay u £y = po) - LY=L 0y = p(a).
[To reopeme Posuts cymecrByer touka ¢ € (a; b), takas, uro F'(c) = 0. Ho F'(c) =
f'(c) — w. I3 sToro papencTsa noaydaem, 4o f'(c) = w. O

Teopema Posis  — 4vacrtHblit  ciydail  Teopembl Jlarpamn»ka, Korja

fla) = f(b).

Dopmyity (9.1) naspiBator gopmyrot Jaepanorca.
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[eomerpuaeckuii cMbics TeopeMbl JlarpaHka COCTOWT B TOM, UYTO €CJIH
nenpepbiBHas Kpusast AB — rpaduk juddepennupyemoii na orpeske [a; b
dyuknuu, To Ha rpaduke cymecrsyer Touka C, B KOTOPOii KacaTejabHas K

KPHUBOii mapaJiiesibaa cekyiieir AB.
by B

Eciu B dopwmyne (9.1) mosoxurs a = xp, b = o + Az, To mONyINM

F(c) = flzo + AAx) — f(zo) win Af(zo) = flzo+Az)—f(z) = f'(c)-Ax.

x
Tak kax ¢ € (zg; xo+Azx), 10 ¢ = 9+OAx, r1e 0 < O < 1. Torna oy anm

Af(z) = f'(z+ OAx) - Az (9.2)
Dopmyiy (9.2) HazbiBAIOT (HOPMYJIOH KOHEUHVLT NPUPAULEHUT.

Teopema 9.5. (Komm) IIycmo ¢ynruuu f(z) u g(x) onpedeaens u nenpe-
pueHol ha ompeske [a; b, na unmepsane (a; b) umerom Korneunvie NPou3sod-
noe f'(x) u g'(x), npuwem ¢'(x) # 0. Tozda cywecmeyem mouxa ¢ € (a; b),

makaa, 4o

f'le) _ f(b) = f(a)
gc)  g(b) —gla)

HokazaTesbeTBO aHAJIOIMIHO JIOKA3aTehCTBY TeopeMbl Jlarpam:ka, Bero-

(9.3)

moratesbHast Gynkins nveer i P(x) = f(x)— % (g(z)—g(a)).

Bamerum, 4ro Teopema JlarpaH»ka — dacTHbIA ciydaii Teopembl Koru,

Korja g(z) = x.

§10. IIpaBwuso JlonuraJis.

Bepremcs K BOIIPOCY O BBIYUCICHUU TPejieoB (PyHKIMNA B Touke. OCHOB-
Hasd TPYJHOCTb 3aKJ0Ya/ach B TOM, 9TO He OBLIO OOIIEro MeTO/Ia BhIUUC/Ie-
HUS TIPEJIEJIOB, M B 3aBUCUMOCTH OT BH/JIa HEONPEAEIEHHOCTH TPUXOIUIOCH
Pa3bICKUBATH PA3JIMUIHbIE CIIOCOOBI U IPUEMbl UX pacKpbiTud. dunddepeniu-

aJIbHOE UCUNCIeHNe 3HAYUTEILHO 00/IerdaeT 3Th BbIYIUCJICHUA, IIPEAOCTaBJIAA
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BeCbMa MOIIHBINA, HO B TO K€ BPeMgdA NPOCTON MeTOJ| PACKPBITUA HeOolpe/ie-

Jiennocreil. B ocnose sroro METOa JIezKaT TCOPpEMbl O CpE€AHEM 3HAYCHUHN.

Teopema 10.1. (JIonurasns) [lycmo gynruyuu f(x) u g(x) onpedesenv na

unmepsase (a; b) u ydosiemeoparOm Yycio8uAM:

1. hmof($) =0, xgzriog(x) = 0;

r—a+
2. na unwmepsane (a; b) cywecmeyrom xoneunvie npoussodnvie f'(x) u

g'(x), npunem g'(z) # 0;
/
3. cywecmeyem xoneunvil npedes lim E)

7
z—a+0 g (SL’)
Tozda npe&e./b ommnoweHuUA &ymcuuﬁ mawoice cywecmaeyem u on paser npe-

deay ommowenus npoudsodnuvir K, mo ecmo

O DR )

z—a+0 g(x) x—a+0 g/(aj)

(10.1)

Joxazamenvcmeo. Joonpenermnm dyukiun f(x) n g(x), nonoxus f(a) = lin}rof(a:) =0,
r—ra

g(a) = lirriog(az) = 0. Torma dyuxnun f(z) u g(z) oupenesensl n HEIPEPBHIBHBL HA [a; )
r—ra
(mempepbiBHOCTL dyHKIHM Ha (a; b) cienyer u3 CymecTBOBaAHUS TPOM3BOIHON ).
Bosbmem Touky x € (a; b). Torma ma orpeske [a; x| dyukmun f(x) u g(z) ymosie-

TBOPAIOT ycsoBusiM TeopeMbl Komu (Teopema ?77). CirefoBaTesbHO, CYNIECTBYET TOYKA
f@) = fa) _ 1)
9(x) —gla) — g'(c)

¢ € (a; b) Takasy, 9TO CHPABEJINBO PABEHCTBO

$E£2—0 9(x) ~ 25ato ¢(c)

/
Tak kak f(a) = g(a) =0, T0 f(z) :f(c).
fla) = gla) g(z) — g'c)
Ecmu x — a, To u ¢ — a, Tak Kak a < ¢ < x. [lepeiinem K npeneny npu x — a + 0.
[Tomyanm
!
() Q) _ e .

Anasioruano gpopmysinpyercst reopema Jlonurasist st pACKPbITHST HEOTTPe-

TeTEHHOCTH 22,

50
H 0 _ 6 0 o0
eonpetesteriocTn B 000, 00 — 00 MPeOBPAsYIOTCs K BILY {§ MIH S,

a 3aTeM PacKpbIBAIOTC 110 1paBuiiy JlonuraJs.

ITpumep 10.1. Boiuuciure 110 npasuiy Jlonurasis npejen
lim ¥ — 42"+ 224 + 3
v——1 25 — 52° + 32° + 3z

0

Pemternue . /lanHoe B yCJIOBHEM BbIpazkKeHUe IPeIACTaBIseT cOOO0M HeOIpeae eHHOCTh 0

PackpoeMm 3Ty Heompee/leHHOCTh, IPUMEHUB TpaBuyo Jlonntasus. Mveem
iy 2t —da’ 420ty 3 o (@ —4aT 4220 +3) L 908 2805 4820 _
a—s—12% —52° +32° +3r  e—-1 (2® — 52° + 32 +32)"  «=-1 82" — 252* 4+ 927 + 3
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__9-28—-8 _9
- —8-254+9+3 " T

IIpumep 10.2. Bouruncaure no npasuiy Jlomurans npemen
li n L xr+1
RS

Pemienne . /lannoe B ycjioBuM BhIpakKeHue mnpejcraniisger coboit neonpeeneanoctb (- 0o.

PackpoeMm 3Ty HeompeieleHHOCTH, TPUMEHUB NpaBusio Jlomurans. [IpeacraBuM mpomsse-

1 /
1 o 2x+13 (m 250+ 3)
Jlenue B Bue apodu. Mmeem Q}Lrgox - In =g = QCILI& — T = g}lﬁr{; T =
20 —3 (20 —3) —2(x +1)
oz (22 — 3)? BRRT 522 _
= m— RPN R o) Rk

ITpumep 10.3. Borancaure 1o npapuiy Jlonurasis npejen
lim <2£2+7$—1 o $2—x+5>.

200 x— 2 T+ 4

Pemenne . /lanHOE B yCcJIOBHN BBIDayKeHUe TPeICTaBIsAeT cOO0I HEOMpeaeIeHHOCTh 00 —
00. Packpoem 3ty HeotpeeieHHOCTb, TpuMeHuB pasujio Jlonurass. [puseaem apodbu K

obrieMy 3HaMeHaTe 0. Vmeem
lim <2x2+7x—1 _ 2x2—x+5> _

T—00 T —2 r+4
~ i (22 + 7 —1)(x +4) — (22> —x +5)(x —2) _

202" + 20z + 6 (2022 + 202 +6)" _ 1. 40z +20 _
S -8 o (P rar—8) a2tz -2
ITpumep 10.4. Boruuciaure no npasuiy Jlonurasst npejed lin%(tg z)sme,
T

Pemenue . /lanHoe B yCJIOBUH BhIpasKeHue IpejcTapidgeT coboil neonpeeaentocts 0.

Packpoem 5Ty HeonpegegseHHOCTh, TpuMeHNB TipaBmio Jlomuranssa. O603HAUNM BhIpazKe-

HHUe, CTosliee I110j 3HAKOM npejesia depes A = (tgx)*™? u nposorapudmupyem ero
1
2
InA=sinzlntge = M Torma hmlnA = hmlnt—gx1 = lim tgx cos T
(sinz) ™! z—0 (sinx) 20 —sin"* z - cos T
: i limInA
= lim (—%) = 0. Hoayuwnu, gro lim In A = 0, cienoBarennho, hm A=e0 " =
cos” T =0 -0

3ameuanue 10.2. [lo mpasumry Jlomuransa lim 9(z) MOXKHO BBIUYUCJIATD
T—To

TOJIBKO TOTJ/IA, KOTJIa CYIIECTBYET MPejies OTHOIIEHUs TPOU3BOIHBIX. Fciu
/

1M 57— HE€ CYIIIECTBYET, 9TO HE 3HAYUT, YTO 1 111N HE€ CYIIIECTBYET.
/ ) )

=0 g (3:) T—xg g(x)
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§11. MoHoToHHOCTH (DYHKIIUN.

B ugerBeprom naparpade ObLIO JlaHbl OIPeJIe/IeHus MOHOTOHHO BO3PaCcTao-

el 1 MOHOTOHHO yObIBatoIeit (PyHKIN, HeoOX0IUMbIE B 3TOM maparpade.

Teopema 11.1. (Heo6X0AMMO€E U JOCTATOYHOE yCJIOBHUE MMOCTOSHCTBA
byukmun.) ITyemo gynxyua f(x) onpedesena na [a; b] u na (a; b) umeem
KOHeUHY10 Npouseodnyto. Tas moeo wmobw f(x) vwia nocmosnnot na [a; bl

neobxodumo u docmamouno, wmobw, f'(x) =0 daa ecex x € (a; b).

Jlokasamenvemso. 1. Heobxomumoctb. Tak Kak Ha orpeske [a; b] dyukuus f(x) = ¢, To
110 TIpaBUJTy BhraucaeHus nmpousoauoii f'(x) = (¢) = 0.
2. Hocrarounocrs. [Tycrs mus awoboit Toukn « € (a; b) f'(x) = 0 u mycrs 1 w0 9 —

IPOU3BOJIBHBIE TOUKH OTpe3Ka [a; b], mpuuem 1 < x9. [lo Teopeme Jlarpan:ka(reopema
f(x2) — f(x1)
To — I
f(z2) — f(x1) = 0 wim f(z2) = f(x1). B cumy mpousBosibHOCTH BHIOOpA TOUEK 1 W Tg

?7) cymecTByer ToUKa ¢ € (a; b) Takas, ITO = f'(¢) = 0. CieoBaresnbHo,

nosydaem, aro f(z) = c. O

Teopema 11.2. (He0OXOAMMOE U JOCTATOYHOE YCJIOBHE MOHOTOHHO-
ctu dysakuuun.) [Hycmo dynkyua f(x) onpedesena na [a; b] u na (a; b)
umeem Koneuwnyro npouzsodnyro. Aaa mozo wmobw f(x) eospacmana na
[a; b] neobxodumo u docmamouno, wmobw, f'(x) = 0 dan ecex x € (a; b).
Jaa mozo wmobw f(x) yoweasra na [a; b] neobxodumo u docmamouno, wmo-
0w f'(x) < 0 daa ecex x € (a; b).

Jlokasamenvemso. 1. Heobxomumocts. Ilycrs nuddepennupyemast dynknus f(x) Bos-

pacraer Ha orpeske [a; b]. Torma msa 006X TOYEK X, T € [a; b] U3 HEpaBeHCTBA Ty < &

f(@) = f(xo)

T =T > 0. Ilepeitmem K mpe-

JeJly TIpH & — Zg. [loaydanm, ato npoussogHas f'(xg) = lim M > 0.
0

crenyeT HepaBeHcTBO f(zg) < f(x). Ilosromy mpobn

-z
T—
2. Hocrarounocts. [lyets s a060it Toukn x € (a; b) mpoussonnas f'(x) > 0 u mycrh

T1 W Ty — NPOU3BOJIbHBIE TOYKH OTpe3Ka [a; b], mpudem 1 < xo. [To Teopeme Jlarpanxka
(reop. ?7) cymecrByer Touka ¢ € (x1; Tg) TAKas, 4TO w = f'(¢) = 0. Cuejo-
BaTeabno, f(xe) — f(z1) 2 0 wm f(x1) < f(xg). B cuny npousBoiabnocTi BEIGOpa TOUEK
x1 U X9 momyvaeM, uro dyHKua f(r) Bo3pacraer Bo3pacraeT Ha oTpeske [a; bl.

Jlns yobiBatomeir pyHKITUN J0KA3aTEIbCTBO MTPOBOJUTCSA AHAJIOTUYHO. O

Ha pucynke npuejierbl rpadguku Bo3pacTaroniux QyHKIUA.
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|y =
7 N

Eciu juddepennupyemast dbyukiust y = f(x) Bospacraer Ha orpeske |a; b,

TO KacaTejbHas K Tpaduky (yHKIHK obpas3yer ¢ MOJOKUTEJIbHBIM Ha-
npasjenneMm ocu OX octperii yros, a ecim y = f(x) yObiBaer Ha oTpeske
[a; b], 0 kacaresbHasi K rpaduky dyHKIUKL 00pA3yeT € HOJOKUTE]LHBIM

HarnpasjenueM ocu OX Tymnoit yroJ.

Y

§12. Toukmu 3kcTpeMyMOB (DYHKITUM.

[Iycrs dyukmus y = f(x) 3agana Ha mpoMexxyTke X . Dra DyHKIUsT nMe-
eT BO BHYTPEHHE TOUKE T( A0KAAbHbIT MAKCUMYM (AOKAGALHOIT MUHUMYM),
eCJIM CYIIEeCTBYET TaKash OKPECTHOCTH (g — 0; Lo + ) 9TOi TOUKH, UTO JJIst
Beex & € (g — 0; 20 + 0) (x # ) BHIOMHsIeTCs HepasencTso f(z) < f(xo)
(f(2) > f(x0)).

MakcuMyMbl 1 MUHEMYMBbI (DYHKITUN OOBEIUHAIOT OJTHUM CJIOBOM IKCMpe-
MYM.

[TorsiTust JIOKAJIBHOIO MaKCHMyMa, ¥ JIOKAJbHOIO MUHUMYMa, HEJIh3sT IMy-
TaTh ¢ HAMOOJIBIITUM MJIM HAUMEHBIINM 3HaYeHueM (DYHKITUU Ha ITPOMEXKYT-
ke (orpeske). JlokaJbHBII MakKCHMyM — 9TO HanboJbiee 3HaUYCHHE (DYHK-
I[N OTHOCUTEJILHO OJIN3JIEeXKAIIUX TOUEK, HO OH MOXKEeT He ObITh HAMOOJIbIITUM
3HaueHreM (PYHKIMN Ha oTpe3ke. UToObl HaiiTh HamboJbIIee U HauMEHbIIee
3HaveHusT QYHKIUKU Ha OTpe3Ke [a; b, Hy:KHO HaiiTu Bce ee MaKCHMaJIbHbBIE
1 MUHUMAJbHBIE 3HAYEHUsI, 3HAYeHNsT (PYHKIMU Ha KOHIAX OTPE3Ka. 3aTeM
BBIOpATh HAKOOJIbIIIee U HANMEHbIIee 3HaueHns. Ha pucyHke npuseieHbl Ipu-
Mepbl (DYHKIIMI, UMEoIX HauboJIblllee 3HaUeHUsI B TOUKe b, B TOUKe @ U BO

BHYTPEHHEH Touke orpeska [a; b].
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Teopema 12.1. (HeobxoamMoe ycsgaoBue IKcTpemyma) B mouke skc-

mpemyma npoudeodnan dupdepenuupyemots GynKuuL pasHa Hyal.

B Teopeme yTBepxkmaercs, 4ro ecan auddepeHnupyemasi (pyHKIHS
y = f(x), onpenenennas wa orpeske |a; b], umeer B Touke xy € (a; b) IKC-
rpemym, 10 f'(x9) = 0.

Joxazameavcmeo. llyctb xyp —  TOYKAa  JIOKAJBHOIO — MAKCHUMyMa  (DYHKIUH

y = f(x), Torga upu pocrarouno manbix Az f(x) < f(xo).

Ilyctp < xy. Torma Az = x — x5 < 0 u 1pobb f(@o + Ax) — [(z0)

Ax
J(zo + Ax) — f(z0) <0
Az )

1 criocob.
> 0.

[Iycts x > xo. Torma Ax > 0 u 1podb

[Tepeiinem k npeneny npu Ax — 0. Tosyanm
. + Azx) —
f'(@o) = lim. F(zy Ax; f(xo) >0,

r—xo—0
, . Az) —
o=y, Lot =)

Tak kak npousBogHas GyHKIuM y = f() B TOUKe x( CYIECTBYET, TO U3 JABYX MOCIEJIHIX
HepaBeHCTB caeayet, ato f'(xg) = 0.

2 croco0.

Pacemorpum orpesok [xg — Ax; zg + Az]. Ha arom orpeske B Touke g dbyakuus y = f(x)
npuHnMaer Hanbosbinee 3nadenne. [1o Teopeme Pepma (teop. 7?) f'(z) = 0. O

Samernm, aro Jisi guddepeniupyeMoit pyHKIMKE yCJI0BUE PABEHCTBA HY-
JIIO TIPOU3BBOTHON SABJISACTCS HeoOxoduMbiM, HO He SIBJIATCI docmamounvim.

Touku, MoOO3pUTESNbHBIE Ha IKCTPEMYM, OyjieM Ha3bIBATh KPUMUUECKU-
Mu. K KpUTHUECKUM TOYKAM OTHOCAT CMAYUOHAPHDLE MOYKYU, TO €CTh TOY-
KU, IPOU3BOJIHAS B KOTOPBIX paBHa HYJIO, U TOYKH, B KOTOPHIX MMPOU3BOHAS
OeckoHevHa MM He CyTIecTBYeT.

[Tycrb g — KpuTHUueckas: Touka. PaccMOTpUM J10CTaTOYHbIE YCJIOBUS 9KC-

TpemMyMa (PYHKIUN.

Teopema 12.2. [Iycmov ¢ynxuyua y = f(x) nenpepuisna 6 nexomopom un-
MEPBAAE, COOEPHCAULEM KPUMUNECKYIO MOYUKY To, U Juddepenyupyema 60

6CET MovxKaxr 31moz2o0 uHmMepeara, Kpome, MOHCEM 6’bbm’b, camots mouku Zg-
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Ecau npu nepexode apeymenma wepes mouxy xo npousdeodnaa f'(x) mens-
em 3nax ¢ "naroca” na "munyc mo dgymnruyua y = f(x) umeem 6 mouke xg
AOKANOHBIT MAKCUMYM.

Ecau npu nepexode apeymenma wepes mouxy xo npouseodna f'(x) mens-
em 3nax ¢ "munyca” wa "nmoc mo dgynxuyua y = f(x) umeem 6 mouke xg
AOKANDHBLT MUHUMYM.

Ecau npu nepexode apeymenma wepes mouky xo npoussodnan f'(x) snak ne

menaem, mo gynxuyua y = f(x) 6 mouke xg sxcmpemyma ne umeem.

Teopema 12.3. ITycmov gynwyus y = f(x) deascdu nenpepuieno dudpe-
PEHUUPYEMA 68 HeKomopol okpecmuocmu mouky To, npuuem f'(xg) = 0,
f" (@) # 0.
Ecau f"(xg) < 0, mo dynxyua y = f(x) umeem 6 mouxe xo A0KAALHDI
MAKCUMYM.
Ecau f"(xg) > 0, mo dynxyus y = f(x), umeem 6 mouke xy A0KAALHDI

IIpumep 12.1. McciieioBaTh Ha MOHOTOHHOCTH U TOUKH SKCTpEeMyMa (DyHK-
o y = 2% — 92 + 24 — 17.

Pemenne . Boiuucium npoussojnyio y'(x) = 322 — 18z +24. Tlpupasisgem HPpOU3BOIHYIO
HYJII0, HafileM KpUTHYeCKHe TOYKH o = 2 U ¥ = 4. BBIYUCIUM 3HAKM IPOU3BOJHON Ha

MOJTYIUBIITAXCST TTPOMEYKYTKAX.

+ - +

2

[To Teopeme 7?7 x = 2 — TOYKA MAKCHUMYMa U Ymax = 3, £ = 4 — TOYKA MUHUMYMA U
Ymin — —1.

Uccneayem 31y GYHKIHIO Ha 9KCTPEMYM € HMOMOIIBIO BTOPOi Mpow3BOAHON. Mmeem

z

BN

y"(x) = 6x — 18. Torma y"(2) = —6 < 0 u & = 2 — Touka MakcuMmym™ma, y’(4) =6 > 0 u

r =4 — TOYKa MUHUMYMA.

ITpumep 12.2. McciieioBaTh Ha MOHOTOHHOCTH U TOUYKHU SKCTpeMyMa (DyHK-

o y = (z — 7)% - Vad,

5 Az —17)*
Pemenne . Borunmcanv upomssogayo y'(z) = 2(xz — 7) - Vat + (ET\/_?) =
x

14(z _5;/)&% — 2), Haiijiem kpurudeckue Touku r = 7, x = 2 u x = 0. Beruucaum 3naku

x
HPOU3BOJTHON HA MOJIYIUBIIUXCS ITPOMEXKYTKAX.

- + — +

0 2 7 T
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Utax, dynkmua y = (v — 7)? - Vot yowBaer npu x € (—o0;0) uw mpu = € [2;7], a
Bospacraer npu « € (0;2] u npu = € [7;00). Ilo Teopeme 7?7 = = 7 — TOYKA MUHUMYMA

A Ypin = 0, = 0 — TOYKA MUHEMYyMa U Ypin = 0, £ = 2 — TOYKa MaKCHMyMa |

Ymax = 25 - V/16.

IIpumep 12.3. VccaenoBaTh Ha MOHOTOHHOCTD M 9KCTPEMYMBI (DYHKITHIO

y:(x—13)2-\5/;.

2
Pemenume . Haiigem mupowssognyio ¢'(z) = 2(x — 13)vVad + 3(25—123) =
T
13(z — 153)(x — 3), ee KpuTndeckue Toukn = = 13, x = 3 u x = 0. BeraucauMm 3HaKH
5V 12
HPOU3BOIHON HA MOJIYYUBIIIXCS ITPOMEKYTKAX.
+ + R - R + ~
0 3 13 z

Oyukmms y = (z — 13)2 - Va3 yGeisaer npu © € [3; 13] u Bospacraer mpu = € (—o0; 3] n
npu x € [13;+00). [To Teopeme 7?7 x = 13 — ToYKa MEHUMYMA U Ymin = 0, £ = 3 — TOUKa
MAKCHMYMA 7 Ymax = 100v/27, B TouKe 2 = () 9KCTpeMyMa HeT.

ITpumep 12.4. (0 HauMeHbIIIEH CTOMMOCTH 11€PEBO30K ). 3aBoi A Hy»KHO co-
eIMHUTDH C IPAMOJIMHENHON YKEJIE3HON JTOPOroii, Ha KOTOPOl pacloJIOKeH To-
poa B. Paccrosinme OA or 3aBoja 10 KeJae3Hoit JOPOTrW PaBHO a, & PacCcTo-
saue OB 1o xene3noit jopore pasao b. CToMMOCTH 1EPEBO30K 110 TOCCE B
k (k > 1) pa3 Bblllle CTOUMOCTH TIEPEBO30K IO XKeJIE3HOM jopore. Kak mpo-
Bectn mocce AM K keje3Hoit gopore, 9TOOBI CTOMMOCTH TTIEPEBO30K OblIa,

HaUMEHbIIIEN.

Pemenne . Caenaem geprex.
Y

A A

0 T M B & 19 B z

OueBnyiHO, uT0 TOuKa M He MOXKeT jekaTh jesee Touku O u npasee Touku B. O6o-
sHauuM paccrossane OM = x, torna M B =b—x u AM = /a? + 22

IIycth cTOMMOCTD IEpEBO3KM I'Py3a Ha 1 KM IO KeJe3HOH jopore pasHa z pyo6.eii,
TOIJIa CTOMMOCTD IIePEBO3KH Ipy3a Ha 1 KM 10 mocce paBHa kz pybJieii u o0I11iasg CTOUMOCTh
nepeBo3ok u3 A B B P = z(b — x) + kz+va® + 22. Pacemorpum dyukmuo f(x) = b —
x4+ kva?+ 22 npu x € [0; b] u uccienyem ee Ha 3KCTpeMyM. BBIYHCIHM TPOU3BOIHYIO
fl(x) = =1+ # U IpUpaBHAEM ee HyJI0. EIUHCTBEHHOH KPUTUYECKOHR TOUKOM
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ABJIAETCS TOUKA Tg = ——— (2 > 0, TO3TOMY paccMaTPUBAEM TOIBKO TIOJOKATETHHbIH
Vk?—1
KODEHB ).
PacemorpuMm nBa caydas. Ileppblil caydaii — HaiigeHHAS TOYKA IPUHAIICKAT HHTEP-

sasty (0; b), BTOpOI#i ciyuaii — HaiijieHHas TOYKa JeKuT BHe uHTepBaa (0; b).

2

1 caywait. Ilyers 29 € (0;0) (K > +/2), Torma f"(x) = ﬁ > 0, caemno-
a’+x

BATEJILHO Ty — TOYKA MUHUMYMa M HAMMEHbIIAs CTOMMOCTH NEpeBO3KH IPy3a paBHA

Poin = 2(b+ avVEk2 —1).

2 caywaii. Iyers 29 ¢ (0;0) (1 < k < /2). Toraa ma orpesxe [0; b] nponssonast
f'(x) < 0, crenoBarenvuo, dyuknus f(z) yoblBaeT U HANMEHDIIEE 3HAYCHUE MTPUHIMAET
B Touke x = b. Takum obpasom, P, = zk Va2 + 2.

IIpumep 12.5. Haiijiure nanbosiblliee U HauMeHbIee 3HAUYCHUSA (DYHKIIAK
y = (x —1)? - v/22 — 22 + 6 na orpeske [0; 3].

Pemenune . Oyuxius f(x) oupenenena va R. Beraucius npousBomHyo

—1)3 (x — 1)(3z% — 62 + 13)
(@) = 2o — WP =25 46+ & =
y'(z) (x — DVx T+ N T /s W TPUPABHSB

ee HyJI0, HaiieM KpuTndeckyio Touky x = 1. [lojcuuraem 3uadenns: (pyHKIUNA B KPUTHU-

geckoif Touke n Ha komnax orpeska: y(1) = 0, y(0) = V6, y(3) = 12. Takum o6pazom
nomy i, 910 ypanm. = Y(1) = 0, Yyaue. = ¥(3) = 12.

§13. Brmimykiocts rpacdukoB dyHknun. Touku mepermoda.

Oyukiusa (rpaduk bysknun) y = f(x) Ha3bBACTCA 6LNYKAOT 6HU3 HA
npomexyrke X, ecjiu Jijist JIIOObIX X1, Tog € X BBIIOJHEHO HEPABEHCTBO
f(x1 + x2) < f(@1) + f(z2)
2 - 2

Oynkiuu y = f(x) HA3BIBACTCA 6uNYKA0T 66€pT HA TPOMEXKYTKe X, eCin

. (13.1)

JUIS JIIOOBIX @1, T9 € X BBIIIOJIHEHO HEPABEHCTBO
f(z1 + x9) S f(x1) + f(2)
2 - 2

OueBnyino, uto ecan rpaduk auddepeHnupyemMoit pyHKINN SBISETCS BbI-

. (13.2)

IYKJIBIM BHU3 Ha NPOMEXKYTKe X, TO OTPE30K, COCNMHSIIOIIUI JIIoObIe JIBe
TOYKHU I'paduKa, JIEXKHUT Bbille I'paduka PYHKIUU, a KacaTe/JbHasd K rpadu-
Ky (PYHKIMHU, TTPOBEJICHHAs B JIIOOOW TOUYKE U3 MPOMEXKYTKa X, JIEXKUT HUKE
rpacduka dynkiun. Ecan rpaduk guddepennupyeMoit GyHKITUN sIBJISETCS

BBIIIYKJIBIM BBEPX Ha MPOMEXKYTKe X, TO OTPE30K, COCIMHSIIONIU JIFoObIe JiBe
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TOUYKM rpaduka, JeXKUT HKe rpaduka yHKINK, a KacaTejabHas K rpadu-

Ky (PYHKIMU, [IPOBEJICHHAs B JIFOOOH TOUKE U3 ITPOMEKYTKa X, JIEXKUT BbIIIE

rpaduka QyHKIIH.

f(z2)
f(z1 + x2)
Har £ 22)
J(x1) + f(=2)

2
f(z1)

x1 1‘1-5352 To T X1 $1‘5$2 To T

Teopema 13.1. Juddepenyupyeman dynxyua y = f(x) ewnyria 6nus na
npomesrcymee X, ecau ee nepsas npoudsodnas f'(x) na amom npomescymie
sospacmaem. Jlugppepenvyupyeman pynxyus y = f(x) ewnykaa eseepr na
npomescymee X, ecau ee nepsas npoudeodnas f'(x) na amom npomescymie

yowvieaem.

TeomeTpuieckuii CMbICJ TEOPEMbI COCTOUT B TOM, uTo ecau f'(x) Bospac-
TaeT Ha MPOMEXKYTKe X, TO TAHTEHC YIJIa HAKJIOHA KaCaTeJbHOl K rpaduky
(QyHKIME BO3pacTaer, a 3T0 03HAYAET BBIIYKJIOCTh rpaduka (PYHKIUNA BHUS.
Ecau f'(z) yObisaer na npomexyrke X, TO TAHI'€HC yIJla HAKJIOHA KACATE/ h-
HOI K TrpaduKy (DYHKINK yOBIBAET, & 3TO O3HAUAET BBINYKJIOCTH I'pacuka
(GyHKIMHT BBEpX.

Ucrosib3yst ycjioBue MOHOTOHHOCTH ITPOU3BOIHON (DYHKIMN, MOXKHO COp-

MYJINPOBaTh AOCTaTOYHBIE YCJIOBUA BBLIITYKJIOCTH (byHKHI/II/I

Teopema 13.2. [Tycmo gynruyus y = f(x) dsascdu dudipepenyupyema na
npomesrcymre X . QYUHKUUAL GOINYKAL 6HU3, ECAU €€ 6MOPaA NPOU3EOOHAA
noaoscumenvua (f'(x) > 0) u ewnyraa seepr, ecau ee 6mopas npou3coona
ompuyamenvua (f"(z) <0).
Eciu f"(z) = (f'(z)) > 0 na npomexxkyrke X, T0 Ha 9TOM HPOMEXKYTKE
dbyukrust f'(x) Bospacraer, u o Teopeme 77 (DYHKIMS BHIMTYKJIa BHUS.
Tourot nepeeuba rpadbuka dyukiuu y = f(r) Ha3bIBaeTCs TOYKA, B KO-

TOpPOit (PYHKIIMS MEHsIeT HAlPABJIECHUE BbIITYKJIOCTH.

Teopema 13.3. (HeoOGxoauMoe ycCJIOBUE CYHMIECTBOBAHUS TOYKU ITe-

peruba) FEcau ¢ynruyua y = f(x) dsaocdw duddepenyupyema na npo-
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meoicymre X, mo 6 mouke nepe2uba ee 6Mopas NPou3sooHaA PasHa HYAI0
(f"(x) =0).

Teopema 13.4. (mocTaTo4uHOE yCJI0BHE CYIECTBOBAHUS TOYKHU MEpe-
ruba) Ecau gynrkyuay = f(x) deascdo duddpepernyupyema na npomestcyms-

ke X, u npu nepexrode apzymenma “epe3 Mouky Ty 6Mopas NPoudsoona.s

f"(x) menaem snax, mo xo — mouka nepeeuba epagura dynruuu y = f(x).

3aMeruM, 4TO B TOUKe Ieperuba KacaresibHas K rpaduky QYHKIUN Iepe-

XOJIUT C OJIHO CTOPOHBI I'papuKa Ha JIPYTYIO.

ITpumep 13.1. Haiijiure nHTEpBasbl BHITYKJIOCTH U TOYKHU Teperuba rpa-

dbuka ¢ynknun y = 4 — arctg x.

Pemenne . Haiinem npowssombie; ¢ = ——1— o/ = 2L
A P 2\ Y 2+ 1 ) (:E2+1)2
Bropasg npoussoxnas ¢y’ = 0 upn x = 0. Ha narepsane (—oo;0) BrOpas nponsBoHast

OTpUIATEe/IbHA, CJAeJ0BATE/ILHO, HA 3TOM HHTEpBaJe (PyHKIM BbIyK/a BBepx. Ha unrep-
Bay (0;+00) BrOpast MPOU3BOAHAS TOJIOKHUTEIbHA, CJIETOBATEIBHO, HA STOM HHTEPBAJIE

dyukiusg Buinykaa Bau3. Touka x = 0 gaBigercsa To4ukoil meperuba rpaduka GyHknuu.

§14. Acumnrorsl rpaduka QyHKIIAN.

[TonsiTe acuMITOTHl BBOJNTCSE OOLIYHO JIJ1S1 KDUBBIX, BETBU KOTOPBIX yXO-
JIAT B OECKOHEYHOCTDh. DTO BO3MOXKHO, ecjii (PYHKIUsI HEOrPAHUIEHA UJIU eC-
1 PYHKIINASA OTpeJiesieHa Ha DECKOHEYHOM MPOMEXKYTKE.

[Ipsimasi HasbiBaercst acumnmomoti rpaduka dbyukuun y = f(x), eciau
paccrostHue oT TOYKU KpuBoil (x; f(z)) 10 mpsAMOil cTpeMUTCs K HYJIHO, MpH
JIBUPKCHUM TOYKHN 110 KPUBOH K OECKOHETHOCTH.

Passinuaior 3 Bujia aCUMIITOT: BEPTUKAJIbHbIC, HAKJIOHHBLIC U TOPU30HTAJ b-

HbIE.

Teopema 14.1. [Tycmov ¢ynxuyua y = f(x) onpedeaena 6 oxpecmmocmu

mouku To (UCKAI0UAA, OOIMb MOJICEM, camy Mouky Ty ). Ecau xoma 6o, 0dun

us npedesos lim  f(x) wau lm f(x) pasen beckoneunocmu, mo 6 mouxe
0 x—xo+0

T—To—
xo Pynruuu y = f(r) umeem sepmuraivuyto acumnmomy.

YpaBHeHHE BePTUKAJbHON aCUMIITOTHI i = X.
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OueBujao, aro ecau dyukiws y = f(x) HempepblBHA B TOUYKE T( U

f(xo) = lim f(x), To B 9T0¥ TOUKEe HE MOXKET OBITH BEPTUKAJBHON aCUMIITO-
T—X0

Thl. BeprukajbHble acuMITOTHI (DYHKITUS MOYXKET UMETh B TOYKAX Pa3pbiBa U

Ha KOHIIaX IIPOME2KYTKa OIIpeJc/ICHUA.

Teopema 14.2. [Tycmo gynxyus y = f(x) onpedeaena na beckoneurnom
npoMedcymEe u npu T — 00 cyuecmsyem koneunvid npedea lim f(x) = b.

T—r00
Tozda npamas y = b asasemca 20pu30MMasvHOU GCUMNMOMOT epaduka

Ecmm cymecrByeT TOJBKO OJWH M3 IIPEJIEIOB xgmoo f(x) = by wm
xl_l}gloo f(x) = by, 70 QyHKIM UMEET TOJHKO JIEBOCTOPOHHIOK HJIU MTPABO-
CTOPOHIOI0 TOPU3OHTAJILHYIO acuMnTory. Hampumep, dyuknus y = e* upu
T — —O0O HMeeT JIEBOCTOPOHHIOI MOpU30HTAIbHY0 acumuTory y = 0, pyHK-
st Yy = arctgx. upm r — —0O0 HUMEeT JIEBOCTOPOHHIOI I'OPU30HTAJIbHYIO

ACUMIITOTY Y = —%, a Ipu r — 400 UMeeT MPaBOCTOPOHHIOI TOPU30OHTAJb-

HYIO aCUMIITOTY Y = %
Ecnn liril (x) = 00, 10 dyukust y = f(r) He MOXKET UMETh MOPU30H-
T—rL00
TAJbHBIX ACKMIITOT, HO MOYKET UMETh HaKJIOHHDIE.

Teopema 14.3. IIycmov ¢ynruua y = f(x) onpedesena na beckoneu-
HOM NPOMENCYMEE U NPU T — OO CYWECMEYIOM KoHewHble npedeivt k =
f(z)

lim === u b = lim (f(v) — k). Toeda npamas y = kx + b asriemes

naxAounot acumnmomot epagura dynryuu y = f(x).

Haxkonnas ACUMIITOTa, KaK U T'OPU30OHTAJIbHaA MOXKET OBITH JIEBOCTOPOH-

HEe#, TPaBOCTOPOHEN WJIN JIBYXCTOPOHHEH.

§15. MHccaenoBanue pyHKIUMU M NOCTPOeHUE rpaduka.

Cxema uccieoBanns pyHKITUH:
1. Hajitu obsiacTh onpejiesieHust pyHKINH;
2. UccaeioBarh (DyHKIIMIO HA, Y€THOCTH W MEPUOJUIHOCTD;
3. UccnenoBarh (hyHKINIO HA HENPEPBIBHOCTD, €CJK (DYHKIINASA UMEET TOUKH

pPas3pbiBa, UCCJIEI0BATH [IOBejieHIe (DYHKIUN BOJIM3U TOUYEK Pa3pbIBa;
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4. Haiitu acuMnTorsl rpaduka QyHKIUU, €CJIU OHU CYIIECTBYIOT;

5. Bbluuc/iuTh 1EPBYIO HPOU3BOJHYIO, HANTU TOYKU IKCTPEMYMOB U MHTEP-
BaJIbl MOHOTOHHOCTH (DYHKITHH;

6. BoruncgnTh BTOPYIO MPOU3BOJIHYIO, HANTH TOUYKHU repernda 1 WHTEPBAJIbI
BBIIYKJIOCTH (DYHKIINH;

7. Haititu Toukn nepecedenns rpaduka (pyHKIUN ¢ OCIMU KOOPJIUHAT U, €CJIH
HEODOXO/IMMO, JIDYT'HE TOUYKU;

8. Iocrpouts rpacduk GyHukiuu.

IIpumep 15.1. HccaenoBath ByHKIMIO y = v a3 — 622 1 HOCTPOUTDL ee
rpaduk.

Permienne . 1. O6sacts onpeenennst pynknnu D(f) = R.
2. OyHKIius 001IEro Bu/ia.
3. OyHKIHUsSI HEIPEPhIBHA.
4. BepTuKaJbHBIX aCUMIITOT HE UMEET.
v 13 — 622
=1lub=

Haiinem naxmonnpie acumMnTorel. Beraucium k = lim ~———— =
Tr—r00

3 2 "3
lim (Va3 — 622 —x) = — 62" — )

T—00 x—)oo 3/ 333 63}2 —|—33 .CC3 _ 6332 + LU 3

YpaBHeHue HAKJIOHHOM aCI/IMHTOTbI y=x-
— 4:5 __zx—4
\ (x?’ —622)2 /x(x —6)?

Haitjilem kpurtudeckue TOUYKU (PYHKIUU, TOUYKU IKCTPEMYMOB U UHTEPBAJIbI

5. Boruncaum npoussonyio: 4y =

monoronuoctu (yukiyun. Umeem 3y’ = 0 npu x = 4 u 3y He cymecrByer npu

r=0 = 6
+ + +

/0\ 4/4 6/4 z

xr = 0 — Touka makcumyma, y = 0 — MakcumyM (GyHKIUH, T = 4 — TOUYKA
MEHUMYMA, § = —2v/4 ~ —3,2 — MunuMyM GyHKIHE. DYHKIUS BO3PACTACT

npu © € (—o00;0) n x € (4;400), bynknus yosBaer npu x € (0;4).

—8
\/x4 (z —
creyer ipu ¢ = 0, x = 6 u HU OOpaIAETCsT B HOJIb HI/I B O,D;HOI71 TOUKe.
+ + —

BbBIII. BHU3 0 BbBIII. BHU3 6 BBIII. BBEPX

6. Boraucsinm Bropyio nponssoaayio iy’ . meem 4" ne cymie-

r = 6 — Touka meperunba rpaduka Gynknnu, y(6) = 0.
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§16. IIpousBonHas mapaMeTpuyecKu 33aJJaHHON PyHKIUN.

3aBucuMocTh (DYHKIMU i OT apryMeHTa T He BCerjia Bbipaxkaercs: (pop-
MYJIO#, HETIOCPEJICTBEHHO CBA3bIBalOINIeH x 1 y. MHOrIa 3Ta CBA3b OCYIIeCTB-

JIAETCA ¢ TOMOIILIO HOBOW MepeMeHHoi, Ha3bIBAaeMOl napamempom.

y = y(t)
r = z(t)

(t € [a; B]) (16.1)

B srom ciydae rosopsr, aro dbyuknus y(x) 3amgana napamempuyecku. Ecmm
X ¥ Y PacCMaTpPUBATh KaK JIEKAPTOBLI KOOPAMHATHI TOYKH Ha IJIOCKOCTH, TO
ypasraerust (16.1) KaxX1I0My 3HAUEHUIO MapaMerpa t CTaBAT B COOTBETCTBUE
TOYKY Ha IJIOCKOCTH. MHOXKECTBO 3THX TOUYEK 00pa3yeT Ha ILJIOCKOCTH KpU-
Byto. Ypapuenust (16.1) Ha3bBAIOT NMAPAMEMPULECKUMY YPAEHEHUAMU
Kpuso.

Ecau B napamerpruaeckoM 3aaHun GyHKIIANA U3 BTOPOTO YPABHEHUS MOXK-
HO BbIpas3uTh t = () U 1MOJCTABUTH 3TO BbIPAYKEHUE B [IEPBOE yPaBHEHUE,
TO TONTYyIUM siBHOE 3ajanune Gyuxmmn y = y(p(x)).

[Ipenmonoxum, aro dyuknuu y(t) u x(t) HenpepbiBHb, auddeperupy-
embl, ipudem ' (t) # 0 (rorga cymecrByer obparhas dyskius t = ¢o(x)).
[Ipumensasa npaBuia ﬂl/lcbcbepeHqu/OBaHHH CJIOYKHOI 1 obpaTHO (PYHKIHIA,

1 _ Y

! !/ ! /
[IOJIY YUM ym—yt-tx—yt-?—?.
t t
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Takum obpazom, npousBojiHasi (PYHKIMN, 33 JaHHON TTapaMeTPUIeCcKn HaX0-

Jirest 1o popmyJie

y==%
" (16.2)
r = z(t)
/
:LJ
Haiisem Bropyio npoussognyio 3roit dymkiun: yr = xt, Lt =
t
" _/ I/
ytﬂz ,)gtxtQ. Bropast npousBojnas HaxoauTcst 10 GpopMmyJie
Ly
1 / / 1
Y = Y2 " Ty — Yy * Ty2
g () (16.3)

xr = x(t)

y=1+1t>—-2t

IIpumep 16.1.
p p { x = 2t + 2

Perienue . B obactu onpesienenusi GyHKINM y() BEIYUCTUM TIEPBYIO TTPO-
u3BOsIHY0. Jlist 9TOT0 BBIUMCTNM Tpou3BOHBIE DyHKIWI y(t) u x(t) 1o me-
pemennoit t: y;, = 2t — 6% = 2(t — 3t?), x} = 2+ 2t = 2(1 + t). [osnyuaem
) _t—3¢

Yo = Tt
r = 2t + t

Borancamm BTOPYIO MPOU3BOTHYIO

(y/)/ _ (I_Gt)(1+t)_(t_3t2) — 1—6ﬁ—3t2_

vt (141t)* (14 1t)?
[Tonyuaem
yu:1—6p—&2
z (141)°
x = 2t + t?

§17. Ilouarme vactHOIl mpom3BoaHoi. /Iuddepennman pyHKInm

BEKTOPHOT'O apryMeHTa.

[Tycrb sajana dyukuus z = f(x,y) aByx nepemennbix = u y. dajum

apryMenTy x npuparienne Ax, a apryMenty y — upupaiienne Ay. Bejnanna
Az = f(x+ Az,y + Ay) — f(z,y)
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HA3bIBACTCS NOAHBIM Npupaweruem byuknun f(x,y) B Touke (z,y). Ec-

JI1 3aJ1aTh TPUPAIICHAE TOJILKO OJIHOTO apIyMEHTa, TO HOJYYUM YACTNHBLE
npupauteHuss GyHKIUI

Aoz = flz+Ax,y) = flz,y),  Ayz= flo,y+Ay) = flz,y).
B obmem cayqae Az # Ayz + Ayz.

Haupumep, ecin z = xy, 1o Az = zAy + yAr + AxzAy, A,z = yAx,
Ayz = zAy.

YacmHoti npoudeodHotl GynKuul HECKOALKUL NEPEMEHHVT HA3bLEAET-
ca mpeden OMHOWEHUA YACTIHOZ0 NPUPAWEHUA PYHKUUL N0 00H0T nepe-
MeHHOT K npupausenuto smoti nepemennotl, xozda npupauiernue nepemennotl
CMPEMUMCA K HYI0.

Eciu z = f(x,y) — QyHKImMs JBYX IEPEMEHHBIX, TO OHA UMEET JIBE 4acT-
HBIX IIPOU3BOIHBIX

A,z
! . x /I .
Fr T AI;:IEO Az fy T Alj}/rilo Ay (17.1)

. / /
Obo3HaYAI0OTCS YacTHBIE TPOU3BOJIHBIE CJIEYIONNM 006pa3oM: 2, 2, W

0z 0z
Jdx’ Jy’
Ecmu y = f(x1, 29, ..., 2,) — OYHKIUS N HE3ABUCHMBIX T€PEMEHHBIX, TO

dy Oy oy
OH& MMEET N MaCTHBIX NPOUSBOJHBIX Zom, o = . ..y o
1 2 n

Jlist BbIYMC/IeHUST 9ACTHOM 1IPOMB3BOJIHON HYXKHO pacCMaTrpuBaTh BCE I1e-

peMeHnHnbIe, KpoMe O,ZI;HOI‘/JIj KaK IIOCTOsdAHHBbIE M BBIYHCJ/IATDH IIPOU3BOAHYIO IIO

OOBIYHBIM TpaBUIaM U POPMYJIaM.
IIpumep 17.1. Boiunciure yacrible mpoussojuble GyHKIWM 2 = o2 - Iny.

Pemenne . Borauciaum yacrubie I[IpOU3BOJHbIE, IIOJIar'ad CHa4daJla Y IIOCTO-

JAHHON, a 3aTeM .

2= (2% - Iny), = (2?), -Iny+ 2% (Iny), =2zxny + 2> -0 =2xIny;
zy = (2% -Iny), = (2°), - Iny+2* (Iny), =0-lny + 2> % =22 %

IIpumep 17.2. Boiuuciure 9acTHBIE IPOU3BOAHBIE (PYHKITUI
2 = 2%y® — 3xy® + 42° — 10y.

Pemtenne . Bbruuc/ium 4acTHblE ITPOU3BOJIHbBIE.
20 = (2%y® — 3xy? + 423 — 10y)!,, = 2zy® — 3y* + 122%;
2y = (2%y® = 3ay® + 42® — 10y);, = 32*y*> — 6y — 10.
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[Iycts 3amana dbyuknus 2z = f(x,y), 3aBucsias or MepeMeHHbIX T U Y.
Paccmorpum npuparienue sroit byukimn Az = f(x+ Az, y+ Ay) — f(x,y).

[IpejcraBsum npupaienue B Buje
Az = A1Ax + A Ay + o Az + as Ay, (17.2)

rue oy, g — beckoredno magibie ipun Az, Ay — 0.
udgpeperyuanrom pynryuu z = f(x,y) nasveaemca 2rasnas suned-
HAA HACTD NPUPGULEHUA PYHKUUL.

Ecnn Az samuiceisaercst B Bujie (17.2); o

dz = A1Ax + AsAy.
0z Ay = 0z

Moxuo mokasarh, ato A; = D Yy Qopwmyna s guddepeHnmaa

MNpUMET BU/J]

dz = %dw + g;dy (17.3)
rie de = Az, dy = Ay. Boipaxenne (17.3) 3agaer noansti duggepernyu-
an Gyuknuu z = f(x,y). Cnaraembie B 9710# (opMyJie HASBIBAIOTCS 4aACTTL-
HuLMU dupdeperHyuaramu.

Hns dbyuknum, npuBejieHHONR B mpuMepe 17.1 mosinbiil guddepenimal

npunumaer Buji dz = 2z In y dx+ % dy, a dactHble Jiuddepenialibl paBHbI

dz, = 2xInydr n dz, = z dy

Ecin nosinoe HpﬂpameHHe byskiuu z = f(z,y) upejcraBuMo B BHJE
(17.2), To dbyuknus nazpiBaercs dugdgdepenyupyemod.

st byHKIMK 0J1HO# 1IepeMeHHoit yesioBue judpepeHIupyeMOCTH U yCJIo-
BHE CYIIECTBOBAHUST KOHEUHOW MPOM3BOIHON 3KBUBAJEHTHDI, TO €CTh (DyHK-
nmust y = f(x) muddepeniupyeMa B TOUKe Ty TOTJIA ¥ TOJBKO TOT/A, KOTJIA
OHa WMeeT B 3TOH TOUKe KOHeUHYto mpousBoanyio f'(xg). Jusa dynknun MaO-
I'MX IepeMeHHbIX ycjoBue juddepeniupyemoctu 6ogee ciioxkuoe: Qynruyui
z = f(z,y) duddepenyupyema 6 moure My, ecau wacmmnvie npoussoonvie

cywecmsyromnm u HENPeEPuIeHblL 6 Henomopoﬁ OKPECITNHOCTNU Mot MoK,

Ecin dyukuus z = f(z,y) muddepeniupyema, 1o dopmyiy (17.2) mMox-
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HO 3alluCaTb B BUJIE

0 0
Ar=Yr —Zdy + a1 - Az + ag - Ay. (17.4)
Ox oy
Hns dbyuximuu y = f(x1, x2,..., T,) OT N HEPEMEHHBIX OIMPEIETCHUST

nuddepennnalia u ycaopue a1uddepeHnnpyeMocTi JaiTcs aHAJIOTHIHO.

[onuwiit judpdepeniral PyHKIUMU BEKTOPHOIO apryMeHTa HaXOJUTCs 110

dopmyie
dy = g—gdarz (17.5)
i=1

Kaxk u mpousBojinas pyHKIUN OHOM MepeMeHHO, TacTHbIE TTPOU3BOIHbBIE

JJIA CbYHKL[I/H/I ABYX II€PpEMEHHBIX MMECIOT FeOMeTpI/I‘IeCKI/H'/JI U MexXaHU4eCcKui

CMDbICJI.

Panee 0b110 7aHO ompeiesieHHe KacaTelbHOW K KPUBOM, KaK MpeJeabHOe IMOJOKEHHe
cekyteil. AHATIOTHYHO OIPEJIEIAeTCs KACaTebHAsK IIOCKOCTh K MOBEPXHOCTH 2 = f(1,Y)
(F(x,y,z) = 0). [TrockocTh, mpoxosiias depe3 ToUKy My MOBEPXHOCTH, HA3BIBAETCS
KacameavHol nA0CKOCMbI0 B JIAHHON TOYKE, €CJIM yIroJl MEeXKJy JJAHHON ILJIOCKOCTHIO U
CeKyIIei, Mpoxosinei depe3 Touky My u JII0O6yI0 APpYyryio TOUKY moBepxHocTu M, Korma
Touka M, nABUTasch IO MOBEPXHOCTHU, HIpudbauzKaercs K Touke My, crpemutcs 0.

Eciu moBepxHOCTH 3aj1aHa ypaBHeHueM z = f(x,y), T0O ypaBHeHHe KacaTeJbHOil TI10C-

KOCTH K 9TOi 1noBepxuoctu B Touke Moy(To, Yo, 20) 38/1a€TCs1 ypaBHEHUEM

z— 29 = fu(®o,y0)(x — x0) + f;(fﬁo,yo)(y — Yo), (17.6)
a ypaBHeHHe HOPMAJIU K MOBEPXHOCTH B Touke My (o, Yo, 20) UMEET BH]

T — To Y — Yo z— 2
- = : 17.7
f3;<$07y0> f?;(l’(),y()> —1 ( )

Ecan moBepxuoCTh 3aana ypasaerneM F(z,y,z) = 0, To ypaBHeHHe KacaTeJbHO TI0C-

KOCTH K 9TOi moBepxuoctu B Touke Moy(Zo, Yo, 20) 38/1a€TCsA Y paBHEHHEM

E (20, Y0, 20)(x — 0) + Fé(fcmyo, 20)(y — o) + FL(w0, Y0, 20) (2 — 20) = 0, (17.8)
a ypaBHEHHe HOPMAJTH K HOoBepxHocTu B Touke My(xo, Yo, ZO) nUMeeT BUT

T — X _ Y — Y _ 2= 20
F;;('r()ay()az()) F;(x(hy()uz()) F,z{(x07y07z0>

(17.9)
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§18. IIpousBoanass nmpom3BoJsibHOII (pyHknuu. [IpousBogHas mar-

pumna.

[Iycts f: X CR — Y CR, 10 ectb y = f(x) — oObITHAST CKAJTSIPHAST

dbyukIius. Ee npon3BoiHyo MbI OIpeae/ i CAe Iy oMM 00pa3oM:
Ay
/ .
ro) = lim —. 18.1
Y (o) = lim 2 (18.1)
Oyers f: X ¢ R®W - YV C R, 10 ectb y = fxy, ..., x,) — cragsip-
Hast (PYHKIMs BEKTOPHOIO apryMenTa. Ke mpomsBoanas ompenessercs Kak
BEKTOP, KOOPJUHATAMU KOTOPOI'O SIBJISIOTCS YaCTHBIE IPOU3BOIHbIE:

dy oy Oy dy
A e - I 18.2
dx (89:1’8962’ "0z, (18.2)

fi(z)
Mycrs f: X CR =Y C R™ 10 ects y(z) = L — BEKTOpHAasl
fm ()
DYHKIUS CKAJIAPHOIO apryMeHTa.

IIpou3dsodnoti sexmoproti Gynkyul CKaLAPHO20 aP2YMENMA HA306EM GEK-

mop
fi(z)
y@) =1 ... |. (18.3)
()
fl(xl, e ,xn)
Mycrs f: X C R™W =Y c R™, 10 ecrn y(z) = —
(1, 20)

BEKTOpHAasi (DYHKIIMST BEKTOPHOTO apryMeHTa.
IIpouseodnotli sexmopnoli GyHKUUYL BEKMOPHO20 APLYMEHMA HA308EM

MaAmpuyy A pasmepa m X N, dAEMEHMAMU 790m0p0u° ACAANOTNCA YACTINHYLE

npoussodnvie gynruud f1(xy, ..., Tn), -, fm(T1, ..., Tn)
(0h Oh 0 )
dxy Oxy ~°° 0Ox,
on 0 o
Alz)=y'(x)=| 9x1 Odxy ~°" Oxn | | (18.4)

Ofn fn  Ofm
\ Jo1 Grs " Oz )
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MoO>KHO 1TOKa3aTh, YTO €CAU NPUPAULEHUE PYHKUUL MOHCHO NPEICTNABUMD 6
sude Ay(xg) = A(zg)Ax + axg, Ax), 2de a(xg, Ax) — beckonewno maras
boaee 6uicorozo nopadka manocmu, wem Axr = (Axy, Axo, ..., Ax,)T, mo

dynrxuyus y = f(x) duddepenyupyema v mampuya A ecmv npoussodnas
mampuya dynrkyuu y = f(x).

§19. IIpou3BojHBIE BHICHINX ITOPAAKOB (PYHKIINM BEKTOPHOTI'O ap-

ryMEHTA.

PaceMOTpUM BBIYMCICHUE TPOU3BOIHBIX HOPIKa BBIIIE IIEPBOrO JJIs CKa-
JSPHOI (DYHKIMKU BEKTOPHOTO apryMmenTa. Bce paccyxkjenust 6yjaeM MpoBo-
JuTh it byakmun z = f(x,y).

SABJIAIOTCS (DYHKITH-

Tak kak 1acTHDIC IMPOU3BOJHBIC Or

AMUM, TO IJIsI HUX TaK2KE MOXKHO HaXOJAUTHb YaCTHbIE IIPDOU3BOJHDLIC. DTO 6y,Z[yT

Of(z,y) - Of(z,y)
dy

HacimHsvle npouseodnue 8mopoeo nopﬂdna:

M_g(@f(x,y)) 0*f (x,y) _Q(ﬁf(a:,y)),

or> Oz ox oxdy Oy ox
Of(r.y) _ 0 (0f(x,y)\ &Fflxy) 9 (0f(z,y)
OyOx Ox oy T Oy? Oy y '
2 2
HacrHble TPON3BOJIHBIE 0 g{ég:’yy) 17} 0 g;g;ﬁy) Ha3bIBAIOT CMEWaAHHbL-

MU NPOU380IHbIMUY. OHU OTINIAIOTCSA MOPSAKOM JudepeHITnPOBAHMS.

IIpumep 19.1. BoruncnmTe d9acTHbIE ITPOM3BOJHBIE BTOPOIO TOPSAJIKA OT

bynxnmm z = 22y + 2z 1Iny.

Pemenmne . Hacrubie 11pou3BojiHbIE 1EPBOTO MOPSJIKa UMEIOT BUIL:

dz _ 0z _ .2, 2x
a£-2xy+21ny, ay—m + y.TOI‘,ILa

5z Pz 2 Pz 2 Pz 2
IIpumep 19.2. Boiunciaure dacTHble TPOU3BO/HBIE BTOPOI'O HMOPSIAKA OT (PYHKIHH 2 =
(%y + 2y*)*.

Pemenne . YacTable TPON3BOIHBIE TIEPBOTO MOPSIKA UMEIOT BHJ;

92 = 9(a%y + 2y?) 2y + o), % = 2(¢%y + zy°)(2? + 3xy?). Torya
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25 =2Q2zy + ) (2zy + y°) + 2(2%y + 2y®)2y = 222y + y°)? + dy(a®y + xy?),

C2 = 2(2? + 3xy?) (2 + 329?) + 2(2%y + 2y®)62y = 2(22 + 32y?)? + 122y(2y + 233),
% = 2(2% + 3zy?) (2zy + v¥) + 2(2%y + 2y?) (22 + 3y?),

fy—za’i,; = 2(2zy + y*)(¢%y + 32y°) + 2(2%y + 2y°) (22 + 3y?).

B s1ux npumepax cMmeiiaHHble IPOU3BOJIHbIE PaBHbI MexK 1y coboit. Bo3nu-

KaeT BOIIPpOC — BCEr'Jla JIN BBIIIOJHACTCA HO,H‘O6HOG pPaBE€HCTBO.

Ecau y pynruuu z = f(x,y) 6 moure My(xg, yo) v nexomopot ee oxpecm-

0z 0z 0°z 5z

HOCTU CYUWECTNBYIOM YACMHDLE NPOU3BOIHLE o1’ Oy oy u DyIT” npu-

YEM CMEWAHHBLE NPOU3codHbIe HenpepueHbs 6 mouke My(xo, yo), mo ux 3na-

5z 5z

wenus 6 mouxe My(xo,yo) pasrol, mo ecmo D10y ~ Oyoz

MoKHO OIpeIe/IuTh YaCTHbIE TPOU3BOIHBIE JIIOOOTO MOPSIKA, JIJIs (PYHK-

1NN, 3aBUCAIIEH OT JIF0OOro ducia rnepeMenabix. Hanpumep,

& _ i 822 832 — 0 (922 an(LU,y,Z) — Q 8f(x,y,z)
T o0y Oy ’

ox®  Or \ 9x” ox? )’ Ox> Oz ox
Pfly.2) _ 9 (0fxy.2)\ Pfley.2) _ o (Ffley.2)) .
0xdy Jy ox » 0xdyoz 0z 0xdy s

YTBep:KeHue, aHaJornIHoe CHOPMYIUPOBAHHOMY BBIIIE MOYKHO JIOKA3aTh
JUUI YaCTHBIX IPOU3BOJIHBIX JIFOOOTO MOPsAJIKA, OTIMIAIOIIMXCS JIMIIh OPSI-

KoM JinppepeHITupOBaHMSI.

§20. JIuddepeHiiuaibl BbICHINX IOPSIIKOB.

B §8 0b11 onpenesien nuddepeniimalt mopsijka n oT cKaJaspHOi (yHK-
IIIU CKAJISIPHOTO apryMeHTa. AHaJOruIHO BBOAATCA AuddepeHnuabl Bbic-
IAX TTOPSAJIKOB JJIsT YHKIMU BEKTOPHOI'O apryMeHTa

[Iycts z = f(x,y) — GyHKIUS OT JBYX MEPEMEHbIX T U Y.

Jludpdeperuyuarom emopozo nopsadra naswpipaercs nuddepeHimal or

nepporo juddepeHnnala.
d?*z = d(dz). (20.1)

JTugppeperuyuanom nopsijika n HazbiBaercs auddepennnal or auddepen-

nuaJia nopsijika n — 1.
d"z =d(d"'2). (20.2)
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[lycts 2z = f(x,y) — mempepbiBHAs (DYHKIHsI, UMEROIIAsi HEIPEPbIBHBIC

YaCTHbIE ITPOU3BOJHbLIE TTIEPBOT'O U BTOPOT'O MMOPAIAKOB. TOI‘,ZLa

0%z 0%z 0%z
A’z = S da® +2 d d d 20.3
Ny = Ck da:kd ek 20.4
dbopmyiy (20.4) ya06HO 3aECHIBATH B OLEPATOPHOM BHJIE
. ) g \"
d z—<a dm+a—dy> f(z,y).
[Tycrb 3ajana ynkius or n nepemennbix y = f(x1,x9,...,x,). Torua

BTOpOil guddepennrag MOKHO BBIUUCJIUTD 110 (popMyJie

n 2
07y
d?*y = ——dux;dx; . 20.5
J Z O0x;0z; e ( )
i,j=1
ECJH/I ;Ul, e ,I‘n HEe dBJAIOTCA HE3ABUCUMbBIMU HepeMeHHbIMI/I, TO

- 823/ - oy

d?y = dx;dx; d3z; . 20.8

Cpasuubast dopmyansr (20.4) u (20.8), BuauMm, aro dopma Broporo muddepennnaia n3me-
Huaach. [logpuiock qonoHuTebHOE caaraemoe. CrienoBareabHo, Bropoil nuddepernua

UHBAPUAHTHOCTHIO (POPMBI HEe 00,1a1aeT.

§21. IIpoum3BojaHada CJI02KHOI (PYHKINN BEKTOPHOTO apryMeHTA.

He ymenbinas 0GIIHOCTH, MOXKHO TPOBOJUTL BCE PACCYKICHUs I (DYHKIMA JBYX
nepeMeHHbIX.

1. Tlyers dynxmua z = f(z,y) oupenenena B obmacru D C R®) | a dynkunn 2 = (t),
y = y(t) ompemenennl Ha mpomexkytke (a; b). Torma z(t) = f(:p(t),y(t)) — CJIOXKHAST
dyuKIUg 0T nepeMennoii t. Ecym cymecTByOT HenpepbIBHbIE YACTHBIE TPOU3BOIHLIE EE

of dx dy

dy 1 HeNPEPbIBHbIE IPOU3BOIHBIE “ i, 7y TO dbyukius z(t) Tak:Ke UMeeT MPOU3BOIHYIO,

KOTOPAasi BbIUYKUC/ISIETCs 110 PpopmyJie

dz  0f dx Of dy
T o @ty @ (21.1)
(t), one t = t(z,y) ((z,y) € D C R®, t(z,y) € (a;0), D(f) =

2. llycte 2z = f
(a;b) (obmactb D(f) ompenenenns hyHKIME 2 1 MHOXKeCTBO 3Hadenuit F(t) dbyukmun t
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cornacoanbl). Torma z = f(t(x,y)) — cnoxknas dyHKIMs ABYX mepeMeHHbX. 1 mycTh

CYIIECTBYIOT HEIpPEPBIBHBIE ITPOU3BOIHBIE g—J;, %, % Torna dbyukmus z = f(t(x,y))

umMeeT dJaCTHble ITPOU3BOJHBIE, KOTOPbhIE€ BBIYUC/IAIOTCA I10 CbOpMyJIaM

dz df ot 0z dz Ot
or  dt Oz’ oy dt Oy’ (21.2)

3. ycrs 2z = f(u,v), tne u = u(x,y), v = v(z,y) ((z,y) € D(f) u D(f) cormaco-

Bana ¢ F(u), E(v). Torma z = f(u(z,y),v(z,y)) — caoxuas yHKIHs ABYX MEPEMeH-

HbIX. 1 IycTh CyIIECTBYIOT HENPpEePbIBHBIE TPOU3BOTHBIE %, %, %, %, %, % Toraa

dbyuknus z = f(u(z,y),v(x,y)) IMeeT JacTHBIE TPOU3BOIHBIE, KOTOPBIE BBITHCISIOTCS 110

dopmyam
0z 0z Ou 0z Ov 0z 0z Ou 0z Ov

el oA Mt ool W iod i 21.3
or Ou Oz + ov O Jdy Ou Oy + ov Jy ( )
§22. IIpou3BojaHas HesBHO 3aJIJaHHOI (pyHKIMN.
ITycrpb 3aj1aH0 ypaBHeHue
F(z,y) =0. (22.1)

Oynknusa F(x,y) onpeneneHa B mpsmoyroabhuke [a; b] X [c; d]. Ecau s xkaxmoro
x € [a; b] cymecrByer enuHCTBeHHbIH Yy € [c; d] Takoil, yro mapa (z; y) yJI0BIETBODS-
er ypastaeruio F(x,y) = 0, To TOBOPAT, 4TO 9TO yPaBHEHHUE ONPEJIEISIET i KaK Hes8HY0
Pyrryuro or T (XO0Ts ITO MpeJCTABIEHIE JACTO OBIBAET JOCTATOYHO CJOKHBIM). FEciu
HAM YIJ0Ch KaKUM-1u60 crocoboM Haiitu 3aBucumMocth y = f(x), T0 mogcraBuB QyHK-
uuto y = f(x) B ypasuenue F(z,y) = 0, nonyuum roxgecrso F(z, f(x)) = 0.

Hyemy gynwyuu F(x,y), F(z,y), F,(z,y) onpedeaeno u nenpeppiensl 6 npamoyzons-
nuke [rg — a; 00 + ] X [yo — Biyo + B, Flzo,yo) = 0w Fy(wo, %) # 0. Tozda 6
Hekomopol okpecmuocmu moywku (o, Yo) ypasuenue F(x,y) = 0 onpedessem Heasnyo
Pynryuro y = y(T), HENPEPULEHYIO 6 OKPECMHOCTNY MOYKY To U UMEIUYI HENPEPLIEHYIO
NPOUBOOHYI0, KOTNOPAA BHIMUCAALTNCA N0 HOpMYyAe

y'(z) = —%. (22.2)

Dopmyy (22.2) MoKHO oAy IuTh, poanddepeHnnpoBas o x ypasaenue (22.1)
/ roor
F,+F,-y =0.
[Tpoauddepennupopas 1Mo & 3TO ypaBHEHHE, HANIEM BTOPYIO TPOU3BOIHYIO
Flh+ Floof + Fla- (2 + F) -y = 0. (22.3)
3 sroro ypaBHeHust Beipazkaem 4

};ﬂ//2 + Fa/’;/ . / + F//2 . N2
= W)y (22.4)
Y
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ITpumep 22.1. Boruncjmre nepByio 1 BTOPYIO TPOU3BOIHBbIE HESBHO 33 JaHHON (DYyHKIIUH
xy —Iny = 0.
Pewmenne . [Tpojuddepennupyem paBeHcrBo 1o , cauras, 410 y = y(x):

/

y+x-y — % = 0. [lepenecem craraembie, He cofepzkaiiue ' B IPABYIO 4aCTh YPABHEHMWSI:
2

y - L -2y _ y. I3 T0r0 ypaBHeHWs! BBIpA3UM MPOou3BOaAHYIO0. UTak, 3y = Y
Y . . 17 7 /0 ty
[Tponuddepennupyem pasencTso eme pas: y' + vy’ + xy” — —ﬁy yy_ YY — 0. Ilpusenem
" /\2 2,1 2
noxobuwre 2y +xy” — %%—% = (0 ¥ BBIpA3UM BTOPYIO IPOU3BOIHYIO: iy’ = —QZ (g{ j;g)) ,

§23. DkcrpemMyMm PYHKIINN HECKOJLKUX IIePEMEeHHbIX.

JlokajibHbIi 9KCTpeMyM JiJist (DYHKIIMU MHOT'UX IIEPEMEHHBIX OIIPeIe/IsieTCs
TaK »Ke KakK JiJIsT PYHKIMU OJHOM IepeMeHHOI.
Iycrs f: X ¢ R™W = Y C R, 1o ecrs y = f(x1,22,...,2,). Touka

_ (0 0 0
rg = (27,25,..., 2,

) € X HazblBaercs TOYKOH A0KAABHOZ20 MAKCUMY-
Mma (noKaarvbro20 murumyma) Gyuxiwu y = f(xy, xo,. .., x,), ecau cy-
mecTByerT OKpecTHOCTh Us(Tg) TOUKEH x( Takas, 9TO Jjisi BCEX T € U(;(:zzo)
soinosinsiercst nepasenctso f(x) < f(xo) (f(z) = f(x0)).

HeobxoiuMoe ycoBue sKcTpeMyMa, (bYHKIIMKA 1 TepeMeHHbIX: Eeau dudg-

depenyupyeman pynruuay = f(x1,xo,. .., x,) uMeem IKCMPEMYM 6 MOwKe
o = (29,29, ...,2%) u wacmuvie npoussodnve Pynruyuu nenpepvicHvl 6

Henomopoﬁ OKpeECMHOCTIU TMOYKU Ty, MO 6CE HACMHDLE npouseod%we ¢yH7€—

uuu 6 amot moyke pasHo, 0, mo ecmo

Of(xo)  Of(xze) Of(wo)
G = T == =0, (23.1)

Yenosue (23.1) MOXKHO 3alnCaTh HHATE,

d f(xg) = %;O)dxl +%xio)dx2+“-+ 8g;xo)

Touku, B KOTOPBIX BBITMIOJIHsIETCsT paBeHCTBO (23.1) HAa3BIBAIOTCS cMayuo-

dz, =0.  (23.2)

HAPHBIMU.
Pagencrso df (z9) = 0 siBiisiercst HEOOXOMMbBIM, HO HE JIOCTATOYHBIM YCJIO-

BHEM CYHIECTBOBaHUA SKCTPEMYMa (bYHKIH/H/I BEKTOPHOI'O apryMeEHTa.
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HocrarouHoe ycjioBre sKcTpeMyma (QyHKIUU N 1epeMeHHbix: [lycmo
dynruus y = f(x1,Ta,...,T,) dsascdv duddepenyupyema 6 oxpecmmuocmu
MOYKY To U YACTMHLLE NPOU3BOOHDBIE NEPE020 U 8MOP020 NOPAIKA GYHKUUU
HENPEPuLeHDL 6 Hekomopoli okpecmuocmu mowky To. [Tycmo df (o) = 0 (xg
— cmayuonaphas mouxa). Ecau d?f(zo) > 0, mo xg — mouka munumyma.
Ecau d? f(zg) < 0, mo xg — mouka maxcumyma.

Jlnst anasnsa BesnarHbl Broporo anddepentmana d? f MOXKHO MTPUMEHUTH
KpMTepMﬁ CusbBectpa. BTopoﬁ ;LM(b(bepeHuHaﬂ ,

d’f = fd:L'1—|— —l—g ];da: —I—an g dxldarg—l—...—FQ%

Hpe,ILCTaBJIHeT co0oii KBa,D;paTI/IUIHyIO dopMy OTHOCUTEJIHLHO TIepeMEHHBIX

dxr,_1dz,

dxy,dxs, ..., dxr, — npupallleHuil He3aBUCUMBbIX apryMeHToB. MaTpuiia 3Toii

KBa/I[paTUIHON POPMbI UMeEeT BU,/L

(Pl Pl )

8x1 0x10xy ~°° 0x10x,
0% f(xg) 0% f (o) 0 f (o)
Q — 0x10x9 833% T 0x90xy,

52f( 0) O f(xo) 0% f (o)

\ To0n, Dislr,  oxZ )

Cornacuo kpurepuio Cusbsectpa d?f (o) HOTOKUTENBHO ONpPEJICJeH, eCiu

BCE IJIABHBIC MUHOPBI MATPUIIBI () TIOJIOKUTEJIBHDI, ¥ OTPULIATEILHO OIPEJIe-

aeH, ecan Ay < 0 1 3HAKY [VIABHBIX MUHOPOB MATPHUILI YEPEyIOTCS.
Pacemorpum dbyukIimo aByx nepemenusix z = f(z,y), rae f(x,y) — aBa-

Kbl uddepennupyemast Gynkius. Eciu B rouke My(xo, yo) 4acTHbIE 11PO-

U3BOJIHbIE PABHBI HYJIIO % =0mn %]\40) = 0 wau, 9TOo TOXKE, 00-
paimaercsd B HOJb juddepennuan dz = gz dr + gz = 0, To B TOUKe

My dpyHKIUS MOXKET UMETh IKCTPEMYM. FGOMeTqueCKHM CMBICJT HEOOXO0 11~
MBIX YCJIOBH# 9KCTpeMyMa (DYHKIUU JIBYX MEPEMEHHBIX COCTOUT B TOM, YTO
B CTAI[HOHAPHBIX TOUKAX KacaTesbHasl MJIOCKOCTh K MOBepxHOCTH 2 = f(x,y)
napaJuiesbua miockoctu X OY .

3aMeTnM, 9TO IKCTPEMYM MOXKET OBITH He TOJBKO B T€X TOUKAaX, B KOTOPHIX

YaCTHbIE IIPOU3BOJIHBIC PaBHBI HYJ/IFO, HO U B T€X TOYKaAX, B KOTOPbLIX XOTI OBI
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OJIH& U3 YaCTHBIX ITPONU3BOJIHBIX HE CYIIECTBYET.
Jlist IpOBEpPKU JIOCTATOUHbBIX YCJOBUI CYHIECTBOBAHUS SKCTPEMYMa, BbIITU-

meM BTopoit mud depenima

0%z(My) 0%z(My) 0%2(My)
2 _ 2 Y7 a2
d*f(My) = 5.2 dz= + 2 920y dxdy + 37 dy”.

Nnorna To, uro BTOpOit auddepeniyan ABIsgeTcs 3HAKOONPEICICHHBIM,
MOZKHO IPOBEPUTH HENOCPEJICTBEHHO. Toraa MOXKHO Cpa3y CKa3aTh, UMeer
mu byuknus z = f(x,y) B Touke My 9KCTpEMyM U KaKoii 3T0 IKCTPEMYM.
PaccMOTpUM, KakK MCCIeJ0BAThH Ha SKCTPeMyM (DYHKIMIO JIBYX HepeMeH-
HBIX ¢ noMonsio kpurepusa Cusbsecrpa. [lycrs My — cranmponaphast To4Ka,
10 ecth dz(My) = 0 u d?z2(My) — Bropoit muddepennuan GyHKINT, T0O/-

canutanubiii B Touke My. CoctaBuM MaTpUILy KBaJIPaTHIHOW (DOPMHBI.

0?2(Mo)  0°z(My)
Q: 2855 8:6@

0°2(Mo)  0°z(My)

0xdy oy

a) Ecim xBagparwuanas dopma  MOJOKHTESHHO —ONpejesieHa, TOo
922(My) Po(My) Pa(My) [ 9%2(Mp)\
A = —F5—= >0, Ay = - — 0
! Ox? 2 ox” oy* “ozgy ) U
My — rouka munumyma dyukiun z = f(x,y).

6) Ecau xBagparnunas ¢dopMa  OTPUIATENHLHO — ONpeJeseHa, To
0%2(Mp) CPaMy) 0P(My)  [(9P2(My)
A]_ 83;2 < O, AQ == 8562 . ay2 — T@y > O n

My — rouka makcumyMma dbyukImn z = f(,y).

2 2 2
B) Ecim Ay = 0 28(33]\240) 9 g(y]yo) — <8 Zéﬂgo) < 0, To KBajpaTUIHas
dbopma He sIBJIsIeTCsi 3HAKOOTpeJIesieHHol, u dbyukius z = f(x,y) B 910i

TOYKE 9KCTpEMYMa HE MMEET.
ITpumep 23.1. UccaenosaTsh Ha 3KcTpeMyM ByHKINO z = 2° + 1% — 32y

Pemienne . Broruncanm IepBbI€ YaCTHbIE TPOU3BOAHLIE U IIDUPaBHAEM UX HYJIIO!:

g;—Bx — 3y, 2—5:33/2—3:1:.

JI1s1 HAXO0XKIeHUST CTAIIMOHAPHBIX TOUEK COCTABUM U PEIIUM CHCTEMY ypaBHEHHUM
322 =3y = 0 y =
2 = 4 :
3y —3z = 0 zr—x = 0
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Bamannas dyHKIMs uMeer aBe crannoHapubix Touku Mq(0;0) u My(1;1).

BpruncsinM yacTHble IPOU3BOJHbBIE BTOPOIO NOPAIKA 2—5 0%z _ = Oz, 0%z 0% =6
p 71 1% pALKA o » Dxdy a—f Y-
Pacemorpum Touky M (0;0).
CocraBuM MaTpuUIly KBaJApaTHIHOH (DOPMBLI 1 Hccaeayem ee: () = ( )
Tak kak Ay = —9 < 0, TO 3KCcTpeMyMa B Touke M HeT.
Pacemorpnm Touky Mo (1;1).
. 6 -3
CocraBuM MaTpHUIly KBaApaTHIHONW (DOPMBI U HCCaeayeM ee: () = s 6 |

Tak kak A; =6 > 0, Ay =36 —9 = 27 > 0, 10 B TOUKe My DYHKIHSI UMEeT MUHUMYM U
Zmin =14+1—-3=—1.

Uccrenyem 3uak Broporo auddepennunana B Touke My(1; 1) Henocpeacrpento. Mveem
d?z = 6dz? — 6dxdy + 6dy* = 3(dz — dy)? + 3dx® + 3dy? > 0.
Bropoit ntuddepennnan B Touke My MOM0KATEICH, CIegI0BaTeIbHO, My — TOUKA MHHU-
MyMa (pyHKIHH.

ITpumep 23.2. VcciegoBaTh Ha IKCTpeMyM (DYHKIHIO 2 = % + % + xy.

0z

Pemenue . Boraucanm IIepBbl€ YaCTHbIE€ IIPOU3BOAHBIE U IIPpUPaBHACM HX HYJIIO. % =

—l+y, gé——%—l—x.

,ZLHH HaXOXKJensd CTAalMOHAPHBIX TOYEK COCTaBUM M PEIINM CHCTEMY ypaBHeHI/Iﬁ

1
-2ty = 0 Y = %
§ - :
—?4'17 =0 —zt+x = 0
Bagannas YHKIMS UMeeT OnHy crannoHapuyo touky M(1;1), rak kak « ;é 0.
2 2
Berancaum acTHBIE TPOU3BO/IHBIE BTOPOTO MOPSIIKA 02 _ 2 0z _ 1 0%z =2y
p ! b b4z, 922 — 73 Oxdy , 87 E;
MoJIcCAnTaeM 3HaUYeHNs] BTOPBIX TPOU3BOJIHBIX B 3TOI TOUYKe: 0% =2 0’z =1, 62 = 2.
ox? » dxdy — 7 9y?

1 2
Tak kak A1 =2 >0, A, =4—1=3> 0, To B Tourke M (yHKIUI UMeT MHHEMYM U
Zmin =1+ 1+1=3.
Uccepyem 3uak Broporo auddepeniuaia B rouke M (—1; —1) menocpeacreenno. Nmve-
eM d%z = 2dx? + 2dzdy + 2dy* = 2(dx? + dzdy + dy?) > 0.

Bropoit nuddepennuast B Touke M MOJ0KHATENEH, Caeg0BaTeIbHO, M — TOYKa MHHUMY-

. 2 1
CocTaBUM MATPHUILY KBaApaTHIHONH (POPMBI U HCCIeayeM ee: () = .

Ma (DYHKIIHH.

ITpumep 23.3. VcciaenyiiTe HA SKCTpeMyM (DYyHKIIHIO
flx,y,2) = —2% = by? — 322 + wy — 222 + 2yz + 11z + 2y + 182 — 4.

Pemienue . Boruncanm IepBbI€ YaCTHbIE ITPOU3BOAHLIE U IIDHUPaBHAEM HUX HYJIIO!

0 0 0
—f:—2x+y—2z—|—11, —f:—10y+:c+22+2, —f:—6z—2x—|—2y+18.
Ox dy 0z
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JI1s HaXOXKIEHUST CTAIMOHAPHBIX TOYEK COCTABUM W PEIUM CUCTEMY ypaBHEHUI
([ 2r+y—2:411 = 0,
r—10y+2z2+2 = 0,

| 2z+2y+62+18 = 0,
Pemmuwm cuctemy Metomom [aycca:

2 1 -2 | -1 1 1 -3 | -9
1 -10 2 | -2 |~ -2 1 -2 -11 |~
2 2 —6 | —18 1 10 2 | -2
-1 1 =3 ] -9 10 -1 | 2 r = 4,
~l 0o -1 4 | 7 |~|l01 -4 | -7 |~ = 1,
0 -9 -1 | —11 00 =37 | —74 z 2.
Bamannas GyHKIMs UMeeT craruoHapHyio Touky M (4;1;2).
Bouiuncium gacTHBIE TPOU3BOAHBIE BTOPOTO MOPSIIKA,
Pf_ 5.0 _ 0.0 _ s O O _ 5 Pf _
ot = Fgpr T Wiz = gy = Lonoz T " E gy =
CocraBuM MaTpHIly KBaJApaTHIHON (POPMBI U HCCIIEIyeM ee:
-2 1 =2
o=\ 1 -10 2
-2 2 -6
-2 1
Tak kak A} = —2 <0, Ay, = =20—-1=19 >0,
1 -10
9 1 -2 2 1 -2
-9,5 3
Ap=|1 -0 2 [=| 0 —95 3 |=-2.| 7 " |=-2.(38-3=
-2 2 -6 0 1 —4

= —70 < 0, To B Touke M (4;1;2) hyHkIus nMeeT MAKCUMYM U fra.x = 1+ 14+ 1 =39.

Paccmorpum kitace dyHKIMA, JiJIsi KOTOPbIX 3a/a9a, HAXO0XKJIEHHUST SKCTPe-
MYMOB CYITIECTBEHHO YIIPOIIAETCS.

OrnpeiesiiM cHaYa 18 MHOXKECTBA, Ha KOTOPBIX 3a/1a€TCs 9TOT KJ1acc PyHK-
LAA.

onmuoxkecrso X € R™ uaspisaercs BHINYKABLM, €CTTU JIJIs JTIOOBIX JIBYX
ToueKk A, B € X 0Tpe3oK, COequHSIIONIA 3TH TOYKH, EJTUKOM JIEKUT B X .
IIpumepsl BbinyKibix Muokeers B R — kpyr, napasuiesorpaMu, BHYTPEH-
15t uacTb yruia; B RG) — mmap, TpeyrobHas mpusMa, TapauiesUIeHIe,], TeT-
paszip, KPyroBoil KOHYC.

Iycrs f: X C R® =Y CR, o ects 2 = f(z,y).

Oyuknus z = f(z,y), 3a1aHHas Ha BBITYKJIOM MHOXKeCTBe X Ha3bIBACTCS

BULNYKAOT 6HU3, €CITH JIJIS JTIOOBIX JIBYX TOUeK (X1, Y1) U (T2, Yo ) BHINOJHACTCS
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HEPABEHCTBO

T+ T Y1+ Yo f(x, 1) + f(x2, 92)
/ R S 9 '

Oyukiust z = f(x,y), 3ajanHas Ha BBIMTYKJIOM MHOXKeCTBe X Ha3bIBAECTCS

BUNYKAOT 66EPT, €CIU JIIst JIIOObIX JBYX TOYEK (X1,Yy1) U (Ta,Y2) BbIIOJIHSI-

eTCA HepaBeHCTBO
1+ T2 Y1+ Y2 f(fﬁly yl) + f(fU?a 2/2)
/ 2 2 > 2 '

Boimykiast dyukiws ve moxker umersb "ceoBbix” touek ("cemmoBbivn" Ha-

30BEM TOYKH, B KOTOPBIX 110 OJ[HO# 1epeMeHHOl (PYHKIUS UMeeT MaKCUMYM,
a 110 JIPyroifl — MUHUMYM). DTO BHAUUT, YTO JIisi BBILYKJIOH QYHKIMU PABEH-
CTBO HYJIIO €€ JaCTHBIX MPOM3BOJIHBIX ABJISIETCS HE TOJTBKO HEOOXOTMMBIM, HO
U JIOCTATOYHBIM YCJIOBHUEM SKCTPEMyMa. DboJjiee TOro, SKCTPEMYM BBITYKJIOM
dyHKIMY sABJIIETCS 1100AJILHBIM, TO €CTh HAMMEHbBIIUM 3HaYeHUEM (DYHKIIUHU,

BBIIIYKJION BHM3, U HAKOOIBIINM 3HAUYCHHEM (DYHKIINK, BBIIYKJIONH BBEPX.

§24. OrpicKaHUE HAMMEHBINET0 1 HAMOOJIbIIEro 3HaYeHuit pyHK-

Y ABYX IEePEMEHHBIX B 3aJaHHOI 3aMKHYTOI 00JIacTH.

ITycts TpeOyeTcs HailTH HaMMeHbIee U HanOoJIbIllee 3HAYCHUS (DYHKITHH
z = f(x,y) B Hekoropoit obsacti D. DTux 3uavdeHuit HyHKIWs JOCTUTAET
JnbO BO BHYTPEHHHUX TOUYKaAX 00JIACTH, KOTOPBIE SIBJSIIOTCS B CTAI[MOHAPHbI-
Mu, b0 Ha rpanuie objactu. CienoBaresibHO, YTOOBI HAUTH HaUMEHbIIee
1 HaubOJIbITIee 3HAUEHNsT (DYHKIIMU B 3aJaHHOM 00J1aCTH, HEOOXOINMO:

1. HaiiTu cramMoOHAPHBIE TOYKH, JIEXKAIINE BHYTPH 00JIACTH, U BHIYUCTUTDH
3HAUCHUA (PYHKIUU B STUX TOUKAX;

2. HaiiTM HamMmeHbIlee W HanOoJIbITlee 3HaUeHUsT (DYHKIMKW Ha TPAHUIAX
00J1aCTH; €CcJiM I'PaHMIla COCTOUT U3 HECKOJbKWUX JIMHWUI, TO WMCCIE0BAHNE
IPOBOJIUTCS JIJIs KaXKJI0M JIMHUK B OTJIEJbHOCTH;

3. CPaBHUTH TOJIyUYeHHbIE 3HaUeHnsT (DYHKINKA W BHIOPATH W3 HUX HAMMEHb-
ee u HauboJibIIIee.

IIpumep 24.1. Haiiaure HanMeHbllee 1 HauboJIblee 3HadeHnsd PYHKIUK z = 12 + 2y% —

2r — 8y + 5 B TpeyroJbHUKE, OTPAHTIEHHOM OCAMH KOOPJAUHAT U mpamoit x + y = 4.
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Pemerane . Hapucyem obsiacth D, B KoTopoit Oy/ieM HCKaTh HAUMEHbIIIee U HAanOO,IbIee
s3navdenus pyukmun. OHa IpejacTapisger codOl TPEeyTroabHUK.

A

y

Brerancianm IIepBbIE JaCTHBIC IIPOU3BOAHBIC n IpupaBHdeM nx HYJIIO

% = 2x — 2, g—; = 4y — 8. Jlyig HAXOXKJEHUs CTAUOHAPHBIX TOYEK COCTABUM U
peltuM CUCTeMY YpaBHeHHI
20 —2 = 0 r = 1
=
dy4y—4 = 0 y = 2

Touka (1;2) npunamiexkur obaactu D. [loncuanrtaem 3nadenne HbyHKIMA B 9TOH TOUKe
2(1,2) =1+8—2—16+5=—14.

Uccaepyem nosejgenre GyHKIMU HA TPaHUIE 00JIacTH.

1. Ilyers * = 0. Torma 2 = 29> — 8y +5 = 2(y — 2)> — 3. B rouke y = —2 € D
KBajpaTraHas (byHKIMs TPUHAMAET HanMeHblee 3HadeHne n z(2) = —3.

2. Tlycrs y = 0. Torga z = 22 —22+5 = (z—1)?+4. B rouxe x = 1 € D kBajparuunas
dbyuknus TpuHIMaeT HanMeHbIee 3Hadenue u z(1) = 4.

3. Uyctby =4 —x. Torma z = 2> +2(4—2)? —2x —8(4—x)+5=32> =10z + 5 =
3(x—5/3)*~10/3. B rouke z = 5/3 € D xpaapatnunag GyHKIM TPUHEMAET HANMEHBIIIEE
suadenue u z(5/3) = —10/3.

4. Haiinem 3navenust ynknun B BepmmuHax tpeyroibauka. z(0,0) = 5, z(4,0) = 13,
2(0,4) = 5.

N3 Bcex waiijienubix 3HaveHuit (PYyHKIUU BbIOEpEM HauUMEHbIee W HauOOJIbIIee:

zranm. = — 14, Zgane. = 13-

ITpumep 24.2. Haitnure nanMenblnee n Hanbosbiree 3nadenns GyHKIAN 2 = 12 + y? —

xy + 4 + y B TpeyroJbHHUKe, OTPAHUYEHHOM NPIMBIMU §y = 22, y =2 + 2, y = —x — 6.

Pemternne . Hapucyem obsacts D, B KoTopoit OyaeM ncKaTh HAaUMeEHbIIIee U HauOOoJIbIIee

3nadenus pyukiuu. OHa IpeIcTaB/lIgeT co00l TPEyroabHHK.
N

BBI"II/ICJH/IM IIepBbIE JaCTHBIE IIPOU3BOAHBIC n IpupaBHdeM nx HYJIIO
% = 2r — y + 4, % = 2y — x + 1. JIng HaxXoXKIeHWsS CTAIlMOHAPHBIX TOYEK CO-

CTaBUM H DPEHIMM CHCTEMY ypaBHeHI/Iﬁ
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2c—y+4 = 0 r = —3
=
20—x+1 = 0 y = —2
Touka (—3; —2) mpunagiexur obsactu D. [logcuntaem 3nadenue bynkmuu B ITOM
touke z(1,2) =9+4—-6—-12—-2=—T.
Uccnenyem nosegenne MyHKIMN HA TPaHUIE 00J1acTH.

1. [ycrs y = 22. Torpa 2z = 2% + 422 — 22% + 40+ 22 = 322 +62. B rouke v = —1 € D

KBaIpaTuvIHas DYHKIUS TPUHEMACT HaUMeHbInee 3nadenne u z(—1) = —3.
2. Iycrb y = —x — 6. Torma 2z = 22+ (24 6)? + x(x +6) + 4o —x — 6 = 322 + 21z + 30.
B touke x = —3,5 € D xBajgparnunad (QyHKIHS ONPUHIMAET HAUMEHbINEe 3HAYCHUE U

2(—3,5) =36,75— 73,5+ 30 = —6,75.

3. Iyctb y =2+ 2. Torma z =22 + (v +2)  —z(v +2) + 4o + 2 + 2 = 2° + Tw + 6.
B touke x = —3,5 € D xBajparnunas (QyHKINA ONPUHUMAET HAUMEHbINEe 3HAYCHUE W
2(—=3,5) =12,25 — 24,54+ 6 = —6, 25.

4. Haiiem 3nadenust GyHKINA B BEPIIHHAX TPEYTOIbHUKA. 2(2,4) = 24, 2(—2, —4) = 0,
z(—4,—-2) = —6.

N3 Bcex waiijienHbIx 3HaveHunit (PYyHKIUU BbIOEpEM HaUMEHbIee W HauOOJIbIIIee:

ZHamM. = — 71, Zganc. = 24-

ITpumep 24.3. Haiijure nHauMenbiiiee u HanboJbiee 3Ha4eHus DYHKIUN

z = zy B obanacru 2 + y? < 16.

Pemternune . Obsacth D, B KOTOpoii OyJaeM UCKATh HaMMeHbIIee U HauOOoJIbIIee 3HAYCHHST

pYyHKIIMH — KpYT.

BorumcauM  mepBble  YacTHBIE — TPOW3BOMHBIE W HPUPABHAEM  HUX  HYJHO
%:y, g—ézxﬂxe[—él,él].

Cranmonapuas Touka (0;0) npunamiekur obgactu D n 3uadeHne GYHKIUH B STOM
rouke z(0,0) = 0.

UccnenyeMm mosejienne (pyHKIHE Ha Tpabuie odsacTu. PazodbeM rpaHuiy Ha JBe II0O-
JIyOKDPY2KHOCTH: BEPXHIOI I HHKHIOW, HX ypaBHeHHs y = +1/16 — 2.

2 2

Iyets y = /16 — 22 Torna 2/ = V16 — 22 + ——Z% — 16— 207 [TpousBomnas
V16— a2 V16 — 22

obpamaercss B Toukax © = +£2v/2 € D u Hama YHKIUs TPHHAMACT B 9THX TOTKAX

smavenns z(2v/2) = 8 2(—2v/2) = —8. AHaJOrHYHO /I HUYKHEH TOTyOKPYKHOCTH IMO-

ayany 2(2v/2) = =8 2(—2v/2) = 8. Haiigem 3nadenns yHKINN Ha KOHIAX TPOMEZKYTKA
2(4) = z(—4) = 0.

W3 Bcex HaiiieHHBIX 3HAYEHUN (PYHKIUU BbIOEpPEM HauMeHbIIee U HauboJIbIIee:
ZramM. = —8, Zyane. = O
3amanmne 24.1. Haiiqure ©HauMenbliee W HawboJbllee 3HAYCHUA  (DYHKIUH

2z = 2%y + 2y? + 2y B 00JIACTH, O'PAHUYCHHON KPUBLIME Y = %7 r=12=2y= -2
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Pemtenne .

Bbiuncsium  mepBbie  YacTHBIE  [IPOM3BOJHbIE W [PUpPABHSIEM WX  HYJIO
% = 2xy + y2 + v, % = 22 4 2y + x. Hira HaxoXaeHus CTalMOHAPHBIX TOUYEK
COCTABAM U PEIIUM CUCTEMY YPaBHEHUM
{ 2ry+y*+y = 0,

2?2+ 2xy+x = 0.
Borarem u3 mepBoro ypaBHeHUsT BTOPOe
{ yoatty—x =0, { (y—o)y+a+1) = 0,

> +2xy+x = 0, 2%+ 2xy +x = 0.

Yy = T, r = 0, r = —]_/3
a) 2 _ = - - — '
3xe+x = 0, y = 0, y = —1/3

6) Y = —x-—1 N r = 0, r = -1,
—xt -z = 0 ‘ =1 y = 0.

Bce werwipe cranmonapubix Toukn (0;0), (—1,0),(0,—1),(—1/3,—1/3) me npunasexar

<

obsactu D.
Uccnenyem mopenenune dbyHKIUNA Ha rpaHuie obyactu. OHA COCTOUT M3 KyCKa THIEp-

0O0JIBL U TPEX OTPE3KOB.

1. Ilycrs y = % Torma z = x + % + 1. TTpoussojgnas 2/ = 1 — % obpamaercs B 0 B
Toukax © =1 € D, x = —1 ¢ D. 3navenne dyHknun B 3710i TouKe 2(1) = 3.

2. Ilycts o = 1. Torna z = 4% + 2y. [poussoanaga 2’ = 2y + 2 obpamaerca B 0 B ToUKe
y = —1 € D. 3navenne GyHKIUM B 9310i TOuKe z(—1) = —1.

3. Ilycts o = 2. Torna 2 = 2y% +4y. Ilpoussonnas 2’ = 4y +4 obpamaerca B 0 B TOuKe
y = —1 € D. Bunauenune Gynkun B 310ii Touke 2(—1) = —2.

4. Iycrs y = —2. Torna z = —222 + 2z. Ipoussoanas 2’ = —4x + 2 obpamaerca B 0

B Touke z = 0,5 ¢ D.

5. BprunmcauMm 3HaveHus (GYHKIUU B BepIIHHAX Hallleil KPUBOJHHEHHOI Tpamenun
2(1,1) =3, 2(2,0,5) = 3,5, 2(1,-2) =0, 2(2,—2) = —4.

W3 nosiyyennbix 3nayeHuit BbioepeM HauMeHblliee u Haubosbinee. rak,

Znamvensmee = —4, ZuauGospmee = 35 O-
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§25. VYcJoBHBIN 3KCTpeMyM (DYyHKIIMU HECKOJbBKUX MEPEMEHHBIX.

Paccmorpum 3ajiauy, crienuduydeckyio Jijiss pyHKIUH HECKOJbKUX Iepe-
MEHHBIX, KOIJIa €€ SKCTPEMYM HIIETCS He Ha Bceil 00JIACTU OmpejiesieHus, a
Ha MHOYXKECTBE TOUEK, YJIOBJIETBOPSAIONEM HEKOTOPOMY YCJIOBUIO.

[ycrs w = f(x,y,2) — dyukius Tpex nepeMenHbix. [Ipejnoaokum, 4ro
JIAHO HEKOoTopoe cooTHornenue p(x,y,z) = (0, cBsa3bIBaoIiee MepeMeHHbIE.

DTO COOTHOIICHIE HA3LIBAIOT YpaHEHUEM CBA3U.

Onpepenenne 25.1. Touka My(xg, Yo, 20), KOOPAUHATHI KOTOPOH yIOBJIE-
TBOPSIIOT YPABHEHUIO CBS3H, HAZBIBACTCS MOUKOU YCAOBHO20 MAKCUMYMA (YC-
1061020 Mmunumyma) byukiuun f(z,y, 2), ecin cymecrByer Takas OKPecT-
wHoctb Us(My) sroii Touku, arto st Bcex Touek M (x,y, z), TpUHAITIEKA-
MUX IpoKoJIoTol oKpecrHocTH Us(My) U yIOBIETBOPSIONIX YPABHEHHIO

CBsi3M, BblosHsieTcss HepaBencTBo f(x,y,2) < f(xo,v0,20) (f(z,y,2) >
f (0,90, 20)).

To ectb sKCcTpEeMyM (DYHKIMNA PACCMATPUBAETCS TOJIHKO JJIsI TOUEK, JIeXKar-
IMUX Ha MOBepXHOCTH (X, y, 2) = 0. BesycaoBHOro 5KCTpEeMyMa B 9TO# TOUKe
MOXKeT U He ObITh.

Ecsin u3 ypasuenust cssizu p(x,y, 2) = 0 MOXKHO BbipasuTh z = z(x,y), TO
nojicraBuB z B Gyuknuo u = f(x,y, z), noayuaum, aro u = f(z,y, 2(z,y))
— cJIoxKHAsI (DYHKIHUS IBYX [MEePEMEHHBIX. 10r/a 9KCTPEeMYMbI HILYTCs OObIt-
HBIM CIIOCOOOM, TO €CTh HaxOJuM HepBbiil guddepenimal, mpupaBHUBaEM
ero uymaio du = 0 U UIIeM CTalnoOHAPHDLIE TOUKH.

OjHakKo, 9acTo sIBHO BLIPA3UTDL Z U€pe3 & U Y U3 YPABHEHUs CBI3U J0O-
CTATOYHO CJIOXKHO. TOrfga Jjisi OTHICKAHWS YCJIOBHOTO SKCTPEMyMa ITPUMe-
HSIFOT METO/I, HA3LIBACMDI MEmodom HeonpedeaeHHbT MHoHcumenet
Jlaepanrotca.

[Tycrb 3ajiaubl PyHKIMS

u= f(x,y,z) (25.1)

" ypaBHEHHE CBA3U
p(z,y,2) = 0. (25.2)
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[Iycts u3BecTHO, uTOo B HEKOTOPOH Touke My(xo, Yo, 20) dyuKIms (25.1)
vMeer yesioBHbIH dkcTpemyM. Oyukuun f(z,y, 2) u o(x,y, z) quddeperim-
PYEMbI B HEKOTOPO# OKPECTHOCTH TOUKU My 1 ypaBHEHUE CBA3YU OLPEJeIIsier
z=z(x,y) kak wHeaBHyl yukiuo. CuuraeMm, YT0 B DYHKIWUHK
u = f(x,y,2) nepemennasi z — 9Ta HesBHasi (QyHKIus. Torjga caoxkHas
byukiust v = f(x,y,z(z,y)) umeer B rouke My 0ObIUHbBIE SKCTPEMYM
(rouka My — Touka skcTpemyma dyuxiun u = f(x,y, z(x,y))).
B rouke skcTpemymMma repBblit jJudepeniipal paBeH HyJI0, TO eCTh

_ 3f($0,y0720)dx i af(xoayo,zo)dy i af(xoyyo,zo)
ox oy 0z

DTO paBEHCTBO BEPHO, TaK Kak 1epBblil Juddepenipal 006/1a/1aer CBORCTBOM

df dz=0. (25.3)

MHBAPUAHTHOCTH (DOPMBI.
B pasencrre (25.3) dx n dy — npupaliieHnie He3aBUCHMbIX TEPEMEeHHbIX, dz
— suddepenipai Hesisol dyHkiuu z = z(z,y), OUpeesieMblii yeJaoBuem

ces3u (25.2), o ectb (x,y, 2(x,y)) = 0 u, 3uaqur, dp(z,y, z(z,y)) = 0.
dp — a@(xoayoazo)dx 4 390(%790720)@ 4 890(x07y07zo)dz =0. (25.4)

O Ay 0z
Pagenctro (25.4) ymuOX)uUM Ha A 1 npubaBuM K paseHctsy (25.3). [Tosyamm
: 25.5)
Op(Mo) Op(Mo) do(My) ; \ (

Boibepem A tak, 9410061 KO3 DunueHT npu dz ObLI paBeH HYJIIO:

of (Mo) dp(Mo)
0z A 0z

Torja B cujly HE3aBUCUMOCTHU HpupallieHuil dx u dy mojayduM, 94To Koadgdu-

=0 (25.6)

IIMEHTDHI IPHU 3TUX ITPUPAITICHUAX TaK2K€ PaBHbI HYJIIO!:

Af (My) + )\390(M0) _

0
(25.7)
0

[Ipucoemuss k cucreme (25.7) ypasuenne (25.6) u ypasaenne csasu (25.2),

[IOJIYYUM CUCTEMY YeThIpeX YPaBHEHUI JIJid ONpesie/IeHusA YeThIPeX HEU3BeCT-
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HBIX T, Y, Z, .

( Of (M) (M)
Jx tA Jx =0,
8f(MO) + /\agp(MO) = 0
\ ortin) | oo _ (259
0 pMo
0z +A 0z 0,
p(z,y,2) = 0.

\
I3 cucrembr (25.8), koropasi gaeT HEOOXOANMbIE YCJIOBHST IKCTPEMYMa, MOXK-

HO OIIPEJIe/IUTh KOOPiMHaThl Kpuruieckoit Touku My. B sa1ux Toukax yHk-
s MOXKET UMeTh YCJIOBHBIM 9KCTEMyM, & MOXKET W He MMeTh, TaK KaK HC-
10JIb30BAHO TOJILKO HEOOXOIMMOE YCJI0BIE SKCTPEMYMA.

Yro0b! Jierde ObLI0 3aIIOMHUTDH HIPABUJIO COCTABJICHUSI CUCTEMbI, COCTaBUM

dbynkImio, Koropas HazbiBaeTcsad PyHryuet Jlazparatca

F(z,y,2z,A) = f(x,y,2) + Ao(z,y, 2). (25.9)

[TpupaBHuBast HyJIIO ee J4acTHBIE IPOU3BOJIHBIE IO BCEM 1TEPEMEHHBIM, OJIY-
anm cucremy (25.8).

st ompejiesieHust TUIA SKCTPEMyMa, HY>KHO UCCJIe/IoBaTh BTOPOii jJud de-
pennnast. [pu nceaenopanun d2F 3amerum, uro d\ = 0, Tak Kak \ = const
1 dz BbIpaykaeM U3 YpaBHEHUS CBSI3U.

DTOT METOJ, CIPABEJINB JJist (DYHKIUNA OT JIIOOOTO YUC/Ia TEePEMEHHBIX 1

JJIsl HECKOJIbKUX YCJIOBUI CBA3U.

IIpumep 25.1. Haiinure Toukn sKcTpemyMa DYHKIUN 2 = Ty IPHA YCJIOBUK
2 +y* =38,

Pemenue . Cocrapum dyuknuio Jlarpamka F(z,y, \) = vy + A(x? + y? — 8).

Brerancianm IIepBbIE JaCTHDBIC IIPpOU3BOAHBIC n IpupaBHdeM nx HYJIIO

9L — y 1 oas, %:xmAy.

,ZLHH HaXOXKJAeHUA CTAaIMOHAPHBIX TOY€K COCTaBUM U PEHIMM CUCTEMY ypaBHeHI/Iﬁ

y+2\xx = 0 Yy = —2\x
r+2y = 0 = r—4Xz = 0

Pemas a1y cuctemy, mojsydaem IATh pellleHU

z = 0
{ O He yJO0BJIETBOPAET YCJIOBHIO CBA3H.
y =
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A = 0,5 A = 0,5 A = —=0,5 A= —=0,5

r = 2 W r = —2 wWm r = 2 AIn r = =2

y = —2 y = 2 y = 2 y = =2

Hosyunnu rouku My (2; —2), My(—2;2), A =0,5; u M5(2;2), My(—2;—2), A = —0,5.
OE _g\ LE _y OF _ )

BI)ILII/IC.HI/IM JaCTHBIE TPOU3BOJIHBIE BTOPOT'O IMOPpAdAKa =
p A p p rH axZ 9 axay ) 8y2

1 cocTaBUM BTOpoil muddepennnarn d2F = 2 \dx? + 2dxdy + 2\dy?.

JIist BBIYUCIEHUS 3aBUCUMOCTH MEXKJy T U Yy npoauddepeHnupyeM ycJIoBHE CBA3U
2xdx + 2ydy = 0, orkyaa caeayer, 910 dy = —%dw.

B toukax M; u My nony4aaeMm, uto dy = dx u BTOpOoit nuddepennnan IpUHAMAET BHT
d*F = dx® +2dz? + dx?® = 4dxz® > 0. Cnefobare/ibio, B 91uX Toukax gyuxuus F(z,y, ),
a 3HAYUT U DYHKIHUS 2 = TY UMEET YCIOBHBIIT MUHHMYM.

B roukax M3 u M, nonydaem, aro dy = —dx u Bropoit muddepennuas npuHaMaer
sl d?F = —dx? — 2dz? — dz? = —4dz? < 0. CrejoBaTebHO, B 9TUX TOYKaX (DYHKIHA

F(z,y,\), a 3aauutr u DYHKIUS 2 = TY UMeEeT YCJIOBHbBI MAKCHMYM.

IIpumep 25.2. Haitnnre Toukn skcrpeMmyMa GYHKINT U = 2y>2> IpH ycio-

BUn  + 2y + 3z =12 (z > 0, y > 0, z > 0).

Pemternue . Cocrasum dynkuuio Jlarpanxa
F(x,y,2,\) = zy*2° + Mz + 2y + 32 — 12).

BolYMCJUM  TepBbIe  YaCTHBIC  TPOM3BOAHBIC W NpUpaBHAeM WX  HYJIO
%—I; — 2 N, OF —opysd pon OF — 34022 4 3\

Jy 0z
JI1s1 HAXO0XKIeHUST CTAIIMOHAPHBIX TOUEK COCTABUM U PEINUM CHCTEeMY ypaBHEHUM
2B+ N = 0, A = —y228,
2ayz® +2\ = 0, 2oyzd — 2228 = 0,
= =
3ry?22 +3\ = 0, 3ay?? — 3?2 = 0,
(| v+2y+3z = 12 r+2y+3z2 = 12.
( A = —y223, r = 2,
Q23 (x — = =
yz(z —y) 0, N y 2,
3y?z(x —z) = 0, z = 2
| v+2y+32z = 12 A= =32
[Mosyunam oauy Kputnaeckyto Touky My(2;2;2), A = —32.2 )
BourauesuM gacTHBIE TTPOW3BOIHBIE BTOPOTO TOPSIKA %?F = 0, %?F = 2x23,
2 2 2 2
%7F = 61’2, % = 2y23, % = 3y?2?, % = 6xyz?, HojcuuTaeM HX 3Ha-
O*F (M, O*F (M, O*F (M, O*F (M,
qeHng B TOuke M) # = 0, # = 32, # = 96, W = 32,
2 2
%ﬁd = 48, % = 96 u coctaBuM BTOpOIt auddepenima

d?F (M) = 32dy* + 96dz* + 64dxdy + 96dzdz + 192dydz.
J11st BBIYKCJICHHST 3aBUCUMOCTH MexK 1y dx dy u dz npomgud>pepeHnupyeM yeaIoBue CBA3U
dz + 2dy + 3dz = 0, orkyna ciaeayer, uro dv = —2dy — 3dz. Iloacrasus dx B d2F (M),
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nosyunm  d2F(My) = 32dy* + 96dz* — 64(2dy + 3dz)dy — 96(2dy + 3dz)dz + 192dydz =
= —96(dy® + 2dydz + 2d2*) = —96((dy + dz)* + dz?) < 0.
CnemoBarensuo, B Touke My dyukmus F(z,y,z,A), a 3uaant u dbyukuus u(zx,y, z)

AMeeT MAKCAMYM U Upqe = 2 -4 - 8 = 64.

IIpumep 25.3. Haiijure TOUKH 3KCTpeMyMa, (DYHKIUU U = TYZ IPU YCJIO-
pusax 2’ +y? + 22 =6nz+y+z=0.

Pemternne . Cocraum dynkiuio Jlarpamxa
F(x,y, 2, A\ p) = vyz + M2® +y° + 2° = 6) + p(z + y + 2).

Berancimm IepBbIC JaCTHDBIC IIPOU3BOAHDbIC n HIpUupaBHAdCeM nx HYJIIO

‘?T];:yz+2)\x+/l, %Zx2+2)\y+u, %ZﬂﬂyﬂL?/\z‘FM-

,ZLHH HaXOXK/JAeHNA CTAallMOHAaPHBIX TOY€K COCTaBUM U PEHIMM CUCTEMY ypaBHeHI/Iﬁ

(yz+20x+pu = 0 ((z—y)(z—2\) = 0

242 y+p = 0 (x — 2)(y — 2)) 0

ry+22z+p = 0 = (z—y)(x—2)\) = 0 .

2 +y2+ 22 = 6 ?2+y2+22 = 6

( z+y+z =0 L rt+y+z =0
(M3 BTOPOrO U TPETHEro ypaBHEHUI BBIUIM MEPBOE)

[Tycts y = x, Torma z = —2x (U3 Broporo ypasHeHusi cs3u), A = 0,5z u u3 mep-
BOTO ypaBHeHHus cBsi3u nosiyuanm © = 1,y = 1, 2 = =2, A = 0,5, p = 1 wim z = —1,
y=—-1,2=2 A=-0,5, u=1.

IIycts 2z = x, Torna y = —2x, A = 0,52 u U3 ypaBHEHHS CBA3U HOJYyYUM T = 1,
y=-2,z=1L,A=05 pu=1lwmer=—-1,y=22=—-1,A=-0,5 pu=1

[Iycts 2 = y, Torna © = —2y, A = 0,5y U U3 ypaBHEHHUS CBA3U MOJYIUM T = —2,

y=1,z2=1,A=05 pu=1lumr=2,y=—-1,z2=—-1, A=-0,5, u=1.
Mosyunan roukn M;(1;1;—2), Ms(1;—-2;1), M5(—2;1;1) npu A = 0,5, p = 1 mn
My(—1;—1;2), My(—1;2;—1), Mg(2; —1;—1) npu A = —0,5, p = 1.
O’F 325

2
BerancsimM 9acTHBIE TPON3BOIHBIE BTOPOTO TOPSAKA =5 = 2\ FLE _ gy I8 _ 2],

al' ’ 8y2 o ’ 82
2 2 2
3a—xgy =% gxgz =Y, gygz = I W COCTaBHUM BTODPO#l quddepennua
d?F (M) = 2X\(d? + dy? + d2?) + 2(zdzdy + ydrdz + xdydz).

JIngd BBIYUCIEHUA 3aBUCUMOCTH Mexkay dr, dy u dz nupomuddepeHnupyeM yca0BUd

CB4A3HU

2edr + 2ydy + 2zdz = 0 N dz = —dr—dy
dx + dy + dz =0 (y—2)dy = (z—x)dx

dy = Z’Z/:az:dx

dz = ?j:gdx '

Paccvorpum Touky M. Umeem v =y =2\, 2 = —4Au A= 0,5 u dy = —dz, dz = 0.
Torna d*F (M) = 2\(dz* + dy?) + 2zdzdy = 2dz? + 4dz? = 6dz? > 0.
Buauur, B Touke M; dyukuus F(x,y,z, A, i), a 3Haqur u GyHkuusa u(x,y, z) umeer

MHHEMYM # Uiy, = 1 -1+ (=2) = =2.

106



Ananornvno TmoOKasbiBaercsi, uro B Toukax M;z(1;—2;1), Ms5(—2;1;1) dyukmus
u(z,y, z) umeer MuHEMYM, a B Toukax Mo(—1; —1;2), My(—1;2; —1), Ms(2; —1; —1) dynk-

ust u(x,y, 2) IMEeT MAKCAMYM U Upar = 2.
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